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Abstract

An approachto semi-supervisedlearningis pro-
posedthat is basedon a Gaussianrandom�eld
model. Labeled and unlabeleddata are rep-
resentedas verticesin a weightedgraph, with
edgeweightsencodingthesimilarity betweenin-
stances.Thelearningproblemis thenformulated
in termsof aGaussianrandom�eld onthisgraph,
wherethe meanof the �eld is characterizedin
termsof harmonicfunctions, and is ef�ciently
obtainedusingmatrix methodsor belief propa-
gation. The resultinglearningalgorithmshave
intimate connectionswith randomwalks, elec-
tric networks,andspectralgraphtheory. We dis-
cussmethodsto incorporateclasspriorsandthe
predictionsof classi�ersobtainedby supervised
learning.Wealsoproposeamethodof parameter
learningby entropy minimization,andshow the
algorithm's ability to performfeatureselection.
Promisingexperimentalresultsarepresentedfor
syntheticdata,digit classi�cation,andtext clas-
si�cation tasks.

1. Intr oduction

In many traditionalapproachesto machinelearning,a tar-
get function is estimatedusinglabeleddata,which canbe
thoughtof asexamplesgivenby a“teacher”to a“student.”
Labeledexamplesareoften, however, very time consum-
ing andexpensive to obtain,asthey requirethe efforts of
humanannotators,whomustoftenbequiteskilled. For in-
stance,obtainingasinglelabeledexamplefor proteinshape
classi�cation,which is oneof thegrandchallengesof bio-
logical andcomputationalscience,requiresmonthsof ex-
pensive analysisby expertcrystallographers.Theproblem
of effectively combiningunlabeleddatawith labeleddata
is thereforeof centralimportancein machinelearning.

Thesemi-supervisedlearningproblemhasattractedan in-
creasingamountof interestrecently, andseveralnovel ap-
proacheshave beenproposed;we refer to (Seeger, 2001)
for anoverview. Amongthesemethodsis apromisingfam-
ily of techniquesthatexploit the“manifoldstructure”of the
data;suchmethodsaregenerallybaseduponanassumption
that similar unlabeledexamplesshouldbe given thesame
classi�cation. In this paperwe introducea new approach
to semi-supervisedlearningthatis basedonarandom�eld
modelde�ned on a weightedgraphover theunlabeledand
labeleddata,wheretheweightsaregivenin termsof asim-
ilarity functionbetweeninstances.

Unlike other recentwork basedon energy minimization
andrandom�elds in machinelearning(Blum & Chawla,
2001) and image processing(Boykov et al., 2001), we
adoptGaussian�elds over a continuousstatespacerather
than random�elds over the discretelabel set. This “re-
laxation” to a continuousratherthandiscretesamplespace
resultsin many attractiveproperties.In particular, themost
probablecon�guration of the �eld is unique,is character-
izedin termsof harmonicfunctions,andhasa closedform
solution that can be computedusing matrix methodsor
loopy belief propagation(Weisset al., 2001). In contrast,
for multi-labeldiscreterandom�elds, computingthe low-
estenergy con�gurationis typically NP-hard,andapproxi-
mationalgorithmsorotherheuristicsmustbeused(Boykov
et al., 2001). The resultingclassi�cation algorithmsfor
Gaussian�elds canbeviewedasa form of nearestneigh-
borapproach,wherethenearestlabeledexamplesarecom-
putedin termsof arandomwalk onthegraph.Thelearning
methodsintroducedherehave intimate connectionswith
randomwalks, electricnetworks, and spectralgraphthe-
ory, in particularheatkernelsandnormalizedcuts.

In our basicapproachthe solution is solely basedon the
structureof thedatamanifold,which is derivedfrom data
features.In practice,however, this derivedmanifoldstruc-
ture may be insuf�cient for accurateclassi�cation. We
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Figure1. Therandom®eldsusedin this work areconstructedon
labeledandunlabeledexamples.We form a graphwith weighted
edgesbetweeninstances(in thiscasescanneddigits),with labeled
dataitemsappearingasspecialªboundaryºpoints,andunlabeled
pointsasªinteriorºpoints. We considerGaussianrandom®elds
on this graph.

show how theextraevidenceof classpriorscanhelpclassi-
�cation in Section4. Alternatively, wemaycombineexter-
nal classi�ersusingvertex weightsor “assignmentcosts,”
as describedin Section5. Encouragingexperimentalre-
sults for syntheticdata,digit classi�cation, and text clas-
si�cation tasksarepresentedin Section7. Onedif�culty
with the random�eld approachis that the right choiceof
graphis oftennot entirelyclear, andit maybedesirableto
learnit from data. In Section6 we proposea methodfor
learningtheseweightsby entropy minimization,andshow
thealgorithm'sability to performfeatureselectionto better
characterizethedatamanifold.

2. BasicFramework

Wesupposethereare� labeledpoints �������	�
���
����������������������� ,
and � unlabeledpoints ������������������������� ; typically ����� .
Let  "!#�%$&� be the total numberof datapoints. To be-
gin, we assumethelabelsarebinary: �('*),+-��.�/ . Consider
a connectedgraph 01!1�324��56� with nodes2 correspond-
ing to the  datapoints,with nodes7"!8)9.9�������%���:/ corre-
spondingto the labeledpointswith labels �

�
�����������

� , and
nodes;<!=)>��$?.9�������@���%$A��/ correspondingto theunla-
beledpoints. Our taskis to assignlabelsto nodes; . We
assumean  CBD symmetricweightmatrix E on theedges
of the graphis given. For example,when �<'GFIH , the
weightmatrixcanbe
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are length scale
hyperparametersfor eachdimension.Thus,nearbypoints
in Euclideanspaceareassignedlarge edgeweight. Other

weightingsarepossible,of course,andmaybemoreappro-
priatewhen � is discreteor symbolic.For ourpurposesthe
matrix E fully speci�es the datamanifold structure(see
Figure1).
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To assignaprobabilitydistributiononfunctions
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theGaussian�eld k�l��
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The harmonicpropertymeansthat the valueof
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unlabeleddata point is the averageof
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which is consistentwith our prior notionof smoothnessof
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with respectto thegraph.Expressedslightly differently,
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principleof harmonicfunctions(Doyle & Snell,1984),
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To computethe harmonicsolution explicitly in termsof
matrix operations,we split theweightmatrix E (andsim-
ilarly …š��“ ) into 4 blocksafterthe � th row andcolumn:
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Figure2. Demonstrationof harmonicenergy minimizationontwo
syntheticdatasets. Large symbolsindicate labeleddata, other
pointsareunlabeled.

In this paperwe focuson theaboveharmonicfunctionasa
basisfor semi-supervisedclassi�cation. However, we em-
phasizethat theGaussianrandom�eld modelfrom which
this function is derived provides the learning framework
with a consistentprobabilisticsemantics.

In thefollowing,wereferto theproceduredescribedabove
as harmonicenergy minimization, to underscorethe har-
monicproperty(3) aswell astheobjective functionbeing
minimized.Figure2 demonstratestheuseof harmonicen-
ergyminimizationontwo syntheticdatasets.Theleft �gure
shows that thedatahasthreebands,with �4!�� , � !#.���� ,
and [

! +-�

gfg

; the right �gure shows two spirals, with
� !

g

, �"! .���� , and [

!1+-� ��� . Herewe seeharmonic
energy minimizationclearly follows the structureof data,
while obviouslymethodssuchaskNN would fail to doso.

3. Inter pretation and Connections

As outlinedbrie�y in thissection,thebasicframeworkpre-
sentedin theprevioussectioncanbeviewedin severalfun-
damentallydifferentways,andthesedifferentviewpoints
providearich andcomplementarysetof techniquesfor rea-
soningaboutthisapproachto thesemi-supervisedlearning
problem.

3.1.RandomWalks and Electric Networks

Imaginea particle walking along the graph 0 . Starting
from anunlabelednodeb , it movesto a nodei with proba-
bility “

KNM afteronestep.Thewalk continuesuntil thepar-
ticle hits a labelednode. Then

_

��b�� is theprobability that
theparticle,startingfrom node b , hits a labelednodewith
label 1. Herethe labeleddatais viewed asan “absorbing
boundary”for therandomwalk.

This view of the harmonic solution indicatesthat it is
closelyrelatedto the randomwalk approachof Szummer
andJaakkola (2001),however thereare two major differ-
ences.First, we �x the valueof

_

on the labeledpoints,
andsecond,our solutionis anequilibriumstate,expressed
in termsof a hitting time, while in (Szummer& Jaakkola,

2001)thewalk crucially dependson the time parameter	 .
We will returnto thispoint whendiscussingheatkernels.

An electricalnetwork interpretationis given in (Doyle &
Snell, 1984). Imaginethe edgesof 0 to be resistorswith
conductanceE . We connectnodeslabeled . to a positive
voltagesource,andpoints labeled + to ground. Then

_

�

is the voltagein the resultingelectricnetwork on eachof
theunlabelednodes.Furthermore

_

� minimizestheenergy
dissipationof theelectricnetwork 0 for thegiven

_

� . The
harmonicpropertyherefollowsfrom Kirchoff 'sandOhm's
laws, and the maximumprinciple thenshows that this is
preciselythesamesolutionobtainedin (5).

3.2.Graph Kernels

Thesolution
_

canbeviewedfrom theviewpoint of spec-
tral graphtheory. The heatkernelwith time parameter	

on thegraph 0 is de�ned as 
��‚!�
9•

��� . Here 
��Y��bY� i
� is
the solutionto the heatequationon the graphwith initial
conditionsbeinga point sourceat b at time 	‚!‹+ . Kondor
andLafferty (2002)proposethis asan appropriatekernel
for machinelearningwith categoricaldata.Whenusedin a
kernelmethodsuchasasupportvectormachine,thekernel
classi�er
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��bY� i}� canbe viewed asa
solutionto theheatequationwith initial heatsources�
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K

on the labeleddata. The time parameter	 must,however,
bechosenusinganauxiliary technique,for examplecross-
validation.

Our algorithmusesa differentapproachwhich is indepen-
dentof 	 , the diffusion time. Let

ƒ

�,� be the lower right
�£B(� submatrixof

ƒ

. Since
ƒ

�>�
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T

E
�>� , it is the

Laplacianrestrictedto theunlabelednodesin 0 . Consider
the heatkernel on this submatrix: 
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describesheatdiffusionontheunlabeledsubgraphwith
Dirichlet boundaryconditionson the labelednodes. The
Green's function � is the inverseoperatorof therestricted
Laplacian,�

ƒ

�>� !?¦ , whichcanbeexpressedin termsof
theintegralover time of theheatkernel 
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Theharmonicsolution(5) canthenbewrittenas
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Expression(7) shows that this approachcanbe viewedas
a kernelclassi�er with thekernel � anda speci�c form of
kernelmachine.(Seealso(Chung& Yau,2000),wherea
normalizedLaplacianis usedinsteadof thecombinatorial
Laplacian.)From(6) we alsoseethatthespectrumof � is

)�$

•

�

K

/ , where )%$

K

/ is thespectrumof
ƒ

�>� . This indicates
aconnectionto theworkof Chapelleetal. (2002),whoma-
nipulatetheeigenvaluesof theLaplacianto createvarious



kernels.A relatedapproachis givenby Belkin andNiyogi
(2002),whoproposeto regularizefunctionson 0 byselect-
ing the top k normalizedeigenvectorsof

ƒ

corresponding
to thesmallesteigenvalues,thusobtainingthebest�t to

_

�

in the leastsquaressense.We remarkthat our
_

�ts the
labeleddataexactly, while theorder k approximationmay
not.

3.3.SpectralClustering and Graph Mincuts

Thenormalizedcut approachof Shi andMalik (2000)has
as its objective function the minimization of the Raleigh
quotient�

�

_

�I!

_�� ƒ _

_

�

…

_

!

‡

KŒM

J KŒM

�

_

��b��

T

_

�—i
�	��Z

‡

K

]

K

_

��b:�

Z

(8)

subjectto theconstraint
_����

. Thesolutionis thesecond
smallesteigenvectorof thegeneralizedeigenvalueproblem

ƒ
_

! $ …

_

. Yu andShi (2001) adda groupingbias to
the normalizedcut to specify which points shouldbe in
the samegroup. Sincelabeleddatacan be encodedinto
suchpairwisegroupingconstraints,this techniquecanbe
applied to semi-supervisedlearningas well. In general,
when E is closeto block diagonal,it canbe shown that
datapointsaretightly clusteredin theeigenspacespanned
by the�rst few eigenvectorsof

ƒ

(Ng et al., 2001a;Meila
& Shi, 2001), leadingto variousspectralclusteringalgo-
rithms.

Perhapsthemostinterestingandsubstantialconnectionto
themethodsweproposehereis thegraphmincutapproach
proposedby Blum andChawla (2001). Thestartingpoint
for this work is also a weightedgraph 0 , but the semi-
supervisedlearning problem is cast as one of �nding a
minimum ��	 -cut,wherenegative labeleddatais connected
(with largeweight)to a specialsourcenode � , andpositive
labeleddatais connectedto a specialsink node 	 . A mini-
mum � 	 -cut,whichisnotnecessarilyunique,minimizesthe

7

� objective function 5
�

�

_

�š!

�

Z

‡

K�h M

JLKŒM

ž _

��b��

T

_

�—i}�

ž

and correspondsto a function
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.9�Y$•.f/ ; the
solutionscanbe obtainedusinglinear programming.The
correspondingrandom�eld model is a “traditional” �eld
over the label space)

T

.f�
$•.�/ , but the �eld is pinnedon
thelabeledentries.Becauseof this constraint,approxima-
tion methodsbasedon rapidly mixing Markov chainsthat
apply to theferromagneticIsing modelunfortunatelycan-
notbeused.Moreover,multi-labelextensionsaregenerally
NP-hardin this framework. In contrast,the harmonicso-
lution canbe computedef�ciently usingmatrix methods,
evenin themulti-labelcase,andinferencefor theGaussian
random�eld canbe ef�ciently andaccuratelycarriedout
usingloopy belief propagation(Weisset al., 2001).

4. Incorporating ClassPrior Knowledge

To go from
_

to labels, the obvious decisionrule is to
assignlabel 1 to node b if

_

��b��	�
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Z

, and label 0 other-
wise.Wecall this ruletheharmonicthreshold(abbreviated
“thresh” below). In termsof the randomwalk interpreta-
tion, if

_

��b��	�

�

Z

, then startingat b , the randomwalk is
morelikely to reachapositively labeledpointbeforeaneg-
atively labeledpoint. This decisionrule works well when
the classesare well separated.However in real datasets,
classesare often not ideally separated,and using

_

as is
tendsto produceseverelyunbalancedclassi�cation.

The problemstemsfrom the fact that E , which speci�es
thedatamanifold,is oftenpoorlyestimatedin practiceand
doesnot re�ect theclassi�cationgoal. In otherwords,we
shouldnot“fully trust” thegraphstructure.Theclasspriors
area valuablepieceof complementaryinformation. Let's
assumethedesirableproportionsfor classes1 and0 are 


and .

T


 , respectively, wherethesevaluesareeithergiven
by an“oracle” or estimatedfrom labeleddata.We adopta
simpleprocedurecalledclassmassnormalization(CMN)
to adjusttheclassdistributionsto matchthepriors. De�ne
themassof class1 to be ‡

K
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����b�� , andthemassof class0
to be ‡
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� ��b��	� . Classmassnormalizationscalesthese
massesso thatan unlabeledpoint b is classi�ed asclass1
iff
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This methodextendsnaturally to the generalmulti-label
case.

5. Incorporating External Classi�ers

Oftenwe have anexternalclassi�er at hand,which is con-
structedon labeleddataalone. In this sectionwe suggest
how thiscanbecombinedwith harmonicenergyminimiza-
tion. Assumetheexternalclassi�er produceslabels �%� on
theunlabeleddata;� � canbe0/1or soft labelsin Š +-��.

• . We
combine� � with harmonicenergy minimizationby a sim-
plemodi�cation of thegraph.For eachunlabelednodeb in
theoriginalgraph,weattacha“dongle” nodewhichis ala-
belednodewith value �

K , let thetransitionprobabilityfrom
b to its donglebe � , anddiscountall othertransitionsfrom b

by .

T

� . We thenperformharmonicenergy minimization
on this augmentedgraph. Thus,the externalclassi�er in-
troduces“assignmentcosts”to theenergy function,which
play the role of vertex potentialsin the random�eld. It
is not dif�cult to show that the harmonicsolution on the
augmentedgraphis, in therandomwalk view,
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We note that throughoutthe paperwe have assumedthe
labeleddatato benoisefree,andsoclampingtheir values



makessense.If thereis reasonto doubtthis assumption,it
would bereasonableto attachdonglesto labelednodesas
well, andto movethelabelsto thesenew nodes.

6. Learning the Weight Matrix �

Previously we assumedthat theweightmatrix E is given
and�x ed. In this section,we investigatelearning weight
functionsof theform givenby equation(1). We will learn
the [

W

's from bothlabeledandunlabeleddata;this will be
shown to beusefulasafeatureselectionmechanismwhich
betteralignsthegraphstructurewith thedata.

The usualparameterlearningcriterion is to maximizethe
likelihoodof labeleddata. However, the likelihoodcrite-
rion is notappropriatein this casebecausethe

_

valuesfor
labeleddataare�x edduringtraining,andmoreover likeli-
hooddoesn't makesensefor theunlabeleddatabecausewe
donothavea generativemodel.We proposeinsteadto use
average labelentropyasa heuristiccriterionfor parameter
learning.Theaveragelabelentropy �¡�

_

� of the �eld
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de�ned as
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is the entropy of the �eld at the individual unlabeleddata
point b . Herewe usetherandomwalk interpretationof

_

,
relying on the maximumprinciple of harmonicfunctions
which guaranteesthat +C–

_

��b��¥–<. for b��‹��$†. . Small
entropy implies that

_

��b:� is closeto 0 or 1; this captures
theintuition thatagood E (equivalently, a goodsetof hy-
perparameters) [

W

/ ) shouldresult in a con�dent labeling.
Thereareof coursemany arbitrarylabelingsof thedatathat
have low entropy, which might suggestthat this criterion
will not work. However, it is importantto point out that
we areconstraining

_

on the labeleddata—mostof these
arbitrary low entropy labelingsare inconsistentwith this
constraint. In fact, we �nd that the spaceof low entropy
labelingsachievableby harmonicenergy minimization is
smallandlendsitself well to tuningthe [

W

parameters.

Thereis a complication,however, which is that � hasa
minimumat 0 as [

W

a

+ . As the lengthscaleapproaches
zero,thetail of theweightfunction(1) is increasinglysen-
sitive to thedistance.In theend,thelabelpredictedfor an
unlabeledexampleis dominatedby its nearestneighbor's
label, which resultsin the following equivalent labeling
procedure:(1) startingfrom the labeleddataset, �nd the
unlabeledpoint ��� thatis closestto somelabeledpoint ��� ;
(2) label ��� with � � 's label,put ��� in thelabeledsetandre-
peat.Sincethesearehardlabels,theentropy is zero.This
solution is desirableonly whenthe classesareextremely
well separated,andcan be expectedto be inferior other-
wise.

This complicationcanbe avoidedby smoothingthe tran-
sition matrix. Inspiredby analysisof the PageRankalgo-
rithm in (Ng etal.,2001b),wereplace“ with thesmoothed
matrix 
“‹!����C$*��.
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�f�R“ , where� is theuniformmatrix
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In theabovederivationwe use
_

� aslabelprobabilitiesdi-
rectly; that is, k�� class���
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����b�� . If we incorpo-
rateclassprior information,or combineharmonicenergy
minimizationwith otherclassi�ers,it makessenseto min-
imize entropy on thecombinedprobabilities.For instance,
if we incorporatea classprior usingCMN, theprobability
is givenby
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andwe usethis probability in placeof
_

��b�� in (11). The
derivationof thegradientdescentrule is a straightforward
extensionof theaboveanalysis.

7. Experimental Results

We�rst evaluateharmonicenergy minimizationonahand-
written digits dataset,originally from the CedarBuffalo
binary digits database(Hull, 1994). The digits werepre-
processedto reducethe size of each image down to a

.�- B .�- grid by down-samplingand Gaussiansmooth-
ing, with pixel values ranging from 0 to 255 (Le Cun
et al., 1990). Eachimageis thus representedby a 256-
dimensionalvector. Wecomputetheweightmatrix(1)with

[

W

! � �9+ . For eachlabeledsetsize � tested,we perform
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Figure3. Harmonicenergy minimizationon digits ª1ºvs. ª2º(left) andon all 10 digits (middle)andcombiningvoted-perceptronwith
harmonicenergy minimizationonoddvs.evendigits (right)
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Figure4. Harmonicenergy minimizationonPCvs.MAC (left), baseballvs.hockey (middle),andMS-Windows vs.MAC (right)

10 trials. In eachtrial we randomlysamplelabeleddata
from the entiredataset,andusethe restof the imagesas
unlabeleddata.If any classis absentfrom thesampledla-
beledset,weredothesampling.For methodsthatincorpo-
rateclasspriors 
 , we estimate
 from thelabeledsetwith
Laplace(“addone”)smoothing.

We considerthe binary problemof classifyingdigits “1”
vs. “2,” with 1100imagesin eachclass. We reportaver-
ageaccuracy of the following methodson unlabeleddata:
thresh,CMN, 1NN, and a radial basisfunction classi�er
(RBF)whichclassi�esto class1 iff E*���

_

� � E¤������.

T

_

��� .
RBFand1NN areusedsimplyasbaselines.Theresultsare
shown in Figure3. Clearlythreshperformspoorly, because
thevaluesof

_

�%�ji
� aregenerallycloseto 1, so themajor-
ity of examplesareclassi�ed asdigit “1”. This shows the
inadequacy of theweight function(1) basedon pixel-wise
Euclideandistance.Howevertherelativerankingsof

_

���ji
�

areuseful,andwhencoupledwith classprior information
signi�cantly improvedaccuracy is obtained.The greatest
improvementis achievedby thesimplemethodCMN. We
couldalsohave adjustedthedecisionthresholdon thresh's
solution

_

� , sothattheclassproportion�ts theprior 
 . This
methodis inferior to CMN dueto theerrorin estimating
 ,
and it is not shown in the plot. Thesesameobservations
arealsotrue for theexperimentswe performedon several
otherbinarydigit classi�cationproblems.

We alsoconsiderthe10-way problemof classifyingdigits
“0” through'9'. We reporttheresultsona datasetwith in-
tentionallyunbalancedclasssizes,with 455,213,129,100,
754, 970, 275, 585, 166, 353 examplesper class,respec-
tively (notingthattheresultsonabalanceddatasetaresim-
ilar). Wereporttheaverageaccuracy of thresh,CMN, RBF,
and1NN. Thesemethodscanhandlemulti-way classi�ca-
tion directly, or with slightmodi�cation in aone-against-all
fashion. As the resultsin Figure3 show, CMN againim-
provesperformanceby incorporatingclasspriors.

Next we reportthe resultsof documentcategorizationex-
perimentsusing the 20 newsgroupsdataset. We pick
threebinary problems: PC (numberof documents:982)
vs. MAC (961), MS-Windows (958) vs. MAC, andbase-
ball (994) vs. hockey (999). Eachdocumentis minimally
processedinto a“tf.idf ” vector, withoutapplyingheaderre-
moval, frequency cutoff, stemming,or astopwordlist. Two
documents����� areconnectedby anedgeif � is among� 's
10nearestneighborsor if � is among� 's 10nearestneigh-
bors,asmeasuredby cosinesimilarity. We usethefollow-
ing weightfunctionon theedges:
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We useone-nearestneighborandthevotedperceptronal-
gorithm(Freund& Schapire,1999)(10 epochswith a lin-



earkernel)asbaselines–ourresultswith supportvectorma-
chinesare comparable.The resultsare shown in Figure
4. As before,eachpoint is the averageof 10 randomtri-
als. For this data,harmonicenergy minimizationperforms
muchbetterthanthebaselines.Theimprovementfrom the
classprior, however, is lesssigni�cant. An explanationfor
why this approachto semi-supervisedlearningis soeffec-
tive on thenewsgroupsdatamaylie in thecommonuseof
quotationswithin a topic thread:document�

Z

quotespart
of document� � , �

+

quotespart of �

Z

, andso on. Thus,
althoughdocumentsfar apart in the threadmay be quite
different,they arelinked by edgesin the graphicalrepre-
sentationof the data,andtheselinks areexploited by the
learningalgorithm.

7.1.Incorporating External Classi�ers

We usethevoted-perceptronasourexternalclassi�er. For
eachrandomtrial, we train a voted-perceptronon the la-
beledset,andapplyit to theunlabeledset.Wethenusethe
0/1hardlabelsfor donglevalues��� , andperformharmonic
energy minimizationwith (10). We use�™!†+��j. .

We evaluateon the arti�cial but dif�cult binary problem
of classifyingodd digits vs. even digits; that is, we group
“1,3,5,7,9”and“2,4,6,8,0”into two classes.Thereare400
imagesper digit. We usesecondorderpolynomialkernel
in thevoted-perceptron,andtrain for 10 epochs.Figure3
shows the results. The accuracy of the voted-perceptron
on unlabeleddata,averagedover trials, is marked VP in
theplot. Independently, we run threshandCMN. Next we
combinethreshwith the voted-perceptron,and the result
is markedthresh+VP.Finally, we performclassmassnor-
malizationon thecombinedresultandgetCMN+VP. The
combinationresultsin higheraccuracy thaneithermethod
alone,suggestingthereis complementaryinformationused
by each.

7.2.Learning the Weight Matrix E

To demonstratetheeffectsof estimatingE , resultsonatoy
datasetareshown in Figure5. The uppergrid is slightly
tighterthanthelowergrid,andthey areconnectedby afew
datapoints. Therearetwo labeledexamples,markedwith
largesymbols.We learntheoptimal lengthscalesfor this
datasetby minimizingentropy onunlabeleddata.

To simplify the problem,we �rst tie the length scalesin
the two dimensions,so thereis only a singleparameter[

to learn. As notedearlier, without smoothing,theentropy
approachestheminimumat 0 as [

a

+ . Undersuchcon-
ditions, the resultsof harmonicenergy minimization are
usually undesirable,and for this datasetthe tighter grid
“invades”the sparseroneasshown in Figure5(a). With
smoothing,the “nuisanceminimum” at 0 graduallydisap-
pearsasthesmoothingfactor � grows,asshown in Figure
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Figure5. The effect of parameter� on harmonicenergy mini-
mization.(a) If unsmoothed,
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(c) Smoothinghelpsto remove theentropy minimum.

5(c). Whenweset ��!‘+-� +-. , theminimumentropy is 0.898
bitsat [

!‘+-� - � . Harmonicenergyminimizationunderthis
lengthscaleis shown in Figure5(b), which is ableto dis-
tinguishthestructureof thetwo grids.

If we allow a separate[ for eachdimension,parameter
learningis more dramatic. With the samesmoothingof

�^! +-� +-. , [�� keepsgrowing towards in�nity (we use
[��

! .�+

��� for computation)while [�� stabilizesat 0.65,
and we reacha minimum entropy of 0.619bits. In this
case[

�

a

� is legitimate; it meansthat the learningal-
gorithm hasidenti�ed the � -directionas irrelevant, based
on both the labeledandunlabeleddata. Harmonicenergy
minimizationundertheseparametersgivesthe sameclas-
si�cation asshown in Figure5(b).

Next we learn [ 's for all 256dimensionsonthe“1” vs.“2”
digits dataset.For this problemwe minimize the entropy
with CMN probabilities(15). We randomlypick a split of
92 labeledand2108unlabeledexamples,andstartwith all
dimensionssharingthe same[

! ���f+ asin previous ex-
periments.Thenwe computethederivativesof [ for each
dimensionseparately, andperformgradientdescentto min-
imize the entropy. The result is shown in Table 1. As
entropy decreases,the accuracy of CMN andthreshboth
increase.The learned[ 's shown in the rightmostplot of
Figure6 rangefrom 181(black)to 465(white). A small [

K

(black)indicatesthat theweight is moresensitive to varia-
tionsin thatdimension,while theoppositeis truefor large

[

K (white). We candiscernthe shapesof a black “1” and
a white “2” in this �gure; that is, the learnedparameters



� (bits) CMN thresh
start 0.6931 97.25 � 0.73% 94.70 � 1.19%
end 0.6542 98.56 � 0.43% 98.02 � 0.39%

Table1. Entropy of CMN andaccuraciesbeforeandafterlearning
� 'son theª1ºvs. ª2ºdataset.

Figure6. Learned� 's for ª1ºvs. ª2ºdataset.Fromleft to right:
averageª1º,averageª2º,initial � 's, learned� 's.

exaggeratevariationswithin class“1” while suppressing
variationswithin class“2”. We have observed that with
the default parameters,class“1” hasmuch lessvariation
thanclass“2”; thus,the learnedparametersare,in effect,
compensatingfor therelativetightnessof thetwo classesin
featurespace.

8. Conclusion

We have introducedanapproachto semi-supervisedlearn-
ing basedon a Gaussianrandom�eld modelde�ned with
respectto a weightedgraphrepresentinglabeledandunla-
beleddata.Promisingexperimentalresultshave beenpre-
sentedfor text anddigit classi�cation,demonstratingthat
the framework hasthe potentialto effectively exploit the
structureof unlabeleddatato improve classi�cationaccu-
racy. Theunderlyingrandom�eld givesa coherentproba-
bilistic semanticsto our approach,but this paperhascon-
centratedon theuseof only themeanof the�eld, which is
characterizedin termsof harmonicfunctionsandspectral
graphtheory. The fully probabilisticframework is closely
relatedto Gaussianprocessclassi�cation,andthis connec-
tion suggestsprincipledwaysof incorporatingclasspriors
and learninghyperparameters;in particular, it is natural
to apply evidencemaximizationor the generalizationer-
ror boundsthat have beenstudiedfor Gaussianprocesses
(Seeger, 2002).Our work in this directionwill bereported
in a futurepublication.
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