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Abstract

Hierarchical reinforcement learning is a gen-
eral framework which attempts to acceler-
ate policy learning in large domains. On
the other hand, policy gradient reinforcement
learning (PGRL) methods have received re-
cent attention as a meansto solve problems
with continuous state spaces.However, they
su�er from slow convergence. In this pa-
per, we combine these two approaches and
proposea family of hierarchical policy gradi-
ent algorithms for problems with continuous
state and/or action spaces. We also intro-
ducea classof hierarchical hybrid algorithms,
in which a group of subtasks,usually at the
higher-levels of the hierarchy, are formulated
as value function-based RL (VFRL) prob-
lems and the others as PGRL problems. We
demonstratethe performanceof our proposed
algorithms using a simple taxi-fuel problem
and a complex continuous state and action
ship steering domain.

1. In tro duction

Value function-based reinforcement learning (VFRL)
has been extensively studied in the machine learning
literature. However, there are only weak theoretical
guarantees on the performance of these methods on
problems with large or continuous state spaces.

An alternativ e approach to VFRL is to consider a
classof parameterizedstochastic policies,compute the
gradient of a performance function with respect to
the parameters, and improve the policy by adjusting
the parameters in the direction of the gradient. This
approach is known as policy gradient reinforcement
learning (PGRL) (Marbach, 1998;Baxter & Bartlett,
2001), and have received much recent attention as a
meansto solve problemswith continuousstate spaces.
The main motivations for this are : 1) PGRL algo-
rithms are theoretically guaranteed to converge to lo-

cally optimal policies, and 2) it is possibleto incorpo-
rate prior knowledgeinto thesemethods via appropri-
ate choice of the parametric form of the policy.

However, in real-world high-dimensional tasks, in
which the performance function is parameterized us-
ing a large number of parameters,the PGRL methods
might show poor performance by becoming stuck in
local optima. Moreover, PGRL algorithms are usually
slower than VFRL methods, due to the large variance
of their gradient estimators. The above two reasons
might make the application of thesealgorithms prob-
lematic in real-world domains. A possible solution
is to incorporate prior knowledge and decomposethe
high-dimensionaltask into a collection of moduleswith
smaller and more manageablestate spacesand learn
these modules in a way to solve the overall problem.
Hierarchical value function-based RL methods (Parr,
1998;Dietterich, 1998;Sutton et al., 1999) have been
developed using this approach, as an attempt to scale
RL to large state spaces.

In this paper, we de�ne a family of hierarchical pol-
icy gradient (HPG) algorithms, for scaling PGRL
methods to high-dimensional domains. In HPG, sub-
tasks involved in decisionmaking (subtaskswith more
than onechild), which we call non-primitive subtasks,
are de�ned as PGRL problems whose solution in-
volvescomputing a locally optimal policy. Each non-
primitive subtask is formulated in terms of a param-
eterized family of policies, a performance function, a
method to estimate the gradient of the performance
function, and a routine to update the policy parame-
ters using the performancegradient.

We acceleratethe learning of HPG algorithms by for-
mulating higher-level subtasks, which usually involve
smaller and more manageablestate and �nite action
spaces,as VFRL problems, and lower-level subtasks
with in�nite state and/or action spacesasPGRL prob-
lems (Morimoto & Doya, 2001). We call this family of
algorithms hierarchical hybrid algorithms. The e�ec-
tiv enessof our proposed algorithms is demonstrated
using a simple taxi-fuel problem aswell asa morecom-
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plex continuous state and action ship steering task.

2. Hierarc hical Task Decomp osition

We intro duce the hierarchical task decomposition us-
ing a continuous state and action spaceship steering
problem (Miller et al., 1990, see Figure 1). A ship
starts at a randomly chosenposition, orientation and
turning rate and is to be maneuvered at a constant
speedthrough a gate placed at a �xed position.
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Figure 1. The ship steering domain.

Equation 1 gives the motion equations of the ship,
whereT = 5 is the time constant of convergenceto de-
sired turning rate, V = 3m=sec is the constant speed
of the ship, and � = 0:2sec is the sampling interval.
There is a time lag between changes in the desired
turning rate and the actual rate, modeling the e�ects
of a real ship's inertia and the resistanceof the water.

x[t + 1] = x[t ] + � V sin� [t ]
y[t + 1] = y[t ] + � V cos� [t ]

� [t + 1] = � [t ] + � _� [t ]

_� [t + 1] = _� [t ] + �( r [t ] � _� [t ])=T

(1)

At each time t, the state of the ship is given by its
position x[t] and y[t], orientation � [t] and actual turn-
ing rate _� [t]. The action is the desired turning rate
of the ship r [t]. All four state variables and also the
action are continuous and their range is shown in Ta-
ble 1. The ship steering problem is episodic. In each
episode, the goal is learning to generatesequencesof
actions that steer the center of the ship through the
gate in the minimum amount of time. The sidesof the
gateareplacedat coordinates (350,400)and (450,400).
If the ship movesout of bound (x < 0 or x > 1000or
y < 0 or y > 1000), the episode terminates and is
consideredas a failure.

We applied both 
at PGRL and actor-critic (Konda,
2002)algorithms to this task without achieving a good
performancein reasonableamount of time (Figure 7).
We believe this failure occurred due to two reasons,

State x 0 to 1000 meters
y 0 to 1000 meters
� -180 to 180 degrees
_� -15 to 15 degrees/sec

Action r -15 to 15 degrees/sec

Table 1. Range of state and action variables for the ship
steering task.

which make this problem hard for RL algorithms.
First, since the ship cannot turn faster than 15 de-
grees/sec,all state variables change only by a small
amount at each control interval. Thus, we needa high
resolution discretization of the state spacein order to
accurately model state transitions, which requires a
large number of parameters for the function approx-
imator and makes the problem intractable. Second,
there is a time lag betweenchangesin the desiredturn-
ing rate r and the actual turning rate _� , ship's position
x; y and orientation � , which requires the controller to
deal with long delays.

However, we successfullyapplied a 
at policy gradient
algorithm to simpli�ed versionsof this problem shown
in Figure 2, when x and y change from 0 to 150 in-
stead of 0 to 1000, the ship always starts at a �xed
position with randomly chosenorientation and turn-
ing rate, and the goal is reaching a neighborhood of
a �xed point. It indicates that this high-dimensional
non-linear control problem can be learnedusing an ap-
propriate hierarchical decomposition. Using this prior
knowledge, we decompose the problem into two lev-
els using the task graph shown in Figure 3. At the
high-level, the agent learns to select among four di-
agonal and four horizontal/v ertical subtasks. At the
low-level, each low-level subtask learns a sequenceof
turning rates to achieve its own goal. We usesymme-
try and map eight possiblesubtasksof the root to only
two subtasksat the low-level, oneassociated with four
diagonal subtasks and one associated with four hori-
zontal/v ertical subtasksasshown in Figure 3. We call
them diagonalsubtaskand horizontal/vertic al subtask.
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Figure 2. This �gure shows two simpli�ed versions of the
ship steering task, used as low-level subtasks in the hierar-
chical decomposition of ship steering problem.
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Figure 3. A task graph for the ship steering problem.

As illustrated above for the ship steering task, the de-
signer of the system useshis/her domain knowledge
and recursively decomposesthe overall task into a col-
lection of subtasks that are important for solving the
problem. This decomposition is represented by a di-
rected acyclic graph called task graph, asshown in Fig-
ure 3. Mathematically, the task graph is modeled by
decomposing the overall task MDP M , into a �nite
set of subtask MDPs f M 0; : : : ; M n g. Each subtask
MDP M i modelsa subtask in the hierarchy and M 0 is
the root task and solving it solvesthe entire MDP M .
Each non-primitiv e subtask i is de�ned over the MDP
M i using state spaceSi , initiation set I i , set of termi-
nal states T i , action spaceA i , transition probabilit y
function P i , and reward function R i . Each primitiv e
action a is a primitiv e subtask in this decomposition,
such that a is always executableand it terminates im-
mediately after execution. From now on in this paper,
we use subtask to refer to non-primitive subtasks. If
we have a policy � i for each subtask i in this model,
it gives us a hierarchical policy � = f � 0; : : : ; � n g. A
hierarchical policy is executedusing a stack discipline,
similar to subroutine calls in programming languages.

3. Policy Gradien t Form ulation

After decomposing the overall problem into a set of
subtasksas described in section 2, we formulate each
subtask as a PGRL problem. Our focus in this paper
is on episodic problems, so we assumethat the overall
task (root of the hierarchy) is episodic.

3.1. Policy Form ulation

We formulate each subtask i using a set of randomized
stationary policies � i (� i ) parameterized in terms of a
vector � i 2 < K . � i (s;a; � i ) denotesthe probabilit y of
taking action a in state s under the policy correspond-
ing to � i . We make the following assumption about
this set of policies.

A1: For every state s 2 Si and every action a 2
A i , � i (s;a; � i ) as a function of � i , is bounded and has
bounded �rst and second derivatives. Furthermore,
we have r � i (s;a; � i ) = � i (s;a; � i ) i (s;a; � i ), where
 i (s;a; � i ) is bounded,di�eren tiable and hasbounded
�rst derivatives.

Sinceevery time we call a subtask i in the hierarchy, it
starts at one of its initial states (2 I i ) and terminates
at oneof its terminal states(2 T i ), we can model each
instantiation of subtask i as an episode as shown in
Figure 4. In this model, all terminal states (s 2 T i )
transit with probabilit y 1 and reward 0 to an absorbing
state s� i . We make the following assumption for every
subtask i and its parameterizedpolicy � i (� i ).

T i
Terminal StatesI i

s* i

.

.

.
.
.
.

. . .

. . . r=0 , p=1

Initial States

r=0 , p=1

r=0 , p=1

Figure 4. This �gure shows how we model a subtask as an
episodic problem under assumption A2.

A2 (Subtask Termination): There exists a state
s� i 2 Si such that, for every action a 2 A i , we have
Ri (s� i ; a) = 0 and P i (s� i js� i ; a) = 1, and for all sta-
tionary policies � i (� i ) and all states s 2 Si , we have
P i (s� i ; N js; � i (� i )) > 0, where N = jSi j.

Under this model, we de�ne a new MDP M i
�� i for sub-

task i with transition probabilities

P i
�� i (s0js; a) =

�
P i (s0js; a) s 6= s� i

�� i (s0) s = s� i

and rewards R i
�� i (s; � i ) = R i (s; � i ), where �� i (s) is the

probabilit y that subtask i starts at state s.

Let P i
�� i be the set of all transition matrices

P i
�� i (s0js; � i (� i )). We have the following result for sub-

task i .

Lemma 1: Let assumptionsA1 and A2 hold. Then
for every P i

�� i 2 P i
�� i and every state s 2 Si , we have

P N
n =1 P i

�� i (s� i ; njs; � i (� i )) > 0, where N = jSi j.

Lemma 1 is equivalent to assumethat the MDP M i
�� i is

recurrent, i.e. the underlying Markov chain for every
policy � i (� i ) in this MDP has a single recurrent class
and the state s� i is recurrent state.

3.2. Performance Measure De�nition

We de�ne weighted reward-to-go � i (� i ) as the perfor-
mancemeasureof subtask i formulated by parameter-



ized policy � i (� i ), and for which assumptionA2 holds,
as

� i (� i ) =
X

s2 S i

�� i (s)J i (s; � i )

where J i (s; � i ) is the reward-to-go of state s,

J i (s; � i ) = E � i

"
T � 1X

k =0

R i (sk ; � i )js0 = s

#

where T = min f k > 0jsk = s� i g is the �rst future
time that state s� i is visited.

3.3. Optimizing the W eigh ted Rew ard-to-Go

In order to obtain an expression for the gradient
r � i (� i ), we use MDP M i

�� i de�ned in section 3.1.
Using Lemma 1, MDP M i

�� i is recurrent. For MDP
M i

�� i , let � i
�� i (s; � i ) be the steady state probabilit y

distribution of being in state s and let E �� i ;� i [T ]
be the mean recurrence time, i.e. E �� i ;� i [T ] =
E �� i ;� i [T js0 = s� i ]. We also de�ne Qi (s;a; � i ) =

E �� i ;� i

hP T � 1
k=0 Ri

�� i (sk ; � i )js0 = s;a0 = a
i
, which is the

usual action-value function.

Using MDP M i
�� i , we can derive the following proposi-

tion which gives an expressionfor the gradient of the
weighted reward-to-go � i (� i ) with respect to � i .

Prop osition 1: If assumptionsA1 and A2 hold

r � i (� i ) = E �� i ;� i [T ]
X

s2 S i

X

a2 A i

� i
�� i (s; � i )r � i (s; a; � i )Qi (s; a; � i )

The expressionfor the gradient in proposition 1 can
be estimated over a renewalcycle1 as

F i
m (� i ) =

t m +1 � 1X

n = t m

~Qi (sn ; an ; � i )
r � i (sn ; an ; � i )
� i (sn ; an ; � i )

(2)

where tm is the time of the mth visit at the recurrent
state s� i and ~Qi (sn ; an ; � i ) =

P t m +1 � 1
k= n Ri (sn ; an ) is an

estimate of Qi .

From Equation 2, we obtain the following procedure
to update the parameter vector along the approximate
gradient direction at every time step.

zi
k +1 =

�
0 sk = s� i

zi
k +  i (sk ; ak ; � i

k ) otherwise
(3)

� i
k+1 = � i

k + � i
k Ri (sk ; ak )zi

k+1

1Cycle betweenconsecutive visits to recurrent state s� i .

where � k is the step size parameter and satis�es
the following assumptions.

A4: � k 's are deterministic, nonnegative and satisfyP 1
k=1 � k = 1 and

P 1
k=1 � 2

k < 1 .

A5: � k 's are non-increasingand there existsa positive
integer p and a positive scalarA such that

P n + t
k= n (� n �

� k ) � At p� 2
n for all positive integersn and t.

We have the following convergenceresult for the itera-
tiv eprocedurein Equation 3 to update the parameters.

Prop osition 2: Let assumptionsA1, A2, A4 and A5
hold, and let (� i

k ) be the sequenceof parameter vectors
generatedby Equation 3. Then, � i (� i

k ) convergesand
l im k !1 r � i (� i

k ) = 0 with probabilit y 1.

Equation 3 provides an unbiasedestimate of r � i (� i ).
For systemsinvolving a large state space,the interval
between visits to state s� i can be large. As a con-
sequence,the estimate of r � i (� i ) might have a large
variance. Several approaches have been proposed to
reduce the variance in these estimations and deliver-
ing faster convergence.For instance, in one approach,
wecanreplaces� i with S� i , a subsetof state spacecon-
taining s� i , and reset zi when s 2 S� i . This method
can be easily implemented for each subtaskby de�ning
S� i = T i S

f s� i g. Another approach usesa discount
factor 
 in reward-to-go estimation. However, these
methods intro ducea bias into the estimate of r � i (� i ).
For both approaches,we can derive a modi�ed version
of Equation 3 to incrementally update the parameter
vector along the approximate gradient direction.

4. Hierarc hical Policy Gradien t
Algorithms

After decomposing the overall task to a set of sub-
tasks as described in section 2, and formulating each
subtask in the hierarchy as an episodic PGRL prob-
lem as illustrated in section 3, we can use the update
Equation 3 and derivea hierarchical policy gradient al-
gorithm (HPG) to maximize the weighted reward-to-go
for every subtask in the hierarchy. Algorithm 1 shows
the pseudocode for this algorithm.

Gi (s0js; a) in lines 10 and 16 of the algorithm is the in-
ternal reward which can be usedonly inside each sub-
task to speedup its local learning and doesnot propa-
gate to upper levels in the hierarchy. Lines 11� 16 can
be replaced with any other policy gradient algorithm
to optimize the weighted reward-to-go, such as (Mar-
bach, 1998) or (Baxter & Bartlett, 2001). Thus, Al-
gorithm 1 demonstratesa family of hierarchical policy
gradient algorithms to maximize the weighted reward-
to-go for every subtask in the hierarchy.



Algorithm 1 A hierarchical policy gradient algorithm
that maximizes the weighted reward-to-go for every subtask
in the hierarchy.

1: Function HPG(T ask i , State s)
2: ~R = 0
3: if i is a primitiv e action then
4: executeaction i in state s, observe state s0 and

reward R(s0js; i )
5: return R(s0js; i )
6: else
7: while i has not terminated (s 6= s� i ) do
8: chooseaction a using policy � i (s; � i )
9: R= HPG(T ask a, State s)

10: observe result state s0 and internal reward
Gi (s0js; a)

11: if s0 = s� i then
12: zi

k+1 = 0
13: else
14: zi

k+1 = zi
k +  i (s;a; � i

k )
15: end if
16: � i

k+1 = � i
k + � i

k (R + Gi (s0js; a))zi
k+1

17: ~R = ~R + R
18: s = s0

19: end while
20: end if
21: return ~R
22: end HPG

The above formulation of each subtask has the fol-
lowing limitations: 1) Compact (parameterized) rep-
resentation of the policy limits the search for a policy
to a set which is typically smaller than the set of all
possiblepolicies. 2) Gradient-based optimization al-
gorithms as a search method for a policy, �nd a so-
lution which is locally, rather than globally, optimal.
Thus, in general, the family of algorithms described
above convergesto a recursively local optimal policy.
If the policy learnedfor every subtask in the hierarchy
coincideswith the best policies, then thesealgorithms
convergeto a recursively optimal policy.

Despite all the methods proposedto reduce the vari-
anceof gradient estimators in PGRL algorithms, these
algorithms are still slower than VFRL methods, as we
will show in the simple taxi-fuel experiment in sec-
tion 5.1. One way to acceleratelearning of HPG algo-
rithms is to formulate thosesubtasksinvolving smaller
state spacesand �nite action spaces,usually located
at the higher-levels of the hierarchy, as VFRL prob-
lems,and thosewith large state spacesand in�nite ac-
tion spaces,usually located at the lower-levels of the
hierarchy, as PGRL problems. This formulation can
bene�t from the faster convergenceof VFRL methods
and the power of PGRL algorithms in domains with

in�nite state and/or action spacesat the sametime.
We call this family of algorithms, hierarchical hybrid
algorithms and illustrate them in our ship steeringex-
periment.

5. Exp erimen tal Results

In this section, we �rst apply the hierarchical policy
gradient algorithm proposedin this paper to the well-
known taxi-fuel problem (Dietteric h, 1998) and com-
pare its performancewith MAX Q-Q, a value-basedhi-
erarchical RL algorithm, and 
at Q-learning. Then we
turn to a more complex continuous state and action
ship steering domain, apply a hierarchical hybrid al-
gorithm to this task and compareits performancewith

at PGRL and actor-critic algorithms.

5.1. Taxi-F uel Problem

A 5-by-5 grid world inhabited by a taxi is shown in
Figure 5. There are four stations, marked as B(lue),
G(reen), R(ed) and Y(ellow). The task is episodic.
In each episode, the taxi starts in a randomly chosen
location and with a randomly chosenamount of fuel
(ranging from 5 to 12 units). There is a passengerat
one of the four stations (chosenrandomly), and that
passengerwishesto be transported to oneof the other
three stations (also chosenrandomly). The taxi must
go to the passenger'slocation, pick up the passenger,
go to the destination location and drop o� the pas-
sengerthere. The episode endswhen the passengeris
deposited at the destination station or taxi goesout of
fuel. There are 8,750 possiblestates and seven prim-
itiv e actions in the domain, four navigation actions,
Pickup action, Dropo� action, and Fillup action (each
of these consumesone unit of fuel). Each action is
deterministic. There is a reward of -1 for each action
and an additional reward of 20 for successfullydeliver-
ing the passenger.There is a reward of -10 if the taxi
attempts to executethe Dropo� or Pickup actions il-
legally and a reward of -20 if the fuel level falls below
zero. The system performance is measuredin terms
of the averagereward per step. In this domain, this is
equivalent to maximizing the total reward per episode.
Each experiment was conducted ten times and the re-
sults averaged.

T : Taxi 
B : Blue Station
G : Green Station 
R : Red Station
Y : Yellow Station
F : Gas Station
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Figure 5. The Taxi-Fuel Domain.
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Figure 6. This �gure compares the performance of the hi-
erarchical PGRL algorithm proposed in this paper with
MAX Q-Q and 
at Q-learning on the taxi-fuel problem.

Figure 6 compares the proposed hierarchical policy
gradient (HPG) algorithm with MAX Q-Q (Dietteric h,
1998), a value-basedhierarchical RL algorithm, and

at Q-learning. The graph shows that the MAX Q-Q
convergesfaster than HPG and 
at Q-learning, and
HPG is slightly faster than 
at Q-learning.

The hierarchical policy gradient algorithm usedin this
experiment is the one shown in Algorithm 1, with one
policy parameter for each state-action pair (s;a).

As we expected, the HPG algorithm convergesto the
sameperformanceas MAX Q-Q, but it is slower than
its value-basedcounterpart. The performanceof HPG
can be improved by better policy formulation and us-
ing more sophisticated policy gradient algorithms for
each subtask. The slow convergenceof PGRL meth-
ods motivates us to use both value and policy based
methods in a hierarchy and study how to de�ne more
expressive policies for each subtask. We addressthe
former using the hierarchical hybrid algorithms in the
next section and leave the latter for future work.

5.2. Ship Steering Problem

In this sectionweapply a hierarchical hybrid algorithm
to the ship steering task described in section 2 and
compare its performance with 
at PGRL and actor-
critic algorithms.

The 
at PGRL algorithm used in this section uses
Equation 3 and CMAC function approximator with
9 four dimensional tilings, dividing the space into
20 � 20 � 36 � 5 = 72000tiles each. The actor-critic
algorithm (Konda, 2002) also uses the above func-
tion approximator for its actor, and 9 �v e dimensional
tilings of size 5 � 5 � 36 � 5 � 30 = 135000tiles, for
its critic. The �fth dimension of critic's tilings is for
continuous action.

In hierarchical hybrid algorithm, we decompose the
task using the task graph in Figure 3. At the high-

level, the learner explores in a low-dimensional sub-
spaceof the original high-dimensionalstate space.The
state variables are only the coordinates of the ship x
and y on the full range from 0 to 1000. The actions
are four diagonal and four horizontal/v ertical subtasks
similar to thosesubtasksshown in Figure 2. The state
spaceis coarsely discretized into 400 states. We use
the value-basedQ(� ) algorithm with � -greedy action
selection and replacing traces to learn a sequenceof
diagonal and horizontal/v ertical subtasks to achieve
the goal of the entire task (passingthrough the gate).
Each episode ends when the ship passesthrough the
gate or moves out of bound. Then the new episode
starts with the ship in a randomly chosen position,
orientation and turning rate. In this algorithm, � is
set to 0.9, learning rate to 0.1 and � starts with 0.1
remainsunchangeduntil the performancesof low-level
subtasksreach to a certain level and then is decreased
by a factor of 1.01 every 50 episodes.

At the low-level, learner explores local areas of the
high-dimensional state space without discretization.
When the high-level learner selectsoneof the low-level
subtasks, the low-level subtask takes control and ex-
ecutes the following steps as shown in Figure 2. 1)
Maps the ship to a new coordinate system in which
the ship is in position (40,40) for the diagonal sub-
task and (40,75) for the horizontal/v ertical subtask.
2) Sets the low-level goal to position (140,140) for
the diagonal subtask and (140,75) for the horizon-
tal/v ertical subtask. 3) Sets the low-level boundaries
to 0 � x; y � 150. 4) Generatesprimitiv e actions until
either the ship reaches to a neighborhood of the low-
level goal, a circle with radius 10 around the low-level
goal (success),or moves out of the low-level bounds
(failure).

The two low-level subtasksuseall four state variables,
however the range of coordination variables x and y
is 0 to 150 instead of 0 to 1000. Their action vari-
able is the desiredturning rate of the ship, which is a
continuous variable with range -15 to 15 degrees/sec.
The control interval is 0:6sec(three times the sampling
interval � = 0:2sec). They use the policy gradient
learning algorithm in lines 11-16of Algorithm 1 to up-
date their parameters. In addition, they usea CMAC
function approximator with 9 four dimensional tilings,
dividing the space into 5 � 5 � 36 � 5 = 4500 tiles
each. One parameter w is de�ned for each tile and the
parameterizedpolicy is a Gaussian:

� (s;a;W ) =
1

p
2�

e� A
2 ; A =

P N
i =0 wi � i

P N
i =0 � i

where N = 9 � 4500 = 40500is the total number of
tiles and � i is 1 if state s falls in tile i and 0 otherwise.
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Figure 7. This �gure shows the performance of the hier-
archical hybrid, 
at PGRL and actor-critic algorithms in
terms of the number of successfultrials in 1000 episodes.

The actual action is generatedafter mapping the value
chosenby the Gaussianpolicy to the range from -15
to 15 degr ees=secusing a sigmoid function.

In addition to the original reward of -1 per step, we de-
�ne internal rewards 100and -100for low-level success
and failure, and a reward according to the distance of
the current ship orientation � to the anglebetweenthe
current position and low-level goal �̂ given by

G = exp

 

�
k� � �̂ k2

30� 30

!

� 1

where 30(deg) givesthe width of the reward function.
When a low-level subtask terminates, the only reward
that propagatesto the high-level is the summation of
all -1 rewards per step. In addition to reward received
from low-level, high-level usesa reward 100 upon suc-
cessfullypassingthrough the gate.

We train the system for 50000 episodes. In each
episode, the high-level learner (controller located at
root) selectsa low-level subtask, and the selectedlow-
level subtask is executed until it successfully termi-
nates (ship reaches the low-level goal) or it fails (ship
goesout of the low-level bounds). Then control returns
to the high-level subtask (root) again. The following
results were averagedover �v e simulation runs.

Figure 7 comparesthe performanceof the hierarchical
hybrid algorithm with 
at PGRL and actor-critic al-
gorithms in terms of the number of successfultrials in
1000 episodes. As this �gure shows, despite the high
resolution function approximators usedin both 
at al-
gorithms, their performanceis worsethan hierarchical
hybrid algorithm. Moreover, their computation time
per step is also much more than the hierarchical hy-
brid algorithm, due to the large number of parameters
to be learned.

Figure 8 demonstratesthe performanceof the system
in terms of the average number of low-level subtask
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Figure 8. This �gure shows the performance of the system
in terms of number of low-level subtask calls.
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Figure 9. This �gure shows the performance of the hier-
archical hybrid, 
at PGRL and actor-critic algorithms in
terms of number of steps to pass through the gate.

calls. This �gure shows that after learning, the learner
executesabout 4 low-level subtasks(diagonal or hori-
zontal/v ertical subtasks) per episode.

Figure 9 comparesthe performanceof the hierarchical
hybrid, 
at PGRL and actor-critic algorithms in terms
of the averagenumber of steps to goal (averagedover
1000episodes). This �gure shows that after learning,
it takesabout 220 primitiv e actions (turn actions) for
hierarchical hybrid learner to passthe gate. Although

at algorithms should show a better performancethan
hierarchical algorithm in terms of the averagenumber
of stepsto goal (
at algorithms should �nd the global
optimal policy, whereashierarchical hybrid algorithm
convergesjust to recursive optimal solution), Figure 9
shows that their performance after 50000episodes is
still worsethan the hierarchical hybrid algorithm.

Figures 10 and 11 show the performanceof the diago-
nal and horizontal/v ertical subtasksin terms of num-
ber of successout of 1000executions,respectively.

Finally, Figure 12 demonstratesthe learned policy for
two sample initial points shown with big circles. The
upper initial point is x = 700, y = 700, � = 100
and _� = 3:65 and the lower initial point is x = 750,
y = 180, � = 80 and _� = 7:9. The low-level subtasks
chosen by the agent at the high-level are shown by
small circles.
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Figure 10. This �gure shows the performance of the diag-
onal subtask in terms of the number of successfultrials in
1000 episodes.
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Figure 11. This �gure shows the performance of the hori-
zontal/v ertical subtask in terms of the number of successful
trials in 1000 episodes.

6. Conclusions and Future Work

This paper combines the advantages of hierarchical
task decomposition and PGRL methods and describes
a class of hierarchical policy gradient (HPG) algo-
rithms for problems with continuous state and/or ac-
tion spaces.To acceleratelearning in HPG algorithms,
we proposedhierarchical hybrid algorithms, in which
higher-level subtasks are formulated as VFRL and
lower-level subtasksasPGRL problems. The e�ectiv e-
nessof thesealgorithms wasdemonstratedby applying
them to a simple taxi-fuel problem and a continuous
state and action ship steering domain.

The algorithms proposedin this paper are for the case
that the overall task is episodic. We also formulated
these algorithms for the casethat the overall task is
continuing, but we do not include the results for space
reasons. In this case, the root task is formulated as
a continuing problem with the average reward as its
performancefunction. Sincethe policy learnedat root
involvespolicies of its children, the type of optimalit y
achieved at root depends on how we formulate other
subtasks in the hierarchy. We investigated di�eren t
notions of optimalit y in hierarchical average reward,
reported in our previous work (Ghavamzadeh& Ma-
hadevan, 2001; Ghavamzadeh & Mahadevan, 2002),
for HPG algorithms with continuing root task.

Figure 12. This �gure shows the learned policy for two ini-
tial points.

Although the proposedalgorithms give us the abilit y
to deal with large continuous state spaces,they are
not still appropriate to control real-world problems in
which the speedof learning is crucial. However, policy
gradient algorithms give us this opportunit y to accel-
erate learning by de�ning more expressive set of pa-
rameterized policies for each subtask. The results of
ship steering task indicate that in order to apply these
methods to real-world domains,a more expressive rep-
resentation of the policies is needed.
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