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Abstract

An approacho semi-supervisetkarningis pro-
posedthat is basedon a Gaussiarrandom eld
model. Labeled and unlabeleddata are rep-
resentedas verticesin a weightedgraph, with
edgeweightsencodinghe similarity betweerin-
stancesThelearningproblemis thenformulated
in termsof aGaussiamandomeld onthisgraph,
wherethe meanof the eld is characterizedn
terms of harmonicfunctions, andis ef ciently
obtainedusing matrix methodsor belief propa-
gation. The resultinglearningalgorithmshave
intimate connectionswith randomwalks, elec-
tric networks,andspectragraphtheory We dis-
cussmethodgo incorporateclasspriors andthe
predictionsof classi ers obtainedby supervised
learning.We alsoproposea methodof parameter
learningby entropy minimization,andshaw the
algorithm’s ability to performfeatureselection.
Promisingexperimentakesultsare presentedor
syntheticdata,digit classi cation,andtext clas-
si cation tasks.

1. Intr oduction

In mary traditionalapproache$ machinelearning,a tar
getfunctionis estimatedusinglabeleddata,which canbe
thoughtof asexamplesgivenby a “teacher”to a“student’
Labeledexamplesare often, however, very time consum-
ing andexpensve to obtain,asthey requirethe efforts of
humanannotatorsywho mustoftenbe quiteskilled. For in-
stancepbtainingasinglelabeledexamplefor proteinshape
classi cation,which is oneof the grandchallenge®f bio-
logical andcomputationakcience requiresmonthsof ex-
pensve analysisby expertcrystallographersThe problem
of effectively combiningunlabeleddatawith labeleddata
is thereforeof centralimportancan machindearning.

The semi-supervisetbarningproblemhasattractedanin-
creasingamountof interestrecently andseveral novel ap-
proacheshave beenproposedwe referto (Seger, 2001)
for anoverview. Amongthesemethodss apromisingfam-
ily of techniqueshatexploit the“manifold structureof the
data;suchmethodsaregenerallybasediponanassumption
that similar unlabeledexamplesshouldbe giventhe same
classi cation. In this paperwe introducea newv approach
to semi-supervisetbarningthatis basedonarandomeld
modelde ned on a weightedgraphoverthe unlabeledand
labeleddata wheretheweightsaregivenin termsof asim-
ilarity functionbetweerinstances.

Unlike other recentwork basedon enegy minimization
andrandom elds in machinelearning(Blum & Chawla,

2001) and image processing(Boykov et al., 2001), we

adoptGaussianelds over a continuousstatespacerather
thanrandom elds over the discretelabel set. This “re-

laxation”to a continuougatherthandiscretesamplespace
resultsin mary attractve propertieslin particular themost
probablecon guration of the eld is unique,is character
izedin termsof harmonicfunctions,andhasa closedform

solution that can be computedusing matrix methodsor

loopy belief propagation\Weisset al., 2001). In contrast,
for multi-label discreterandom elds, computingthe low-

estenegy con gurationis typically NP-hard andapproxi-
mationalgorithmsor otherheuristicamustbeusedBoykov

et al., 2001). The resulting classi cation algorithmsfor

Gaussianelds canbeviewedasa form of nearesneigh-
borapproachywherethenearestabeledexamplesarecom-
putedin termsof arandomwalk onthegraph.Thelearning
methodsintroducedhere have intimate connectionswith

randomwalks, electric networks, and spectralgraphthe-
ory, in particularheatkernelsandnormalizedcuts.

In our basicapproachthe solutionis solely basedon the
structureof the datamanifold, which is derived from data
features.n practice however, this derved manifold struc-
ture may be insufcient for accurateclassi cation. We
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Figurel. Therandom®eldsusedin this work areconstructedn
labeledandunlabeledexamples.We form a graphwith weighted
edgedetweerinstancegin this casescannedligits), with labeled
dataitemsappearingasspeciaPboundarypoints,andunlabeled
pointsas?interior’points. We considerGaussiarrandom®elds
onthisgraph.

shav how theextraevidenceof classpriorscanhelpclassi-
cation in Sectiond. Alternatively, we maycombineexter
nal classi ersusingvertex weightsor “assignmentosts,
asdescribedn Section5. Encouragingexperimentalre-
sultsfor syntheticdata,digit classi cation, andtext clas-
si cation tasksare presentedn Section7. Onedif culty
with the random eld approachs thatthe right choiceof
graphis oftennot entirely clear andit maybe desirableo
learnit from data. In Section6 we proposea methodfor
learningtheseweightsby entropy minimization,andshov
thealgorithm'sability to performfeatureselectiorto better
characterizehe datamanifold.

2. BasicFramework

We supposéhereare labeledpoints ,
and unlabeledpoints ; typically
Let be the total numberof datapoints. To be-

gin, we assumeéhelabelsarebinary: . Consider
a connectedyraph with nodes correspond-
ing to the datapoints,with nodes corre-
spondingto the labeledpointswith labels , and

nodes correspondindo the unla-
beledpoints. Our taskis to assignlabelsto nodes . We
assuman symmetricweightmatrix ~ ontheedges
of the graphis given. For example,when , the
weightmatrix canbe

@
where isthe -thcomponenbfinstance represented
as a vector , and are length scale

hyperparameterfor eachdimension. Thus, nearbypoints
in Euclideanspaceare assignedarge edgeweight. Other

weightingsarepossiblepf course andmaybemoreappro-
priatewhen is discreteor symbolic.For our purposeshe
matrix  fully speci esthe datamanifold structure(see
Figurel).

Our stratgy is to rst computea real-valuedfunction

on with certainnice properties,andto
thenassignlabelsbasedon . We constrain to take val-
ues on the labeleddata .
Intuitively, we wantunlabeledpointsthatarenearbyin the
graphto have similar labels. This motivatesthe choiceof
the quadraticenegy function

- )

To assigraprobabilitydistribution onfunctions , weform
theGaussianeld ——,where isan“inverse
temperature’parameterand is the partition function

, Which normalizesover

all functionsconstrainedo onthelabeleddata.

It is notdif cult to shav thattheminimumenegy function
argmin is harmonic namely it satis es
on unlabeleddatapoints , andis equalto
onthelabeleddatapoints . Here is the combinatorial
Laplacian givenin matrixform as where
diag is the diagonalmatrix with entries
and is theweightmatrix.

The harmonicpropertymeansthat the valueof ateach
unlabeleddata point is the averageof at neighboring
points:

— for

®3)

whichis consistentvith our prior notion of smoothnessf
with respecto the graph.Expressedalightly differently,
, Where . Becauseof the maximum
principleof harmonicfunctions(Doyle & Snell,1984), is
uniqueandis eithera constanbr it satis es
for

To computethe harmonicsolution explicitly in terms of
matrix operationswe split theweightmatrix ~ (andsim-

ilarly ) into 4 blocksafterthe th row andcolumn:

4
Letting where denoteshevaluesontheun-
labeleddatapoints,the harmonicsolution subject
to is givenby

®)
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Figure2. Demonstratiorof harmonicenegy minimizationontwo
syntheticdatasets. Large symbolsindicate labeleddata, other
pointsareunlabeled.

In this paperwe focuson theabove harmonicfunctionasa
basisfor semi-supervisedlassi cation. However, we em-
phasizethatthe Gaussiamandom eld modelfrom which
this function is derived provides the learning framework
with a consistenprobabilisticsemantics.

In thefollowing, we referto the proceduralescribedabove
as harmonicenegy minimization to underscorehe har
monic property(3) aswell asthe objective functionbeing
minimized.Figure2 demonstratethe useof harmonicen-
ergy minimizationontwo syntheticdatasetsTheleft gure
shaws thatthe datahasthreebandswith , ,
and ; theright gure shaws two spirals, with
, , and Herewe seeharmonic
enegy minimizationclearly follows the structureof data,
while obviously methodssuchaskNN would fail to do so.

3. Inter pretation and Connections

As outlinedbrie y in thissectionthebasicframewnork pre-
sentedn theprevioussectioncanbeviewedin sereralfun-
damentallydifferentways, and thesedifferentviewpoints
providearich andcomplementargetof techniquegor rea-
soningaboutthis approacho the semi-supervisetéarning
problem.

3.1.Random Walks and Electric Networks

Imagine a particle walking along the graph Starting
from anunlabelechode , it movesto anode with proba-
bility afteronestep. Thewalk continuesuntil the par

ticle hits a labelednode. Then is the probability that
the particle, startingfrom node , hits a labelednodewith

label 1. Herethelabeleddatais viewed asan “absorbing
boundary”for therandomwalk.

This view of the harmonic solution indicatesthat it is
closelyrelatedto the randomwalk approachof Szummer
and Jaaklola (2001), however thereare two major differ-
ences. First, we x thevalueof on thelabeledpoints,
andsecondpur solutionis anequilibrium state expressed
in termsof a hitting time, while in (Szummer& Jaaklbola,

2001)thewalk crucially depend®n the time parameter.
We will returnto this pointwhendiscussingheatkernels.

An electricalnetwork interpretationis givenin (Doyle &
Snell, 1984). Imaginethe edgesof  to be resistorswith
conductance . We connectnodedabeled to apositive
voltage source,and pointslabeled to ground. Then

is the voltagein the resultingelectricnetwork on eachof
theunlabelechodes Furthermore minimizestheenegy
dissipationof the electricnetwork  for thegiven . The
harmonicpropertyherefollowsfrom Kirchoff'sandOhm's
laws, and the maximum principle then shavs that this is
preciselythe samesolutionobtainedn (5).

3.2.Graph Kernels

Thesolution canbeviewedfrom the viewpoint of spec-
tral graphtheory The heatkernelwith time parameter
onthegraph isde nedas . Here is
the solutionto the heatequationon the graphwith initial
conditionsbeinga pointsourceat attime . Kondor
and Lafferty (2002) proposethis asan appropriatekernel
for machindearningwith categoricaldata.Whenusedin a
kernelmethodsuchasasupportvectormachinethekernel
classier canbeviewedasa
solutionto the heatequationwith initial heatsources

on the labeleddata. The time parameter must,however,
be choserusinganauxiliary techniquefor examplecross-
validation.

Our algorithmusesa differentapproachwhichis indepen-
dentof , the diffusiontime. Let be the lower right

submatrixof . Since , it isthe
Laplacianrestrictedto theunlabelechodesn . Consider
the heatkernel on this submatrix: . Then

describedeatdiffusionontheunlabeledsubgraptwith
Dirichlet boundaryconditionson the labelednodes. The
Greensfunction is theinverseoperatorof therestricted
Laplacian, , which canbe expressedn termsof
theintegral overtime of the heatkernel

(6)

Theharmonicsolution(5) canthenbewritten as
or @)

Expression(7) shows thatthis approachcanbe viewed as
akernelclassi er with thekernel anda speci ¢ form of
kernelmachine.(Seealso(Chung& Yau, 2000),wherea
normalizedLaplacianis usedinsteadof the combinatorial
Laplacian.)From(6) we alsoseethatthe spectrumof is
, where is the spectrunof . Thisindicates
aconnectiorto thework of Chapellestal. (2002),whoma-
nipulatethe eigervaluesof the Laplacianto createvarious



kernels.A relatedapproactis givenby Belkin andNiyogi
(2002),who proposedo regularizefunctionson by select-
ing thetop normalizedeigervectorsof  corresponding
to thesmallesteigervaluesthusobtainingthebest t to

in the leastsquaresense. We remarkthatour ts the
labeleddataexactly, while the order approximatiormay
not.

3.3.Spectral Clustering and Graph Mincuts

The normalizedcut approachof ShiandMalik (2000)has
asits objective function the minimization of the Raleigh
guotient

(8)

subjectto the constraint . Thesolutionis the second
smallestkeigervectorof thegeneralizeaigervalueproblem

. Yu and Shi (2001) add a groupingbiasto
the normalizedcut to specify which points shouldbe in
the samegroup. Sincelabeleddatacan be encodednto
suchpairwisegroupingconstraintsthis techniquecanbe
appliedto semi-supervisedearningas well. In general,
when is closeto block diagonal,it canbe showvn that
datapointsaretightly clusteredn the eigenspacspanned
by the rst few eigervectorsof  (Ng etal., 2001a;Meila
& Shi, 2001),leadingto variousspectralclusteringalgo-
rithms.

Perhapghe mostinterestingandsubstantiatonnectiorto
themethodswe proposenereis the graphmincutapproach
proposediy Blum andChawla (2001). The startingpoint
for this work is also a weightedgraph , but the semi-
supervisedearning problemis castas one of nding a
minimum -cut, wherenegative labeleddatais connected
(with largeweight)to a specialsourcenode , andpositive
labeleddatais connectedo a specialsink node . A mini-
mum -cut,whichis notnecessarilyinique minimizesthe
objective function -
and correspondgo a function ; the
solutionscanbe obtainedusinglinear programming.The
correspondingandom eld modelis a “traditional” eld
over the label space , but the eld is pinnedon
thelabeledentries.Becausef this constraintapproxima-
tion methodsbasedon rapidly mixing Markov chainsthat
applyto the ferromagnetidsing modelunfortunatelycan-
notbeused.Moreover, multi-labelextensionsaregenerally
NP-hardin this framework. In contrastthe harmonicso-
lution canbe computedef ciently using matrix methods,
evenin themulti-labelcase andinferencefor the Gaussian
random eld canbe ef ciently andaccuratelycarriedout
usingloopy belief propagatior{Weissetal., 2001).

4. Incorporating ClassPrior Knowledge

To go from  to labels, the obvious decisionrule is to
assignlabel 1 to node if -, andlabel O other
wise. We call this ruletheharmonicthreshold(abbreviated
“thresh” below). In termsof the randomwalk interpreta-
tion, if -, thenstartingat , the randomwalk is
morelik ely to reachapositively labeledpointbeforeaneg-
atively labeledpoint. This decisionrule works well when
the classesare well separated.However in real datasets,
classesare often not ideally separatedandusing asis
tendsto produceseverelyunbalancedlassi cation.

The problemstemsfrom the factthat , which speci es
thedatamanifold,is oftenpoorly estimatedn practiceand
doesnotre ect theclassi cationgoal. In otherwords,we
shouldnot“fully trust”thegraphstructure Theclasspriors
area valuablepieceof complementarynformation. Let's
assumehe desirableproportionsfor classesl andO are
and , respectiely, wherethesevaluesareeithergiven
by an“oracle” or estimatedrom labeleddata.\We adopta
simple procedurecalled classmassnormalization(CMN)
to adjustthe classdistributionsto matchthe priors. De ne
themassof classl to be , andthe massof classO
tobe . Classmassormalizatiorscaleghese
massesothatan unlabeledpoint is classi ed asclassl
iff

9)

This methodextendsnaturally to the generalmulti-label
case.

5. Incorporating External Classi ers

Oftenwe have anexternalclassi er at hand,whichis con-
structedon labeleddataalone. In this sectionwe suggest
how this canbecombinedwith harmonicenegy minimiza-
tion. Assumethe externalclassi er producedabels on
theunlabeleddata; canbe0/1or softlabelsin . We
combine  with harmonicenegy minimizationby a sim-
ple modi cation of thegraph.For eachunlabeledchode in
theoriginalgraph,we attacha“dongle” nodewhichis ala-
belednodewith value |, letthetransitionprobabilityfrom
toits donglebe , anddiscountall othertransitionsrom

by . We thenperformharmonicenegy minimization
on this augmentedyraph. Thus, the externalclassi er in-
troduces‘assignmentosts”to the enegy function, which
play the role of vertex potentialsin the random eld. It
is not dif cult to shav that the harmonicsolution on the
augmentedraphis, in therandomwalk view,

(10)

We note that throughoutthe paperwe have assumedhe
labeleddatato be noisefree,andso clampingtheir values



malkessenself thereis reasorto doubtthis assumptionit
would be reasonabléo attachdonglesto labelednodesas
well, andto move thelabelsto thesenew nodes.

6. Learning the Weight Matrix

Previously we assumedhatthe weightmatrix  is given
and x ed. In this section,we investigatdearning weight
functionsof theform givenby equation(1). We will learn
the 'sfrom bothlabeledandunlabeleddata;this will be
shavn to be usefulasafeatureselectiormechanisnwhich
betteralignsthegraphstructurewith the data.

The usualparametetearningcriterionis to maximizethe
likelihood of labeleddata. However, the likelihood crite-
rion is notappropriatén this casebecausehe valuesfor
labeleddataare x edduringtraining,andmoreawerlik eli-
hooddoesnt make sensdor theunlabelediatabecauseve
do nothave a generatie model. We proposdansteado use
avelage label entopyasa heuristiccriterionfor parameter

learning. The averagelabel entropy ofthe eld is
de nedas

- (11)
where

is the entropy of the eld at the individual unlabeleddata
point . Herewe usetherandomwalk interpretationof

relying on the maximumprinciple of harmonicfunctions
which guaranteeshat for . Small

entropy implies that is closeto O or 1; this captures
theintuition thatagood  (equialently, agoodsetof hy-

perparameters ) shouldresultin a con dent labeling.
Thereareof coursemary arbitrarylabelingsof thedatathat
have low entrogy, which might suggesthat this criterion

will not work. However, it is importantto point out that
we areconstraining on the labeleddata—mosbf these
arbitrary low entropy labelingsare inconsistentwith this

constraint. In fact,we nd thatthe spaceof low entrogy

labelingsachievable by harmonicenegy minimizationis

smallandlendsitself well to tuningthe  parameters.

Thereis a complication,however, which is that hasa
minimumatO0 as . As thelengthscaleapproaches
zero,thetail of theweightfunction (1) is increasinglysen-
sitive to the distance.Iln the end,the label predictedfor an
unlabeledexampleis dominatedby its nearesneighbors
label, which resultsin the following equivalent labeling
procedure:(1) startingfrom the labeleddataset, nd the
unlabeledooint  thatis closesto somelabeledpoint
(2)label with ‘'slabel,put inthelabeledsetandre-
peat. Sincethesearehardlabels,the entroyy is zero. This
solutionis desirableonly whenthe classesare extremely
well separatedand can be expectedto be inferior other
wise.

This complicationcanbe avoided by smoothingthe tran-

sition matrix. Inspiredby analysisof the PageRankalgo-

rithmin (Ngetal.,2001b)wereplace with thesmoothed
matrix ,where istheuniformmatrix

with entries

We usegradientdescento nd thehyperparameters that
minimize . Thegradientis computedas

(12)

where the values can be read off the vector

, whichis givenby

— —_— e (13)
using the fact that Both
and aresub-matriceof

—. Sincethe original transitionmatrix  is ob-
tainedby normalizingtheweightmatrix , we havethat
— (14)

Finally, —

In theabove derivationwe use  aslabelprobabilitiesdi-

rectly; thatis, class . If we incorpo-
rate classprior information, or combineharmonicenegy

minimizationwith otherclassi ers,it makessensdo min-

imize entropy onthecombinedprobabilities.For instance,
if we incorporatea classprior usingCMN, the probability
is givenby

(15)

andwe usethis probability in placeof in (11). The
derivation of the gradientdescentule is a straightforvard
extensionof theabove analysis.

7. Experimental Results

We rst evaluateharmonicenegy minimizationonahand-
written digits dataset,originally from the CedarBuffalo
binary digits databasé€Hull, 1994). The digits were pre-
processedo reducethe size of eachimage down to a

grid by down-samplingand Gaussiansmooth-
ing, with pixel valuesranging from 0 to 255 (Le Cun
et al., 1990). Eachimageis thusrepresentedy a 256-
dimensional/ector We computeheweightmatrix (1) with

. For eachlabeledsetsize tested,we perform
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10 trials. In eachtrial we randomlysamplelabeleddata
from the entire datasetand usethe restof the imagesas
unlabeleddata. If ary classis absenfrom the sampleda-

beledset,we redothesampling.For methodghatincorpo-
rateclasspriors , we estimate from thelabeledsetwith

Laplace(“add one”) smoothing.

We considerthe binary problemof classifyingdigits “1”

vs. “2,” with 1100imagesin eachclass. We reportaver
ageaccurag of the following methodson unlabeleddata:
thresh,CMN, 1NN, and a radial basisfunction classi er
(RBF)whichclassi esto classl iff .
RBFand1NN areusedsimplyasbaselinesTheresultsare

shavnin Figure3. Clearlythreshperformspoorly, because

the valuesof aregenerallycloseto 1, sothe major
ity of examplesareclassi edasdigit “1”. This shavs the

inadequayg of theweightfunction (1) basedon pixel-wise

Euclideandistance Howevertherelative rankingsof

areuseful,andwhencoupledwith classprior information
signi cantly improved accurag is obtained. The greatest

improvementis achieved by the simplemethodCMN. We
couldalsohave adjustedhe decisionthresholdon threshs
solution , sothattheclassproportionts theprior . This
methodis inferior to CMN dueto theerrorin estimating ,

We alsoconsiderthe 10-way problemof classifyingdigits
“0” through'9'. We reporttheresultson a datasetvith in-
tentionallyunbalancedlasssizeswith 455,213,129,100,
754,970, 275, 585, 166, 353 examplesper class,respec-
tively (notingthattheresultson abalancedlatasearesim-
ilar). Wereporttheaverageaccurag of threshCMN, RBF,
and1NN. Thesemethodscanhandlemulti-way classi ca-
tion directly, or with slightmodi cation in aone-against-all
fashion. As theresultsin Figure 3 shav, CMN againim-
provesperformancdoy incorporatingclasspriors.

Next we reportthe resultsof documentcateyorizationex-

perimentsusing the 20 newvsgroupsdataset. We pick

three binary problems: PC (numberof documents:982)
vs. MAC (961), MS-Windows (958) vs. MAC, andbase-
ball (994) vs. hockey (999). Eachdocuments minimally
processeéhto a“tf.idf ” vector withoutapplyingheadere-
moval, frequeng cutoff, stemmingpor astopword list. Two

documents areconnectedy anedgeif isamong 's
10nearesheighborsorif isamong 's10nearesheigh-
bors,asmeasuredby cosinesimilarity. We usethe follow-

ing weightfunctionontheedges:

(16)

andit is not shawn in the plot. Thesesameobsenations
arealsotrue for the experimentswe performedon several
otherbinarydigit classi cationproblems.

We useone-nearesteighborandthe voted perceptroral-
gorithm (Freund& Schapire;1999)(10 epochswith alin-



earkernel)asbaselines—ouesultswith supportvectorma-
chinesare comparable. The resultsare shavn in Figure
4. As before,eachpoint is the averageof 10 randomtri-

als. For this data,harmonicenegy minimizationperforms
muchbetterthanthe baselinesTheimprovementfrom the
classprior, however, is lesssigni cant. An explanationfor

why this approacho semi-supervisetéarningis so effec-
tive on the newsgroupsdatamaylie in the commonuseof

guotationswithin a topic thread:document quotespart
of document , quotespartof , andsoon. Thus,
althoughdocumentdar apartin the threadmay be quite
different,they arelinked by edgesin the graphicalrepre-
sentationof the data,andtheselinks are exploited by the
learningalgorithm.

7.1.Incorporating External Classi ers

We usethevoted-perceptroasour externalclassi er. For
eachrandomtrial, we train a voted-perceptromn the la-
beledset,andapplyit to theunlabeledset. We thenusethe
0/1hardlabelsfor donglevalues , andperformharmonic
enegy minimizationwith (10). We use

We evaluateon the arti cial but dif cult binary problem
of classifyingodd digits vs. even digits; thatis, we group
“1,3,5,7,9"and"2,4,6,8,0"into two classesThereare400
imagesper digit. We usesecondorderpolynomialkernel
in the voted-perceptrorandtrain for 10 epochs.Figure3
shaws the results. The accurag of the voted-perceptron
on unlabeleddata, averagedover trials, is marked VP in
the plot. Independentlywe runthreshand CMN. Next we
combinethreshwith the voted-perceptronand the result
is marked thresh+VP Finally, we performclassmassnor-
malizationon the combinedresultandget CMN+VP. The
combinationresultsin higheraccurag thaneithermethod
alone,suggestinghereis complementarynformationused
by each.

7.2.Learning the Weight Matrix

To demonstratéheeffectsof estimating , resultsonatoy
datasetare shovn in Figure5. The uppergrid is slightly
tighterthanthelower grid, andthey areconnectedy afew
datapoints. Therearetwo labeledexamplesmarkedwith
large symbols. We learnthe optimallengthscaledfor this
dataseby minimizing entrogy on unlabeleddata.

To simplify the problem,we rst tie the length scalesin
the two dimensionsso thereis only a single parameter

to learn. As notedearlier without smoothing the entrogy
approachethe minimumat O as . Undersuchcon-
ditions, the resultsof harmonicenegy minimization are
usually undesirable and for this datasetthe tighter grid
“invades”the sparserone as shawvn in Figure 5(a). With
smoothing the “nuisanceminimum” at O graduallydisap-
pearsasthe smoothingfactor grows,asshavn in Figure
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5(c). Whenwe set , theminimumentroyy is 0.898
bitsat . Harmonicenegy minimizationunderthis
lengthscaleis shavn in Figure5(b), which is ableto dis-
tinguishthe structureof thetwo grids.

If we allow a separate for eachdimension,parameter
learningis more dramatic. With the samesmoothingof
, keepsgrowing towards in nity (we use
for computation)while  stabilizesat 0.65,
and we reacha minimum entrogy of 0.619bits. In this
case is legitimate; it meangthatthe learningal-
gorithm hasidenti ed the -directionasirrelevant, based
on boththe labeledand unlabeleddata. Harmonicenegy
minimizationundertheseparametergjivesthe sameclas-
si cation asshavn in Figure5(b).

Next welearn 'sfor all 256dimension®nthe“1” vs.“2”
digits dataset.For this problemwe minimize the entrofy
with CMN probabilities(15). We randomlypick a split of
92 labeledand2108unlabeledexamples andstartwith all
dimensionssharingthe same asin previous ex-
periments.Thenwe computethe derivativesof  for each
dimensiorseparatelyandperformgradientdescento min-
imize the entropy. Theresultis shavn in Table1l. As
entropy decreaseshe accurag of CMN andthreshboth
increase.The learned 's shown in the rightmostplot of
Figure6 rangefrom 181 (black)to 465(white). A small
(black)indicatesthatthe weightis moresensitve to varia-
tionsin thatdimensionwhile the oppositeis true for large
(white). We candiscernthe shapeof a black“1” and
a white “2” in this gure; thatis, the learnedparameters



(bits) CMN thresh
start| 0.6931 | 97.25 0.73% | 94.70 1.19%
end | 0.6542 | 98.56 0.43% | 98.02 0.39%

Tablel. Entropy of CMN andaccuracie®eforeandafterlearning
'sonthe?l1°vs.32°dataset.

J &l

Figure6. Learned 's for 21°vs. 82°dataset.From left to right:
average?1°,average*2®,initial 's,learned 's.

exaggeratevariationswithin class“1” while suppressing
variationswithin class“2”. We have obsened that with
the default parametersglass“l” hasmuch lessvariation
thanclass“2”; thus,the learnedparametersire,in effect,
compensatindpr therelative tightnesof thetwo classesn
featurespace.

8. Conclusion

We have introducedanapproacho semi-supervisetéarn-
ing basedon a Gaussiarrandom eld modelde ned with
respecto aweightedgraphrepresentingabeledandunla-
beleddata. Promisingexperimentalresultshave beenpre-
sentedfor text anddigit classi cation,demonstratinghat
the framawork hasthe potentialto effectively exploit the
structureof unlabeleddatato improve classi cationaccu-
ragy. Theunderlyingrandom eld givesa coherenproba-
bilistic semanticgo our approachput this paperhascon-
centratedn the useof only themeanof the eld, whichis
characterizedn termsof harmonicfunctionsand spectral
graphtheory Thefully probabilisticframenork is closely
relatedto Gaussiamproces<lassi cation,andthis connec-
tion suggestprincipledwaysof incorporatingclasspriors
and learning hyperparametersn particular it is natural
to apply evidencemaximizationor the generalizatiorer
ror boundsthat have beenstudiedfor Gaussiarprocesses
(Seger, 2002). Ourwork in this directionwill bereported
in afuturepublication.

References

Belkin, M., & Niyogi, P. (2002). Usingmanifold structure
for partially labelledclassi cation. Advancesn Neural
InformationProcessingSystemsl 5.

Blum, A., & Chawla, S.(2001).Learningfrom labeledand
unlabeleddatausinggraphmincuts.Proc. 18thInterna-
tional Conf on MachineLearning

Boykov, Y., Veksler O., & Zabih,R. (2001). Fastapprox-

imateenegy minimizationvia graphcuts. IEEE Trans.
on Pattern Analysisand Machine Intelligence 23.

Chapelle O., Weston,J., & Schblkopf, B. (2002). Cluster
kernelsfor semi-supervisetbarning. Advancesn Neu-
ral InformationProcessingSystems] 5.

Chung,F., & Yau, S. (2000). DiscreteGreens functions.
Journal of CombinatorialTheory(A) (pp.191-214).

Doyle, P, & Snell,J. (1984). Randonwalksand electric
networks MathematicalAssoc.of America.

Freund.Y., & SchapireR. E. (1999). Largemargin classi-
cation usingthe perceptroralgorithm. MachineLearn-
ing, 37(3), 277-296.

Hull, J.J. (1994). A databasdor handwrittentext recog-
nition research.|lEEE Transactionon Pattern Analysis
andMachinelntelligence 16.

Kondor, R. I., & Lafferty, J.(2002). Diffusionkernelson
graphsandotherdiscreteinput spacesProc. 19thInter-
national Conf on MachineLearning

Le Cun, Y., Boser B., Denker, J. S., Henderson,D.,
Howard, R. E., Howard, W., & Jaclel, L. D. (1990).
Handwrittendigit recognitionwith a back-propagation
network. Advancesn Neuml Information Processing
Systems2.

Meila, M., & Shi,J.(2001).A randomwalksview of spec-
tral sgmentation AISTATS

Ng, A., JordanM., & Weiss,Y. (2001a).0On spectraklus-
tering: Analysisandanalgorithm. Advancesn Neural
InformationProcessingSystemsl 4.

Ng, A. Y., Zheng,A. X., & Jordan,M. I. (2001b). Link
analysis,eigervectorsandstability. International Joint
Confeenceon Arti cial Intelligence(IJCAI).

Seger, M. (2001). Learningwith labeledand unlabeled
data(TechnicalReport). Universityof Edinburgh.

Seger, M. (2002). PAC-Bayesiangeneralizationerror
boundsfor Gaussiarprocessclassi cation. Journal of
MachineLearningReseath, 3, 233—-269.

Shi, J., & Malik, J. (2000). Normalizedcutsandimage
sgmentation. IEEE Transactionson Pattern Analysis
andMachinelntelligence 22, 888—905.

SzummerM., & Jaaklola, T. (2001).Partially labeledclas-
si cation with Markov randomwalks. Advancesn Neu-
ral InformationProcessingSystemsl 4.

Weiss,Y., , & FreemanW. T. (2001). Correctnessf belief
propagationin Gaussiargraphicalmodelsof arbitrary
topology Neural Computation13, 2173-2200.

Yu, S.X., & Shi,J.(2001). Groupingwith bias. Advances
in Neurl InformationProcessingSystemsl 4.



