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Abstract
We study a class of overrelaxed bound opti-
mization algorithms, and their relationship to
standardboundoptimizers,suchasExpectation-
Maximization, Iterative Scaling, CCCP and
Non-NegativeMatrix Factorization.We provide
a theoreticalanalysisof the convergenceprop-
ertiesof theseoptimizersand identify analytic
conditions under which they are expected to
outperformthestandardversions.Basedon this
analysis,we proposea novel, simple adaptive
overrelaxed schemefor practical optimization
andreportempiricalresultson severalsynthetic
andreal-world datasetsshowing that thesenew
adaptive methodsexhibit superiorperformance
(in certain cases by several times speedup)
comparedto their traditionalcounterparts.Our
extensionsare simple to implement,apply to a
wide variety of algorithms,almostalways give
a substantialspeedup,and do not require any
theoreticalanalysisof theunderlyingalgorithm.

1. Intr oduction
Many problemsin machinelearningandpatternrecogni-
tion ultimatelyreduceto theoptimizationof ascalarvalued
functionL (� jdata) of a freeparametervector� . For ex-
ample,in (supervisedor) unsupervisedprobabilisticmod-
eling the objective function may be the (conditional)data
likelihood or the posteriorover parameters.In discrimi-
native learningwe may usea classi�cation or regression
score;in reinforcementlearningwe may useaveragedis-
countedreward. Optimizationmayalsoariseduringinfer-
ence;for examplewemaywantto reducethecrossentropy
betweentwo distributionsor minimize a function suchas
theBethefreeenergy.

Boundoptimizationtakesadvantageof the fact thatmany
objective functionsarisingin practicehavea specialstruc-
ture. We canoftenexploit this structureto obtaina bound
on the objective function and proceedby optimizing this
bound. Ideally, we seeka boundthat is valid everywhere
in parameterspace,easilyoptimized,andequalto thetrue
objective function at one (or more) point(s). A general
form of aboundmaximizerwhich iteratively lowerbounds

theobjective functionis givenbelow:

GeneralBound Optimizer for maximizing L (�) :
� Assume: 9 functionG(� ; 	) suchthatfor any � 0 and	 0:

1. G(� 0; � 0) = L (� 0) & L (�) � G(� ; 	 0) 8 	 0 6= �
2. arg max� G(� ; 	 0) canbefoundeasilyfor any 	 0.

� Iterate: � t +1 = arg max� G(� ; � t )
� Guarantee: L (� t +1 ) = G(� t +1 ; � t +1 ) �

G(� t +1 ; � t ) � G(� t ; � t ) = L (� t )

Many popular iterative algorithms are bound optimiz-
ers, including the EM algorithm for maximum likeli-
hoodlearningin latentvariablemodels[3], iterativescaling
(IS) algorithmsfor parameterestimationin maximumen-
tropy models[2] andthe recentCCCPalgorithmfor min-
imizing the Bethe free energy in approximateinference
problems[19]. Bound optimization algorithms enjoy a
strongguarantee;they neverworsentheobjectivefunction.

2. OverrelaxedBound Optimization: BO(� )
To guaranteean increasein the objective function at
each iteration, BO methodsmust sometimesconstruct
very conservative bounds, resulting in extremely slow
convergencebehavior. Below, we analyzea family of
overrelaxedBO algorithmscalledBO(� ) algorithmswith
� denotingtheoverrelaxationlearningrate:

Naive OverrelaxedBO(� ) algorithm for max L (�) :
� Iterate: � t +1 = � t + �

�

arg max� G(� ; � t ) � � t �

� No convergenceguarantee.
� Dif�cult to set� in practice.

Clearly, for � = 1 BO(� ) algorithmsbecomejust regular
boundoptimizers.Severalauthorshavestudiedaparticular
variantof thisideaasappliedto ExpectationMaximization.
In particular, Helmboldet al. (1995) [6] investigatedthe
problemof estimatingthecomponentpriors for a mixture
of given densities,and discoveredthat an EM(� ) update
rulecanbeviewedasa �rst orderapproximationto theex-
ponentiatedgradientEG(� ) update.Following this, Bauer
et al. (1997) [1] presentedan analysisof EM(� ) similar
to [6] andderived the updaterules for parameterestima-
tion in discreteBayesiannetworks.However, moregeneral
BO(� ) methodshavenot beenwidely usedfor severalrea-
sons.First,only oneparticularvariantof BO(� ), EM(� ), is
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well studied,andupdateruleshave beenpublishedonly in
thespecialcaseof discreteBayesiannetworks.Second,if a
learningratelargerthanoptimalis used,BO(� ) algorithms
cannotguaranteeconvergenceto evena local optimumof
theirobjective function,in contrastto standardboundopti-
mizers.Finally, it is computationallyverydif�cult toobtain
theoptimallearningrate� � .

In thispaper, weanalyzeabroadclassof BO(� ) algorithms
beyond EM(� ) and show how one can designa simple
adaptive algorithm that, in general,will possesssuperior
convergenceratesover standardBO(1) methodswhile at
thesametime guaranteeingconvergenceandavoiding the
needto calculateor estimateanoptimallearningrate� � .

3. ConvergencePropertiesof BO(1) & BO(� )
Standardboundoptimizationmethodsimplicitly de�ne a
mapping: M : � ! � 0 from parameterspaceto itself,
suchthat � t +1 = M (� t ). If the iterates� t convergeto
� � andM (�) is continuous,then� � = M (� � ), andin
theneighborhoodof � � , by Taylor seriesexpansion:

� t +1 � � � = M 0(� � )(� t � � � ) (1)

whereM 0(� � ) = @M
@� j �=� � . SinceM 0(� � ) is typically

nonzero,thenany boundoptimizeris essentiallya linearit-
erationalgorithmwith a convergenceratematrix M 0(� � ).
M 0(� � ) canbeviewedasanoperatorthatformsacontrac-
tion mappingaround� � .1 For multidimensionalvector� ,
a measureof the actualobserved convergencerate is the
“global” rate,de�ned as:

r = lim t !1
k� t +1 � � � k

k� t � � � k (2)

with k � k beingEuclideannorm[12]. It is alsowell-known
that undersomeregularity conditionsr = � max (M 0) �
the largesteigenvalueof M 0(� � ). Largervaluesof � max

(asthey approachunity) imply slowerconvergence.

BO(� ) methods,justasstandardboundoptimizers,implic-
itly de�ne a mapping:� : � ! � from parameterspace
to itself, suchthat� t +1 = �(� t ). In particular,

�(� t ) = � t + � (� t +1
B O � � t )

= � t + � (M (� t ) � � t ) (3)

which meansthatall �x edpointsof BO(1) arealso�x ed
pointsof BO(� ), althoughthe radiusof convergencemay
change.

Wecannow analyzeconvergencebehavior of BO(� ) meth-
odsandtheir relationshipto standardBO(1) algorithms.

1In generalwewouldexpecttheHessianof theobjectivefunc-

tion @2 L (�)
@� 2 j �=� � to be negative semide�nite,or negative de�-

nite, andthereforethe eigenvaluesof M 0(� � ) all lie in [0; 1] or
[0; 1) respectively [11]. Exceptionsto convergenceof thebound
optimizeroccurif M 0(� � ) haseigenvaluesthatexceedunity.

Lemma: If BO(� ) iteratesconvergeto � � and�(�) and
M (�) aredifferentiablein theparameterspace� , then:

� 0(� t ) = I � � (I � M 0(� t )) (4)

with I being identity matrix and � 0
ij (� t ) = @� t +1

i
@� t

j
is

the input-outputderivativematrix for theBO(� ) mapping.
This canbeshown by differentiatingbothsidesof (3) with
respectto � .

Equation(4) showsa very interestingrelationshipbetween
convergencepropertiesof BO(� ) and its standardBO(1)
counterparts.If theeigenvaluesof M 0(� t ) approachunity
in the neighborhoodof � � , BO(1) algorithmwill exhibit
extremelyslow convergence.In this case,largervaluesof
� will in fact force theeigenvaluesof � 0(� t ) to decrease,
andthusresult in fasterglobal rateof convergenceof the
BO(� ) algorithm.

Proposition 1: If BO(1) iteratesconverge to � � , then
within someneighborhoodof � � , BO(� ) algorithm will
alsoconvergeto thesamelocal maximumof theobjective
functionfor any 0 < � < 2, althoughtheradiusof conver-
gencefor BO(� ) maybedifferentthanfor BO(1).

Proposition2: Theoptimallearningrate� � is:

� � = 2=(2 � � max � � min ) (5)

with � max and� min beingthelargestandsmallesteigen-
valuesof M 0(� � ). Moreover, � � � 1.

Wesketchproofsof bothpropositionsin theappendix.The
importantconsequenceof theaboveanalysisis thatfor the
typical realproblemswith � max > 0, theoptimal learning
rateis � � > 1. Moreover, theglobalrateof convergenceof
BO(� ) algorithmsis upperboundedby thespectralradius
� � of � 0(� � ):

r � � � = maxfj 1 � � (1 � � max )j; j1 � � (1 � � min )jg

Thisimpliesthat,within someneighborhoodof � � , BO(� )
methodscansigni�cantly outperformstandardBO(1) al-
gorithmsin termsof convergence. Indeed,after M itera-
tionsBO(� ) will shrinkthedistancek � � � � k by a fac-
tor of � M

� , whereasstandardBO(1) will shrink it by � M
1 .

This clearly constitutesexponentialgain of (� � =� 1)M in
the vicinity of the local optimum. However, setting� to
larger valuesmay result in BO(� ) not converging or con-
verging to a differentlocaloptimumthanBO(1).

Theaboveconvergenceresultsfor thefamily of theBO(� )
algorithmsareonly valid within someneighborhoodof � � ,
whereasBO(1) methodsareguaranteedto convergefrom
any point in the parameterspace. In the next sectionwe
show how wecaneasilyovercomethisproblemby describ-
ing asimpleadaptiveBO algorithm.



4. AdaptiveOverrelaxedBound Optimization
Computingthe optimal learningrate � � is dif�cult, since
it requires knowledge of the minimum and maximum
eigenvalues� min and� max of aparticularmappingmatrix
thatdependson thealgorithmdetails,dataset,andcurrent
parameters. Furthermore,this calculation is only valid
in a very small neighborhoodarounda local optimum.
Ideally, we would like to �nd the optimal learningratein
an adaptive fashion that is computationallyinexpensive
and valid everywhere. It is possibleto perform a line
searchat eachstepto determine� � [7]; however, this is
quite expensive. We now describea very simpleadaptive
overrelaxed bound optimization (ABO) algorithm that
is guaranteednot to decreasethe objective function at
eachiterationandrequiresonly a very slight overheadin
computationover regularBO(1) methodsyet canoftenbe
many timesfaster.

Adaptive Overrelaxed Bound Optimization (ABO) for
maximizing L (�) :
� Iterate startingwith � = 1:

1. � t +1
B O = arg max� G(� ; � t )

2. � t +1 = � t + � (� t +1
B O � � t )

3. If L (� t +1 ) > L (� t ) ThenIncrease�
Else� t +1 = � t +1

B O andDecrease�

� Guarantee: L (� t +1 ) = G(� t +1 ; � t +1 ) �
G(� t +1 ; � t ) � G(� t ; � t ) = L (� t )

Note that for many objective functions, computing
argmax� G(� ; � t ) also evaluatesthe function L (� t )
“for free”, so that step 3 above can be ef�ciently inter-
leaved betweensteps1 and 2 with essentiallyno extra
computation(exceptwhentheoptimizeroversteps).

4.1.Reparameterizationof ConstrainedQuantities
The descriptionof the adaptive algorithmabove assumes
that theparametersbeingoptimizedareunconstrained.In
many cases,parametersmustremainnon-negative(or pos-
itive de�nite), sum to unity, respectsymmetriesor other
parametertying constraints.In thesesituations,theappro-
priateupdaterules canbe derived by �rst reparameteriz-
ing the optimizationusingunconstrainedvariableswhich
arerelatedto theoriginal variablesthrougha �x ed(possi-
bly nonlinear)mapping.As examples,we developseveral
casesthatariseoftenin practice.

If parametervalues� j mustbe positive (e.g. variances),
theoverrelaxationstepcanbederivedfrom the reparame-
terization� j = exp(� j ) andresultsin ratioscaling:

� t +1
j = � t

j

�
� t +1

j B O

� t
j

� �

(6)

For parametervalues~� j that representa discretedistri-
bution (e.g.mixing proportionsin a mixture model, con-
ditional probability tablesfor discretequantities,or state
transitionprobabilitiesin dynamicmodels),we reparam-

eterize~� j via softmaxfunction ~� j i = exp ( � j i )
�

i =1 exp ( � j i ) , and

performoverrelaxationin theunconstrained~� space.In the
constrainedspacethiscorrespondsto theupdate:

~� t +1
j = 1

Z
~� t

j

�
~� t +1

j B O
~� t

j

� �

(7)

usingelementwisemultiplication anddivision operations
andwith Z beinganappropriatenormalizingconstant.

4.2.AdaptiveOverrelaxedEM
We now considera particularboundoptimizer, thepopular
Expectation-Maximization(EM) algorithmandpresentits
adaptive overrelaxed version. As an example,considera
probabilisticmodelof continuousobserved datax which
usescontinuouslatentvariablesy . Then:

L (�) = ln p(x j�) =
R

p(y jx ; 	) ln p(x j�) dy =
R

p(y jx ; 	) ln p(x ; y j�) dy �
R

p(y jx ; 	) ln p(y jx ; �) dy

= Q(� ; 	) � H (� ; 	)

Setting	 = � t , it canbeeasilyveri�ed thatthefollowing
is thelowerboundfunction:

L (�) � Q(� ; 	) � H (	 ; 	) = G(� ; 	) (8)

The EM algorithm is nothing more than coordinate
ascent in the functional G(� ; 	) , alternating between
maximizingG with respectto 	 for �x ed � (E-step)and
with respectto � for �x ed	 (M-step). Our new adaptive
overrelaxedversionof EM is givenbelow:

AdaptiveOverrelaxedEM (AEM) algorithm:

� � =1; L (� 0) = -1 ; � =tol; � > 1;

� While (� � tol and t< Tmax)
– PerformE-stepwith � t andgetL (� t )
– � = (L (� t ) � L (� t � 1)) /abs(L (� t ))
– If � < tol /* We have gonetoo far */

� � = 1; PerformE-stepwith � t
E M

� GetL (� t
E M ) andcomputenew � ;

� /* Countthis asanadditionalstep*/
Else � = � � � ; EndIf

– PerformM-stepto get� t +1
E M

– � t +1 = � t +� (� t +1
E M � � t )

� EndWhile

Dempster, Laird, andRubin[3] showedthatif EM iterates
convergeto � � , then
@M (�)

@� j �=� � =
�

@2 H (� ;� � )
@� 2 j �=� �

��
@2 Q(� ;� � )

@� 2 j �=� �

� � 1

which canbe interpretedasthe ratio of missinginforma-
tion to the completeinformationnearthe local optimum.
According to Lemma 2, the convergencerate matrix of
EM(� ) algorithm can be representedas follows: In the
neighborhoodof asolution(for suf�ciently larget):

� 0(� t ) = I � �
�
I �

�
@2 H
@� 2

� �
@2 Q
@� 2

� � 1

j �=� t

�
(9)



This view of the EM(� ) algorithmhasa very interesting
interpretation: An increasein the proportion of missing
informationcorrespondsto higher valuesof the learning
rate � . If the fraction of missinginformationapproaches
unity, standardEM will be forced to take very small,
conservative steps in parameterspace,thereforehigher
and more aggressive values of � will result in much
faster convergence. When the missing information is
smallcomparedto thecompleteinformation,thepotential
advantageof EM(� ) overEM(1) becomesmuchless.

4.3.GeneralizedIterati veScaling(GIS) Algorithm
TheGeneralizedIterativeScalingalgorithmis widely used
for parameterestimationin maximumentropy models[2].
Its goal is to determinethe parameters� � of an expo-
nential family distribution p(xj�) = 1

Z (�) exp(� T F (x))
suchthat certaingeneralizedmarginal constraintsarepre-
served:

P
x p(xj� � )F (x) =

P
x �p(x)F (x), whereZ (�)

is the normalizingfactor, �p(x) is a given empiricaldistri-
bution andF (x) = [f 1(x); :::; f n (x)]T is a given feature
vector. Thesetypesof problemscanbeexpressedin astan-
dardform, with f i (x) > 0 8i , and

P
i f i (x) = 1 for each

x. Thelog-likelihoodfunctionis:

L (�) =
P

x �p(x) ln p(xj�) =
P

x �p(x)� T F (x) � ln Z (�)

By noting that ln Z (�) � Z (�) =Z (	) + ln Z (	) � 1
for all 	 , andexp

P
i � i f i (x) �

P
i f i (x) exp� i we can

constructa lowerboundonL(�) :

L (�) �
X

x

�p(x)
X

i

� i f i (x) � ln Z (	) + 1 �

X

x

p(xj	)
X

i

f i (x) exp(� i � 	 i ) = G(� ; 	)

Wecannow deriveanadaptiveoverrelaxedversionof GIS:

AdaptiveOverrelaxedGIS (AGIS) algorithm:

� � =1; L (� 0) = -1 ; � =tol; � > 1;

� While (� � tol and t< Tmax)
– � t

i GI S
= � t � 1

i + ln
�

x �p( x ) f i ( x )
�

x p( x j � t ) f i ( x )

– � t = � t � 1+� (� t
GI S � � t � 1) andgetL (� t )

– � = (L (� t ) � L (� t � 1)) /abs(L (� t ))
– If � < tol /* We have gonetoo far */

� � = 1; � t = � t
GI S

� GetL (� t
GI S ) andcomputenew � ;

� /* Countthis asanadditionalstep*/
Else � = � � � ; EndIf

� EndWhile

It has beenobserved that the convergenceof GIS algo-
rithms dependson the correlationbetweenfeatures. In
general,an increasein thefeaturecorrelationcorresponds
to higher valuesof the learning rate � . If featurevectors
arehighly correlated,GISwill takeverysmallconservative
stepsin the parameterspace. Thus higher and more ag-
gressivevaluesof � will resultin muchfasterconvergence.

4.4.Non-NegativeMatrix Factorization (NMF)
Given non-negative matrix V, we areinterestedin �nding
non-negativematricesW andH, suchthatV � W H [9].
Posedas an optimization problem, we are interestedin
maximizinga negativedivergenceL(�) = � D (V jjW H ),
subjectto � = (W; H ) � 0 elementwise,where:

L (�) = �
P

ij

�
Vij ln Vij

(W H ) ij
� Vij + (W H ) ij

�
(10)

We use ln
P

c Wic H cj �
P

c � ij (c;c) ln W ic H cj

� ij (c;c) where
� ij (a; b) = W t

ia H t
bj =

P
r W t

ir H t
r j , so that � ij (c;c) sum

to one.De�ning � = (W; H ) and	 = (W t ; H t ), we can
constructa lowerboundon thecostfunction:

L (�) � �
X

ij

Vij ln Vij + Vij �
X

ij c

Wic H cj +

X

ij c

Vij � ij (c;c)
�

ln
Wic H cj

� ij (c;c)

�
= G(� ; 	)

AdaptiveoverrelaxedNMF algorithmis thenderivedas:

AdaptiveOverrelaxedNMF (ANMF) algorithm:

� � =1; L (� 0) = -1 ; � =tol; � > 1;

� While (� � tol and t< Tmax)

– W t
icN M F = W t � 1

ic

�

�

j H cj V ic =( W H ) ic
�

v H cv �

�

H t
cj N M F = H t � 1

cj

�

�

i W ic V ic =( W H ) ic
�

w W w c �

�

– � t = � t � 1+� (� t
N M F � � t � 1); andgetL (� t )

– � = (L (� t ) � L (� t � 1)) /abs(L (� t ))
– If � < tol /* We have gonetoo far */

� � = 1; UpdateW t andH t ; getL (� t
N M F )

� Computenew � ;
� /* Countthis asanadditionalstep*/

Else � = � � � ; EndIf

� EndWhile

For many modelsoverrelaxationis straightforward to im-
plement and does not require signi�cant computational
overhead.As wewill seein thenext section,it cansubstan-
tially outperformstandardboundoptimizationalgorithms.

5. Experimental Results
We comparedthe performanceof adaptive overrelaxed
boundoptimizersto standardBO(1) algorithmsfor learn-
ing parametersof variousmodelson both syntheticdata
sets(whichareeasierto interpret,displayandanalyze)and
on real world datasets,supportingthe analysispresented
above. Thoughnot reported,wecon�rmed thattheconver-
genceresultsdid not vary signi�cantly for differentinitial
startingpointsin theparameterspace.For all of theexper-
imentsreportedbelow, we usedtol = 10� 8 and� = 1:1
(for which a few percentof stepsarerejected).Of course
the stepsize� is setadaptively. We did not observe these
resultsto be very sensitive to the settingof � , if closeto
but greaterthanunity.
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Figure1. Learningcurves for adaptive overrelaxed andstandardboundoptimizationalgorithms,showing convergenceperformance
for differentmodels.UpperpaneldisplaysMoG (left), PPCA(middle),MFA (right); andbottompaneldisplaysHMM (left), logistic
regression(middle), NMF (right). Learningcurves of adaptive boundoptimizersinclude discardedsteps(thesecurves contain �at
regions). Theiterationnumbersareshown on thehorizontalaxis,andthevalueof thecostfunction is shown on theverticalaxis,with
zero-level correspondingto theconverging pointof theBO(1) algorithm.

5.1.SyntheticData Sets
To compareAEM andEM algorithms,we consideredsev-
eral latentvariablemodels.As predictedby theory, a high
proportionof missinginformationin thesemodelswill re-
sult in slow convergenceof EM, moreaggressive learning
rates� andthussuperiorperformanceof AEM.

First, considera mixture of Gaussians(MoG) model. We
generateddatafrom a 5 componentGaussianmixture(see
Fig 1). In this model the proportionof missinginforma-
tion correspondsto how “well” or “not-well” datais sep-
aratedinto distinct clusters. In our data,mixture compo-
nentsoverlapin onecontiguousregion, which constitutes
a largeproportionof missinginformation.Figure 1 shows
thatAEM outperformsstandardEM algorithmby almosta
factorof three.We alsoexperimentedwith theProbabilis-
tic PrincipalComponentAnalysis (PPCA) latentvariable
model[15, 17], which hascontinuousratherthandiscrete
hiddenvariables.Heretheconceptof missinginformation
is relatedto theratiosof theleadingeigenvaluesof thesam-
ple covariance,which correspondsto the ellipticity of the
distribution. We observe that even for “nice” data,AEM
outperformsEM by almosta factorof four. Similar results
aredisplayedin �gure 1 for theMFA [5] model.

In �gure 3 we show the evolution of the adaptive learn-
ing rate� andthe“optimal” learningrate� � while learning
themeansin theMoG model(holding themixing propor-
tions andcovariances�x ed). The “optimal” learningrate
� � wasobtainedby calculating� min and� max eigenval-
uesof M 0(� � ) matrix andapplyingequation5; sincethis

boundis only valid undera local quadraticapproximation,
the adaptive algorithmis sometimesableto exceedit and
still improvetheobjectivebeforeoverstepping.
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Figure3. Left panel pictorially illustratesthe adaptive learning
rate� , theoptimal rate� � , andtheapproximateupperboundon
thelearningrate2� � . Theright panelshows theevolution of the
eigenvaluesof theconvergenceratematrix M 0(� � ) in eq.(1).

We then appliedour algorithm to the training of Hidden
Markov Model. Missing informationin this modelis high
whenthe observed datado not well determinethe under-
lying statesequence(given the parameters).A simple5-
statefully-connectedmodel was trainedon 41 character
sequencesfrom thebook ”Decline andFall of theRoman
Empire”by Gibbon,with analphabetsizeof 30 characters
(parameterswere randomlyinitialized). We observe that
evenfor thereal,structureddataAEM is superiorto EM.

To compareIS andadaptiveIS algorithms,weappliedboth
methodsto the simple 2-classlogistic regressionmodel:
p(y = � 1jx; w) = 1=(1 + exp(� ywT x)) [13]. Feature
vectorsof dimensionalityd weredrawn from standardnor-
mal: x � N (0; I d), with true parametervectorw� being
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<header>     Newsgroups: comp.unix.bsd.netbsd...
<question>  How to add your pet answer to the FAQ.
<answer>     This is the trickiest part of this section 
                     of the FAQ.  There are ...
<tail>            *bsd FAQ Maintainer / SysAdmin for the...

FAQ Data Set 

Figure2. Learningcurvesfor adaptive overrelaxedandstandardboundoptimizationalgorithms,showing convergenceperformancefor
differentmodels.UpperpaneldisplaysAMM modelwith numberof learnedclassesbeing: 2 (left), 4 (middle), and6 (left). Middle
panelshows HMM modelwith numberof statesbeing: 5 (left), 7 (middle), and10 (right). Lower paneldisplaysMFA (left), NMF
(middle),andMEMM (right). Theiterationnumbersareshown onthehorizontalaxis,andthevalueof thecostfunctionis shown onthe
verticalaxis,with zero-level correspondingto theconverging pointof theBO(1) algorithm.

randomlychosenon surfaceof the d-dimensionalsphere
with radius

p
2. To makefeaturespositive,thedatasetwas

modi�ed by adding10 to all featurevalues. This in tern
introducessigni�cant correlation,andthusresultsin slow
convergenceof IS. To insurethatwt x is unchanged,anex-
tra featurewasadded.Figure 1 revealsthatfor d=2,AIS is
superiorto standardIS by at leasta factorof 3. Similar re-
sultsareobtainedif dimensionalityof thedatais increased.

Finally, to compare ANMF and NMF, we randomly
initialized the non-negative matrix V16� 24, and applied
both algorithms to perform non-negative factorization:
V16� 24 � W16� 5H5� 24. Once again, resultscon�rm
the fact that overrelaxed methodscan give speedupover
conventionalboundoptimizersby severaltimes.

5.2.RealWorld Data Sets
To compareAEM andEM, our �rst experimentconsisted
of training AggregateMarkov modelsAMM [16] on the
ARPA North American BusinessNews (NAB) corpus.
AMMs areclass-basedbigrammodelsin which the map-

ping from words to classesis probabilistic. The task of
AMMs is to discover ”soft” word classes. The experi-
mentuseda vocabulary of sixty-thousandwords, includ-
ing tokensfor punctuation,sentenceboundaries,etc. The
trainingdataconsistingof approximately78million words
(threemillion sentences),with all sentencesdrawn with-
out replacementfrom the NAB corpus. The numberof
classeswassetC=2,4,6andall parametervalueswereran-
domly initialized.2 Figure 2 (upperpanels)revealsthat
AEM outperformsEM by at least a factor of 1.5. The
considereddata sets contain rather structuredreal data,
suggestinga relatively small fraction of the missing in-
formation. Nevertheless,to performfair comparison,we
have run both algorithmsuntil the convergencecriterion:
(L (� t +1 ) � L (� t ))=abs(L (� t +1 )) � 10� 8 is met.For ex-
ample,with 2 classes,EM hasconvergesin 164iterations,
whereasAEM hasconvergesto exactlythesamelikelihood
afteronly 72 iterations,a speedupby a factorof morethan
two.

2For thedetailsof themodelandthedataset,referto [16].



Our secondexperimentconsistedof training a fully con-
nectedHMM to modelDNA sequences.For the training,
we usedpublicly available”GENIE gene�nding dataset”,
provided by UCSC andLBNL [4], that contains793 un-
relatedhumangenomicDNA sequences.We appliedour
AEM algorithmto 66 DNA sequencesfrom multiple exon
andsingleexon genes,with lengthvarying anywherebe-
tween200to 3000nucleotidespersequence.Thenumber
of stateswassetto 5,7,and10andall theparametervalues
wererandomlyinitialized. Figure2 showssuperiorconver-
genceof AEM overEM algorithm.Thisdatacontainsvery
little Markovianstructure,whichconstitutesahighpropor-
tion of missinginformation. (We alsoobservedthat for 7
and10 stateHMMs, AEM convergedto a betterlocal op-
timum; however in general,we cannot sayanything about
thequalityof thelocaloptimumto whichEM or AEM will
converge.)

WealsoappliedtheMFA modelto theblock transformim-
agecodingproblem. A datasetof 360� 496pixel images
(see�g 2 bottomleft panel)weresubdividedinto nonover-
lappingblocksof size8� 8pixels.Eachblockwasregarded
asad=8� 8 dimensionalvector. Theblocks(totalof 2,790)
were thencompresseddown to � ve dimensionsusing10
mixture components.3 Again, AEM beatsEM by a factor
of over two, convergingto thebetterlikelihood.

To presentthe comparisonbetweenGIS and AGIS, we
trainedMaximumEntropy Markov Model [10] on theFre-
quentlyAskedQuestions(FAQ) dataset.Thedatasetcon-
sistedof 38 �les belongingto 7 Usenetgroups. Each�le
containsheader, followedby a seriesof oneor moreques-
tion/answerpairs,andendswith tail. The goal is to auto-
matically labeleachline accordingto whetherit is header,
question,answer, or tail by using 24 booleanfeaturesof
lines, like begin-with-number, contains-http,etc.4 We ob-
serve that AGIS outperformsGIS by several times. We
have alsoobtainedanalogousresultstraining Conditional
RandomFields[8].

In our lastexperiment,wetrainedNMF andadaptiveNMF
on the datasetof facial imagesto learnpart-basedrepre-
sentationof faces[9]. Thedataset5 consistedof m=2,429
facialimages,eachconsistingof n=19� 19graypixels,thus
formingann� m matrixV; thenumberof learnedbasisim-
ageswassetto 49. Onceagain,�gure 2 revealsthatANMF
substantiallyoutperformsstandardNMF algorithm.In par-
ticular, ANMF takesabout3,500iterationsuntil theconver-
gencecriterionis met,whereasregularNMF convergedin
approximately13,500iterationsto exactly thesamevalue
of thecostfunction,loosingto ANMF by afactorof almost
four.

3This experimentis similar to theonedescribedin [18].
4See[10] for a descriptionof themodelandthedataset.
5See[9] for a moredetaileddescription.

6. Discussion& Future Work
In this paperwe have analyzedtheconvergenceproperties
of a largefamily of overrelaxedboundoptimizationBO(� )
algorithms.Basedon this analysis,we introduceda novel
classof simple, adaptive overrelaxed boundoptimization
(ABO) methodsandprovidedempiricalresultson several
syntheticandreal-world datasetsshowing superiorconver-
genceof ABO methodsoverstandardboundoptimizers.

In all of ourexperimentswith adaptivealgorithmswefound
that thevalueof objective functionat any iteratewasbet-
ter thanthevalueat thesameiterateof thestandardbound
optimizer:L (� t

AB O ) > L (� t
B O ) : 8t. In otherwords,we

have never found a disadvantageto usingadaptive meth-
ods; andoften thereis a large advantage,particularly for
complex modelswith largetrainingdatasets,wheredueto
thetimeconstraintsonecouldonly afford to performa few
numberof theBO iterations.

Weareexperimentingwith modelswhereparametervalues
� representsymmetricpositive de�nite matrices(e.g. co-
variancematricesin theMoG model).We canusethema-
trix exponential� = exp� to performoverrelaxationin
theunconstrained� space.In particular, we usea spectral
decomposition:� = V DV T , with D beingthe diagonal
matrix of theeigenvalues,andV beingtheorthogonalma-
trix of the correspondingeigenvectors. The matrix func-
tions ln and exp are thende�ned: ln � = V ln (D)V T ,
exp� = V exp(D)V T . When the matrix is diagonal,
overrelaxationcorrespondsto eq. (6).

Baueret al. (1997) [1] presentedempirical resultsusing
non-adaptiveEM(� ) algorithmwith �x ed� < 2. Ouranal-
ysisandempiricalresultsindicatethatin thecaseswhenthe
convergenceratematrix haslargeeigenvalues,(e.g. miss-
ing informationis high while learningwith EM, or feature
vectorsarehighly dependentwhile estimatingparameters
with GIS or NMF), adaptive boundoptimizerscanexhibit
convergenceratessubstantiallysuperiorto BO(2) by using
� > 2, while at the sametime maintainingconvergence
guaranteesandsetting� automatically.
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Appendix
Proof of Proposition 1:6 First, by usingTaylor seriesexpansion
of �(� t ) around� � , wehave:

�(� t ) = �(� � ) + � 0(� � )(� t � � � ) + ::: (11)

In thevicinity of � � (for suf�ciently larget), wehavethefollow-
ing linearapproximation:

� t +1 � � � � �(� t ) � �(� � ) = � 0(� � )(� t � � � ) (12)

For a �x ed� , consider
 1 ; :::; 
 k beingthenon-zeroeigenvalues
of � 0(� � ). The correspondingeigenvectorsv1 ; :::; vk form an
orthonormalbasisfor therealk-subspace
 .7 Assumethatwithin
someneighborhoodof � � (for suf�ciently larget), (� t � � � ) 2

 , in whichcaseavector(� t � � � ) canberepresenteduniquely
as(� t � � � ) = �

k
i =1 ci vi . Moreover

� 0(� � )(� t � � � ) = �

k
i =1 
 i ci vi (13)

Theapplicationof � 0(� � ) to (� t � � � ) resultsin linearcoef�-
cientsci to bescaledby 
 i . Thereforetherateat which different
componentsof (� t � � � ) shrinkor stretchdependsonthesizeof
theeigenvalues
 i . To guaranteetheshrinkageof eachcomponent
of (� t � � � ), we requirej
 i j < 1 for i=1,...k. In this case:

k � 0(� � )(� t � � � ) k =
�

�

k
i =1 
 2

i c2
i vT

i vi �

� �

��

�

�

k
�

i =1

c2
i vT

i vi = � � k � t � � � k (14)

with k � k denotingEuclideannorm. and � � being the spec-
tral radiusof � 0(� � ): � � =maxj
 j. Clearly, thespectralradiusof
� 0(� � ) is de�ned as:

� � = maxfj 1 � � (1 � � max )j; j1 � � (1 � � min )jg

with � max and� min beingthe largestandsmallesteigenvalues
of M 0(� � ). And thusfor any 0 < � < 2 we have � � < 1. We
cannow analyzetheglobalrateof convergenceof � 0(� t ) in the
neighborhoodof � � . In particular, for suf�ciently larget andany
0 < � < 2:

r =
k � t +1 � � � k
k � t � � � k

=
k � 0(� � )(� t � � � ) k

k � t � � � k

�
� � k � t � � � k

k � t � � � k
= � � < 1 (15)

Thereforein the vicinity of � � for any 0 < � < 2, BO(� )
algorithmis guaranteedto converge to the local optimumof the
objective function.

Proof of Proposition 2: We have establishedthattheglobalrate
of convergenceof theBO(� ) algorithmsis upperboundedby:

r � maxfj 1 � � (1 � � max )j; j1 � � (1 � � min )jg

Clearly, thefastestuniformglobalrateof convergenceis obtained
whenj1� � (1 � � max )j = j1� � (1 � � min )j. Wecannow easily
derive that � � = 2=(2 � � max � � min ). Since0 � � min �
� max < 1, we have

� � = 2=(2 � � max � � min ) � 1 (16)

6Ourproof is similar in spirit to [1, 14].
7WenotethatM 0(� � ) hasexactly thesameeigenvectorswith

eigenvaluesde�ned as� i = 1 � (1 � 
 i )=� for i = 1; :::; k.


