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Abstract
We study a class of overrelaxed bound opti-
mization algorithms, and their relationshipto
standardoundoptimizers,suchasExpectation-
Maximization, Iterative Scaling, CCCP and
Non-Negative Matrix Factorization.We provide
a theoreticalanalysisof the corvergenceprop-
erties of theseoptimizersand identify analytic
conditions under which they are expectedto
outperformthe standardversions.Basedon this
analysis,we proposea novel, simple adaptve
overrelaxed schemefor practical optimization
andreportempiricalresultson several synthetic
andreal-world datasetsshowving thatthesenew
adaptve methodsexhibit superiorperformance
(in certain casesby several times speedup)
comparedo their traditional counterparts.Our
extensionsare simple to implement,apply to a
wide variety of algorithms,almostalways give
a substantialspeedup,and do not require ary
theoreticalnalysisof the underlyingalgorithm.

1. Intr oduction

Many problemsin machinelearningand patternrecogni-
tion ultimatelyreduceto the optimizationof ascalarvalued
functionL ( jdata) of afree parameterector . For ex-

ample,in (supervisedr) unsupervisegrobabilisticmod-
eling the objective function may be the (conditional)data
likelihood or the posteriorover parameters.In discrimi-

native learningwe may usea classi cation or regression
score;in reinforcementearningwe may useaveragedis-

countedreward. Optimizationmay alsoariseduringinfer-

ence;for examplewe maywantto reducethecrossentrogy

betweentwo distributions or minimize a function suchas
the Bethefreeenengy.

Bound optimizationtakes advantageof the factthat mary

objective functionsarisingin practicehave a specialstruc-
ture. We canoften exploit this structureto obtaina bound
on the objective function and proceedby optimizing this

bound. Ideally, we seeka boundthatis valid everywhere
in parametespace easilyoptimized,andequalto thetrue
objective function at one (or more) point(s). A general
form of aboundmaximizerwhichiteratively lowerbounds
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theobjective functionis givenbelow:

General Bound Optimizer for maximizing L() :
Assume 9 functionG( ; ) suchthatfor ary

LG(% 9=L( &L G(; 98 °6
2. argmax G( ; 9 canbefoundeasilyfor ary

%and ©

0-
lterate: '*! = argmax G( ;
Guarantee L( 1) = Gg( ''; ™1

G( t+l; l) G( l; l) - L( l)

Many popular iterative algorithms are bound optimiz-
ers, including the EM algorithm for maximum lik eli-
hoodlearningin latentvariablemodels[3, iterative scaling
(IS) algorithmsfor parameteestimationin maximumen-
tropy models[2 andthe recentCCCPalgorithmfor min-
imizing the Bethe free enegy in approximateinference
problems[19 Bound optimization algorithms enjoy a
strongguaranteethey neverworsentheobjective function.

2. OverrelaxedBound Optimization: BO( )

To guaranteean increasein the objectve function at

each iteration, BO methods must sometimesconstruct

very conserative bounds, resulting in extremely slow

corvergencebehaior. Below, we analyzea family of

overrelaxedBO algorithmscalledBO( ) algorithmswith
denotingthe overrelaxatioriearningrate:

Naive OverrelaxedBO( ) algorithm for maxL() :
lterate: ' = '+ argmax G( ; ') !
No corvergenceguarantee.

Dif cult to set in practice.

Clearly, for = 1BO( ) algorithmsbecomejust regular
boundoptimizers.Severalauthorshave studiedaparticular
variantof thisideaasappliedto ExpectatiorMaximization.
In particular Helmboldet al. (1995)[6] investigatedhe
problemof estimatingthe componenpriors for a mixture
of given densities,and discoveredthat an EM( ) update
rule canbeviewedasa rst orderapproximatiorto the ex-
ponentiatedyradientEG( ) update.Following this, Bauer
etal. (1997)[1] presentechn analysisof EM( ) similar
to [6] and derived the updaterulesfor parameterestima-
tion in discreteBayesiametworks. However, moregeneral
BO( ) methodshave not beenwidely usedfor severalrea-
sons.First, only oneparticularvariantof BO( ), EM( ), is
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well studied,andupdateruleshave beenpublishedonly in

thespecialcaseof discreteBayesiametworks. Secondif a
learningratelargerthanoptimalis used BO( ) algorithms
cannotguaranteeorvergenceto evena local optimum of

their objective function,in contrasto standardoundopti-

mizers.Finally, it is computationallywerydif cult toobtain
theoptimallearningrate

In this paperwe analyzeabroadclassof BO( ) algorithms
beyond EM( ) and shov how one can designa simple
adaptve algorithmthat, in general,will possessuperior
cornvergenceratesover standardBO(1) methodswhile at
the sametime guaranteeingorvergenceand avoiding the
needto calculateor estimateanoptimallearningrate

3. ConvergencePropertiesof BO(1) & BO( )
Standardboundoptimizationmethodsimplicitly de ne a

mapping: M : ! 0 from parameterspaceto itself,
suchthat ™' = M ( Y). If theiterates ! corvergeto
andM () iscontinuousthen = M( ), andin
theneighborhooaf , by Taylor seriesexpansion:
o =M (! ) @
whereM% )= @Lj. . SinceMY ) is typically

nonzerothenary boundoptimizeris essentiallyalinearit-

erationalgorithmwith a corvergenceratematrix M 4 ).

MY ) canbeviewedasanoperatotthatformsa contrac-
tion mappingaround . For multidimensionavector ,

a measureof the actualobsenred corvergencerateis the
“global” rate,de ned as:

o K t+1 Kk
r=limy “fv—p 2

with k k beingEuclideamorm[13. It is alsowell-known
that undersomeregularity conditionsr = ax (M9
the largesteigervalueof M (). Largervaluesof max
(asthey approachunity) imply slower corvergence.

BO( ) methodsjustasstandardoundoptimizers,implic-
ity de ne amapping: : ! from parametespace
toitself, suchthat '** = ( 1). In particular

(Y OES Y
M hH N 3)
which meanghatall x edpointsof BO(1) arealso x ed

pointsof BO( ), althoughtheradiusof corvergencemay
change.

We cannow analyzecornvergencebehaior of BO( ) meth-
odsandtheir relationshipto standardBO(1) algorithms.

1In generalve would expectthe Hessiarof theobjective func-

tion %2)—] = to be negative semide nite, or negative de -
nite, andthereforethe eigevaluesof M % ) all lie in [0; 1] or
[0; 1) respectiely [11]. Exceptiongo corvergenceof the bound

optimizeroccurif M % ) haseigevaluesthatexceedunity.

Lemma: If BO( ) iteratescorvergeto  and () and
M () aredifferentiablen theparametespace , then:

CH=1 ¢ MLY 4)
with | being identity matrix and ﬁ-’ H = @@;:1
J
theinput-outputderivative matrix for the BO( ) mapping.
This canbe shavn by differentiatingboth sidesof (3) with

respecto

is

Equation(4) shovs a very interestingrelationshipbetween
convergencepropertiesof BO( ) andits standardBO(1)
counterpartslf the eigervaluesof M 9 t) approachunity
in the neighborhoodf , BO(1) algorithmwill exhibit
extremelyslow corvergence.In this case Jargervaluesof

will in factforcethe eigervaluesof 4 !) to decrease,
andthusresultin fasterglobal rate of corvergenceof the
BO( ) algorithm.

Proposition 1: If BO(1) iteratescorvergeto , then
within someneighborhoodof , BO( ) algorithm will

alsocorvergeto the samelocal maximumof the objective
functionforany 0< < 2, althoughtheradiusof corver-
gencefor BO( ) maybedifferentthanfor BO(1).

Proposition2: Theoptimallearningrate is:
=252 max min ) (5)

with max and min beingthelargestandsmallesteigen-
valuesof M (). Moreover, 1.

We sketchproofsof bothpropositionsn theappendix.The
importantconsequencef the above analysiss thatfor the
typical realproblemswith nax > 0, theoptimallearning
rateis > 1. Moreover, theglobalrateof corvergenceof
BO( ) algorithmsis upperboundedby the spectralradius

of A ):

r = maxj 1 (1 max )];]1 (1 min )9

Thisimpliesthat,within someneighborhoodf ,BO( )
methodscan signi cantly outperformstandardBO(1) al-
gorithmsin termsof corvergence. Indeed,after M itera-
tionsBO( ) will shrinkthe distancek k by afac-
tor of M whereasstandardBO(1) will shrinkit by .
This clearly constitutesexponentialgainof ( = )M in
the vicinity of the local optimum. However, setting to
larger valuesmay resultin BO( ) not corverging or con-

vergingto a differentlocal optimumthanBO(1).

Theabove corvergenceesultsfor thefamily of theBO( )

algorithmsareonly valid within someneighborhooaf

whereaBO(1) methodsare guaranteedo corverge from

ary point in the parametespace. In the next sectionwe
shav how we caneasilyovercomethis problemby describ-
ing asimpleadaptve BO algorithm.



4. Adaptive OverrelaxedBound Optimization

Computingthe optimal learningrate  is dif cult, since
it requires knowledge of the minimum and maximum
eigevalues min and max Of aparticularmappingmatrix
thatdepend®n the algorithmdetails,dataset,andcurrent
parameters. Furthermore,this calculationis only valid
in a very small neighborhoodarounda local optimum.
Ideally, we would like to nd the optimal learningratein
an adaptve fashionthat is computationallyinexpensve
and valid everywhere. It is possibleto perform a line
searchat eachstepto determine  [7]; however, this is
quite expensie. We now describea very simpleadaptve
overrelaxed bound optimization (ABO) algorithm that
is guaranteedhot to decreasethe objective function at
eachiterationandrequiresonly a very slight overheadn
computationover regularBO(1) methodsyet canoftenbe
mary timesfaster

Adaptive Overrelaxed Bound Optimization (ABO) for

maximizing L() :
Iterate startingwith = 1:

1. 5% =argmax G( ; ')

1 - t+1
2. t+ = l+ ( B+O t)

3. 1fFL( ") > L( ') Thenincrease

Else "' = U7 andDecrease

Guarantee L( 1) = Gg( '1; 1)
G( t+1; t) G( t;

D=L( Y

Note that for mary objectve functions, computing
argmax G( ; ') also evaluatesthe function L( ')
“for free”, so that step 3 above can be efciently inter
leaved betweensteps1 and 2 with essentiallyno extra
computation(exceptwhenthe optimizeroversteps).

4.1.Reparameterizationof Constrained Quantities

The descriptionof the adaptve algorithm abose assumes
thatthe parameterd®eingoptimizedare unconstrainedin
mary casesparametersnustremainnon-neative (or pos-
itive de nite), sumto unity, respectsymmetriesor other
parametetying constraints.In thesesituationsthe appro-
priate updaterules canbe derived by rst reparameteriz-
ing the optimizationusing unconstrainedariableswhich
arerelatedto the original variablesthrougha x ed (possi-
bly nonlinear)mapping.As exampleswe develop several
caseghatariseoftenin practice.

If parametevalues ; mustbe positive (e.g. variances),
the overrelaxatiorstepcanbe derived from the reparame-
terization ; = exp( ;) andresultsin ratio scaling:

t+1
et s (6)
For parametevalues ~; that represenia discretedistri-
bution (e.g. mixing proportionsin a mixture model, con-
ditional probability tablesfor discretequantities,or state

transition probabilitiesin dynamicmodels),we reparam-

exp (i)

i-1 exp (i)’
performoverrelaxationn theunconstrained spaceln the
constrainedpacethis corresponds$o theupdate:

eterize™; via softmaxfunction ~j; = and

~t+l
~t+1 _ ~ i
RREN Y
using elementwisanultiplication anddivision operations
andwith Z beinganappropriatenormalizingconstant.

4.2.Adaptive OverrelaxedEM

We now considera particularboundoptimizer, the popular
Expectation-MaximizatiofEM) algorithmandpresentits
adaptve overrelaxed version. As an example,considera
probabilisticmodel of continuousobsened datax which
usescontinuoudatentvariablesy . Then:

L() =Inp(xj) = plyix: ) Inp(xj) dy =
p(yjx; ) Inp(x;yj) dy  p(yjx;) Inp(yjx;) dy
=Q( ;) H( ;)

Setting = !, it canbeeasilyveri ed thatthefollowing

is thelower boundfunction:
LO  QC ;) H(:) =6( ;) (8)

The EM algorithm is nothing more than coordinate
ascentin the functional G( ;) , alternating between
maximizingG with respecto for x ed (E-step)and
with respecto for x ed (M-step). Our new adaptie
overrelaxedversionof EM is givenbelow:

Adaptive OverrelaxedEM (AEM) algorithm:

=1 L( 9=-1; =tol; > 1
While ( tol and t< Tmax)
— PerformE-stepwith ' andgetL( ')

- = (L) Lt /abgL( 1Y)
If <tol /*Wehavegonetoofar*/
= 1; PerformE-stepwith L,
GetL( £y ) andcomputenen ;
/* Countthis asanadditionalstep*/
Else = EndIf

t+1
PerformM-steptoget 'y

t+1 — ty ( :E+I\])| t)

EndWhile

DempsterLaird, andRubin[3] shavedthatif EM iterates
corvergeto  , then

@0 -  @H( )i
@ U= ez U=

@Q( ; )i '
ez U=

which canbe interpretedasthe ratio of missinginforma-
tion to the completeinformation nearthe local optimum.
According to Lemma 2, the corvergencerate matrix of
EM( ) algorithm can be representeds follows: In the
neighborhooaf a solution(for sufciently larget):

CH=1

1
g 23 - O



This view of the EM( ) algorithmhasa very interesting
interpretation: An increasein the proportion of missing

information correspondgo higher valuesof the learning

rate . If thefraction of missinginformationapproaches
unity, standardEM will be forced to take very small,

conserative stepsin parameterspace,therefore higher

and more aggressie values of  will result in much

faster corvergence. When the missing information is

small comparedo the completeinformation,the potential

adwantageof EM(' ) over EM(1) becomesnuchless.

4.3.Generalizedlterati ve Scaling (GIS) Algorithm

The Generalizedterative Scalingalgorithmis widely used
for parameteestimationin maximumentropy models[2].
Its goal is to determinethe parameters  of an expo-
nential family distribution p(xj) = ﬁ exp( TF(x))
suchtha'gcertaingeneralizedg;arginal constraintsarepre-
sened: L p(xj JF(x)= , p(xX)F(x), whereZ()
is the normalizingfactor p(x) is a given empirical distri-
bution andF (x) = [f1(x);::;fn(X)]T is a given feature
vector Thesetypesof problems:aripeexpressedn astan-
dardform, with f;(x) > 08i,and ;fi(x) = 1for each
X. Thelog-likelihoodfunctionis:

P ) P
LO = «p)Inp(xj) = ,p(x) TF(x) InZ()
By notingthatInI;() Z()P:Z() +1InzZ() 1

forall ,andexp ; ifi(x) ifi(x)exp ; wecan
constructalowerboundonL () :

X
L() p(x) ifi(x) Inz() +1

p(xj) fi(x)exp( | i)=G( ;)

X i

We cannow deriveanadaptye overrelaxedversionof GIS:

Adaptive OverrelaxedGIS (AGIS) algorithm:

=1, L( 9 =-1; =tol; > 1
While ( tol and t< Tmax)
ot = t14n x POOTi (x)
icl s i « P(xj Df(x)
- = Pl L s U1 andgetL( Y)

= =LY Lt Y)abgL( )
— If <tol /* Wehavegonetoofar*/
=L '= s
GetL( § s) andcomputenew ;
/* Countthis asanadditionalstep*/

Else = EndIf
EndWhile

It has beenobsenred that the corvergenceof GIS algo-
rithms dependson the correlationbetweenfeatures. In
generalanincreasein thefeatute correlationcorresponds
to highervaluesof the learningrate . If featurevectors
arehighly correlatedGISwill take very smallconserative
stepsin the parameterspace. Thus higher and more ag-
gressvevaluesof will resultin muchfastercorvergence.

4.4.Non-Negative Matrix Factorization (NMF)

Given non-ngyative matrix V, we areinterestedn nding
non-ngyative matriceswW andH, suchthatvV ~ WH [9].
Posedas an optimization problem, we are interestedin
maximizinga negativedivergenceL () = D(VjjWH),

subjectto = (W;H) 0elementwisewhere:
P :

LO = ViInggi— Vi + (WH);  (10)
P P Wi He

We useln WicHg; c i (coln ; (C;c‘) where

j (@b = WiHE= | Wi H{j, sothat j (c;c) sum
toone.Dening = (W;H)and = (W' H!), wecan
construciaIoweg(boundonthecostfun)tition:

L() Vi InVi + Vi WicHej +

i ij ¢

Vi j(cio) In——2

o ij (¢;c)

Adaptive overrelaxedNMF algorithmis thenderivedas:
Adaptive OverrelaxedNMF (ANMF) algorithm:

=G( ;)

=1; L( 9 =-1; =tol;
While ( tol and t< Tmax)

i ch Vie =(W H)jc

t — t 1 j
_WicN M F _Wic

> 1;

v Hev

H::jNMF = Héj 1 iWicVicwz\vaCVH)ic
- = U Gme U Y; andgetL( Y)
- = (L) Lt /abgL( 1Y)
— If <tol /* Wehavegonetoofar*/

= 1; UpdateW' andH"; getL( LwE)
Computenew ;
/* Countthis asanadditionalstep*/
Else = EndIf
EndWhile

For mary modelsoverrelaxationis straightforvardto im-
plementand does not require signi cant computational
overhead As wewill seein thenext section|t cansubstan-
tially outperformstandardoundoptimizationalgorithms.

5. Experimental Results

We comparedthe performanceof adaptve overrelaed
boundoptimizersto standardBO(1) algorithmsfor learn-
ing parameter®df various modelson both syntheticdata
sets(which areeasietto interpret,displayandanalyzeand
on real world datasets,supportingthe analysispresented
above. Thoughnotreportedwe con rmed thatthe corver
genceresultsdid not vary signi cantly for differentinitial
startingpointsin the parametespace For all of the exper
imentsreportedbelav, we usedtol = 10 @ and = 1:1
(for which a few percentof stepsarerejected).Of course
the stepsize is setadaptvely. We did not obsene these
resultsto be very sensitve to the settingof , if closeto
but greatetthanunity.
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Figurel. Learningcurves for adaptve overrelaxed and standardboundoptimizationalgorithms,shaving convergenceperformance
for differentmodels. UpperpaneldisplaysMoG (left), PPCA(middle), MFA (right); andbottompaneldisplaysHMM (left), logistic
regression(middle), NMF (right). Learningcurves of adaptve boundoptimizersinclude discardedsteps(thesecurves contain at
regions). Theiterationnumbersareshavn on the horizontalaxis,andthe valueof the costfunctionis shavn on the vertical axis, with
zero-level correspondingo the converging point of the BO(1) algorithm.

5.1.Synthetic Data Sets

To compareAEM andEM algorithms,we consideredser-
erallatentvariablemodels.As predictedby theory a high
proportionof missinginformationin thesemodelswill re-
sultin slow corvergenceof EM, moreaggressie learning
rates andthussuperiomperformancef AEM.

First, considera mixture of GaussiangMoG) model. We
generatedlatafrom a 5 componenGaussiamixture (see
Fig 1). In this modelthe proportionof missinginforma-
tion correspondso how “well” or “not-well” datais sep-
aratedinto distinct clusters. In our data, mixture compo-
nentsoverlapin one contiguousregion, which constitutes
alarge proportionof missinginformation.Figure 1 showvs
thatAEM outperformsstandard=EM algorithmby almosta
factorof three. We alsoexperimentedvith the Probabilis-
tic Principal ComponentAnalysis (PPCA) latentvariable
model[15 17], which hascontinuousratherthandiscrete
hiddenvariables.Herethe conceptof missinginformation
is relatedto theratiosof theleadingeigervaluesof thesam-
ple covariance which correspondso the ellipticity of the
distribution. We obsene that even for “nice” data, AEM
outperformsEM by almosta factorof four. Similar results
aredisplayedn gure 1 for the MFA [5] model.

In gure 3 we shav the evolution of the adaptve learn-
ingrate andthe“optimal” learningrate  while learning
the meansin the MoG model(holding the mixing propor
tions and covariancesx ed). The “optimal” learningrate

was obtainedby calculating min and max eigerval-
uesof M q ) matrix andapplyingequation5; sincethis

boundis only valid underalocal quadraticapproximation,
the adaptve algorithmis sometimesableto exceedit and
still improve the objective beforeoverstepping.

Eigenvalues of M'(Q")

o 10 20

6 7 8 90 0 1 2

2 40 50 ENICENCIG
Iteration Number Iteration Number

Figure3. Left panelpictorially illustratesthe adaptve learning
rate , theoptimalrate , andtheapproximateupperboundon

thelearningrate2 . Theright panelshavs the evolution of the
eigevaluesof thecorvergenceratematrixM °( ) in eq.(1).

We then appliedour algorithmto the training of Hidden
Markov Model. Missinginformationin this modelis high
whenthe obsenred datado not well determinethe under
lying statesequencdgiventhe parameters)A simple 5-
statefully-connectedmodel was trained on 41 character
sequencefrom the book "Decline and Fall of the Roman
Empire” by Gibbon,with analphabesizeof 30 characters
(parametersvere randomlyinitialized). We obsenre that
evenfor thereal,structureddataAEM is superiorto EM.

To compardS andadaptie IS algorithmswe appliedboth
methodsto the simple 2-classlogistic regressionmodel:
ply = 1jx;w) = 1=(1 + exp( yw'x)) [13]. Feature
vectorsof dimensionalityd weredrawn from standardhor-
mal: x N (0;lq), with true parametervectorw being
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randomly cjosenon surfaceof the d-dimensionakphere
with radius 2. To make featuregpositive, thedatasetwas
modi ed by adding10 to all featurevalues. This in tern
introducessigni cant correlation,andthusresultsin slov
corvergenceof IS. To insurethatw!x is unchangedanex-
trafeaturewasadded Figure 1 revealsthatfor d=2,AlS is
superiorto standardsS by atleastafactorof 3. Similar re-

sultsareobtainedf dimensionalityof thedatais increased.

Finally, to compare ANMF and NMF, we randomly
initialized the non-neyative matrix Vig 24, and applied
both algorithms to perform non-neative factorization:
Vig 24 Wis sHs 24. Onceagain, resultscon rm
the fact that overrelaxed methodscan give speedupover
cornventionalboundoptimizersby severaltimes.

5.2.RealWorld Data Sets

To compareAEM andEM, our rst experimentconsisted
of training Aggregate Markov modelsAMM [16] on the
ARPA North American BusinessNews (NAB) corpus.
AMMs areclass-basetigram modelsin which the map-

ping from wordsto classeds probabilistic. The task of
AMMs is to discover "soft” word classes. The experi-
mentuseda vocahulary of sixty-thousandwvords, includ-
ing tokensfor punctuationsentencédoundariesetc. The
trainingdataconsistingof approximately78 million words
(threemillion sentences)with all sentencesiravn with-
out replacemenfrom the NAB corpus. The numberof
classesvassetC=2,4,6andall parameteralueswereran-
domly initialized? Figure 2 (upperpanels)revealsthat
AEM outperformsEM by at leasta factor of 1.5. The
considereddata sets contain rather structuredreal data,
suggestinga relatively small fraction of the missingin-
formation. Neverthelessto performfair comparisonwe
have run both algorithmsuntil the corvergencecriterion:
(L( Y1) L( YH)=abgL( *')) 10 8ismet.Forex-
ample,with 2 classesEM hascorvergesin 164iterations,
wherea®AEM hascorvergesto exactlythesamdik elihood
afteronly 72 iterations,a speedugby afactorof morethan
two.

2For the detailsof the modelandthe dataset,referto [16].



Our secondexperimentconsistedof training a fully con-
nectedHMM to modelDNA sequenceskor the training,
we usedpublicly available”"GENIE gene nding dataset”,
provided by UCSCandLBNL [4], that contains793 un-
relatedhumangenomicDNA sequencesWe appliedour
AEM algorithmto 66 DNA sequenceffom multiple exon
andsingle exon geneswith lengthvarying anywherebe-
tween200to 3000nuclectidegper sequenceThe number
of statesvassetto 5,7,and10 andall the parametevalues
wererandomlyinitialized. Figure2 shavs superiorcorver-
genceof AEM over EM algorithm.This datacontainsvery
little Markovian structurewhich constitutesa high propor
tion of missinginformation. (We alsoobsenedthatfor 7
and 10 stateHMMs, AEM corvergedto a betterlocal op-
timum; howeverin generalwe cannot sayarything about
thequality of thelocal optimumto which EM or AEM will
corverge.)

We alsoappliedthe MFA modelto theblock transformim-

agecodingproblem. A datasetof 360 496 pixel images
(seeg 2 bottomleft panel)weresubdvidedinto nonover-

lappingblocksof size8 8 pixels. Eachblockwasregarded
asad=8 8dimensionalector Theblocks(total of 2,790)
were thencompressediown to ve dimensionsusing 10

mixture components. Again, AEM beatsEM by a factor
of overtwo, corvergingto the betterlik elihood.

To presentthe comparisonbetweenGIS and AGIS, we
trainedMaximum Entropy Markov Model [10] ontheFre-
guentlyAsked Question{FAQ) dataset. Thedatasetcon-
sistedof 38 les belongingto 7 Usenetgroups. Each le
containsheaderfollowedby a seriesof oneor moreques-
tion/answerpairs,andendswith tail. The goalis to auto-
matically labeleachline accordingto whetherit is headey
guestion,answey or tail by using 24 booleanfeaturesof
lines, like begin-with-numbercontains-httpetc* We ob-
sene that AGIS outperformsGIS by several times. We
have also obtainedanalogougesultstraining Conditional
RandomFields[8].

In ourlastexperimentwe trainedNMF andadaptve NMF

on the datasetof facial imagesto learnpart-basedepre-
sentatiorof faces[9]. The dataseP consistecbf m=2,429
facialimagesgeachconsistingpf n=19 19graypixels,thus
formingann m matrixV; thenumberof learnedasism-

ageswvassetto 49. Onceagain, gure 2 revealsthat ANMF

substantiallyoutperformsstandardNMF algorithm.In par

ticular, ANMF takesabout3,500iterationsuntil thecorver-

gencecriterionis met,whereagegularNMF corvergedin

approximatelyl 3,500iterationsto exactly the samevalue
of thecostfunction,loosingto ANMF by afactorof almost
four.

3This experimentis similar to the onedescribedn [18].
4See[10] for adescriptionof themodelandthe dataset.
5See[9] for amoredetaileddescription.

6. Discussion& Future Work

In this paperwe have analyzedhe cornvergenceproperties
of alargefamily of overrelaxedboundoptimizationBO( )
algorithms. Basedon this analysiswe introduceda novel
classof simple, adaptve overrelayed bound optimization
(ABO) methodsand provided empiricalresultson several
syntheticandreal-world datasetsshowving superiorconver
genceof ABO methodsover standardoundoptimizers.

In all of ourexperimentswvith adaptvealgorithmswefound
thatthe value of objectve function at ary iteratewasbet-
terthanthe valueatthe sameiterateof the standardound
optimizer:L( 4 o) > L( §o): 8t. In otherwords,we
have never found a disadwantageto using adaptve meth-
ods; and often thereis a large advantage particularly for
complex modelswith largetraining datasets wheredueto
thetime constraint©necouldonly afford to performa few
numberof the BO iterations.

We areexperimentingwith modelswhereparametevalues
represensymmetricpositive de nite matrices(e.g. co-
variancematricesin theMoG model). We canusethe ma-
trix exponential = exp to performoverrelaxationin
theunconstrained space.In particular we usea spectral
decomposition: = VDVT, with D beingthe diagonal
matrix of the eigervalues,andV beingthe orthogonama-
trix of the correspondingeigervectors. The matrix func-
tionsIn andexp arethendened: In = VIn(D)VT,
exp = Vexp(D)VT. Whenthe matrix is diagonal,
overrelaxatiorcorrespondo eqg. (6).

Baueret al. (1997)[1] presentecempirical resultsusing
non-adaptte EM( ) algorithmwith x ed < 2. Ouranal-
ysisandempiricalresultsndicatethatin thecaseshenthe
corvergencerate matrix haslarge eigervalues,(e.g. miss-
ing informationis high while learningwith EM, or feature
vectorsare highly dependentvhile estimatingparameters
with GIS or NMF), adaptie boundoptimizerscanexhibit
cornvergenceaatessubstantiallysuperiorto BO(2) by using
> 2, while at the sametime maintainingcorvergence
guaranteeandsetting automatically
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Appendix
Proof of Proposition 1:% First, by using Taylor seriesexpansion
of ( ')around ,wehave:

C D=0 )+ ! )+ (11

In thevicinity of  (for sufciently larget), we have thefollow-
ing linearapproximation:

o 5 =0 ) (12

Fora x ed , consider 1;::;; « beingthenon-zerceigewalues
of 9 ). The correspondingigemvectorsv:; :::; vx form an
orthonormabasisfor therealk-subspace .” Assumethatwithin
someneighborhooaf  (for sufciently larget), ( ! )2

, in which caseavector( ' ) canberepresentedniquely
as( ' )= ¥, Gvi. Moreover

o ! )= K

Theapplicationof % )to( ) resultsin linear coef-
cientsc; to bescaledby ;. Thereforetherateatwhich different
componentsf ( ) shrinkor stretchdepend®nthesizeof
theeigemwvalues ;. To guarante¢heshrinkageof eachcomponent

i Gi Vi (13)

of (! ), werequirej ij < 1fori=1,...k.In thiscase:
k 0Ot k= Vv
k
Avivi= k! k (14)
i=1
with k  k denotingEuclideannorm. and  beingthe spec-

tral radiusof % ):
% )isdenedas:
= mafil (1  mx)isil (1 min)ig

with max and min beingthelargestandsmallesteigevalues
of M9 ). Andthusforary0< < 2wehae < 1. We
cannow analyzethe globalrateof convergenceof % ') in the

=may j. Clearly the spectraradiusof

neighborhoodf . In particular for sufciently larget andary
0< <2
r_kt+1 k _k 9% ) ! ) k
Tkt k ~ k k
k ! k
T o= <1 (15)
Thereforein the vicinity of forary 0 < < 2,BO()

algorithmis guaranteedo converge to the local optimumof the
objective function.

Proof of Proposition 2: We have establishedhatthe globalrate
of convergenceof the BO( ) algorithmsis upperboundedby:

r maxfj 1 (l max )j,jl (1 min )]g

Clearly, thefastestiniformglobalrateof corvergenceis obtained

whenjl (1 max)j=j1 (@ min )j. Wecannow easily
derve that = 2=(2 max min ). Since0 min
max < 1, wehave

= 2:(2 max min ) 1 (16)

80ur proofis similarin spiritto [1, 14].
"WenotethatM °( ) hasexactlythesameeigervectorswith
eigevaluesde nedas i =1 (1 i)= fori= 1;::k.



