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Abstract

Bayesian classi�ers such as Naive Bayes or
Tree Augmented Naive Bayes (TAN) have
shown excellent performancegiven their sim-
plicit y and heavy underlying independence
assumptions. In this paper we intro duce a
classi�er taking as basis the TAN model and
taking into account uncertainty in model se-
lection. To do this we intro duce decompos-
able distributions over TANs and show that
they allow the expressionresulting from the
Bayesianmodel averaging of TAN models to
be integrated into closedform. With this re-
sult we construct a classi�er with a shorter
learning time and a longer classi�cation time
than TAN. Empirical results show that the
classi�er is, most of the cases,more accurate
than TAN and approximates better the class
probabilities.

1. In tro duction

Bayesian classi�ers as Naive Bayes (Langley et al.,
1992) or Tree Augmented Naive Bayes (TAN) (Fried-
man et al., 1997) have shown excellent performance
in spite of their simplicit y and heavy underlying inde-
pendenceassumptions.

Furthermore, it has been shown (Cerquides & L�opez
de M�antaras, 2003a; Kontkanen et al., 1998) that
Naive Bayes predictions and probabilit y estimations
can bene�t from incorporating uncertainty in model
selection by means of Bayesian model averaging. In
the caseof TAN, a development inspired in this same
idea is presented in (Cerquides, 1999), where to over-
comethe di�cult y of exactly calculating the averaged
classi�er the idea of local Bayesianmodel averaging is
intro ducedto calculate an approximation. In this case
predictions are also improved.

In this paper we show that, under suitable assump-
tions, the Bayesian model averaging of TAN can be
integrated in closedform and that it leadsto improved
classi�cation performance. The paper is organized as
follows. In section 2 we review Tree Augmented Naive
Bayes and the notation that we will use in the rest
of the paper. In section 3 we develop the closed ex-
pressionfor the Bayesianmodel averagingof TAN and
we construct a classi�er basedon this result which we
will name tbma t an (from Tractable BayesianModel
Averaging of Tree Augmented Naive-Bayes). In sec-
tion 4 we notice that tbma t an has a major drawback
that makesdi�cult its usagefor largedatasetsbecause
it dependson the calculation of an ill-conditioned de-
terminant that requires the 
oating point precision to
increasewith the dataset sizeand henceincreasesthe
computing time. To solve this drawback we intro duce
sstbma t an, an approximation of tbma t an. In sec-
tion 5 we study the empirical characteristics of tb-
mat an and show that it leads to improving classi�-
cation accuracy and to a better approximation of the
classprobabilities with respect to TAN. We also show
that the empirical results for sstbma t an do not dif-
fer signi�can tly from the onesobtained by tbma t an
while allowing to deal with large datasets. We end up
with someconclusionsand future work in section 6.

2. Tree Augmen ted Naiv e Bayes

Tree Augmented Naive Bayes(TAN) appearsasa nat-
ural extension to the Naive Bayes classi�er (Kontka-
nen et al., 1998; Langley et al., 1992; Domingos &
Pazzani, 1997). TAN models are a restricted family
of Bayesian networks in which the class variable has
no parents and each attribute has as parents the class
variable and at most another attribute. An example
of TAN model can be seenin Figure 1(c).

In this section we start intro ducing the notation to be
used in the rest of the paper. After that we discuss
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the TAN induction algorithm presented in (Friedman
et al., 1997). Finally in this section we present also
the improvements intro duced to TAN in (Cerquides,
1999).

2.1. Formalization and Notation

The notation used in the paper is an e�ort to put to-
gether the di�eren t notations usedin (Cerquides,1999;
Heckerman et al., 1995;Friedman et al., 1997;Meila
& Jaakkola, 2000) and some conventions in the ma-
chine learning literature.

2.1.1. The Discrete Classifica tion Pr oblem

A discrete attribute is a �nite set. A discrete do-
main is a �nite set of discrete attributes. We will
note 
 = f X 1; : : : ; X m g for a discrete domain, where
X 1; : : : ; X m are the attributes in the domain. A classi-
�e d discrete domain is a discrete domain where oneof
the attributes is distinguished as \class". We will use

 C = f A1; : : : ; An ; Cg for a classi�ed discretedomain.
In the rest of the paper we will refer to an attribute
either as X i (when it is consideredpart of a discrete
domain), A i (when it is consideredpart of a classi�ed
discrete domain and it is not the class) and C (when
it is the classof a classi�ed discrete domain). We will
note as V = f A1; : : : ; An g the set of attributes in a
classi�ed discrete domain that are not the class.

Given an attribute A, we will note # A as the number

of di�eren t valuesof A. We de�ne #
 =
mQ

i =1
# X i and

#
 C = # C
nQ

i =1
# A i .

An observation x in a classi�ed discrete domain 
 C

is an ordered tuple x = (x1; : : : ; xn ; xC ) 2 A1 � : : : �
An � C. An unclassi�ed observation S in 
 C is an
ordered tuple S = (s1; : : : ; sn ) 2 A1 � : : : � An . To be
homogeneouswe will abusethis notation a bit noting
sC for a possiblevalue of the classfor S. A datasetD
in 
 C is a multiset of classi�ed observations in 
 C .

We will note N for the number of observations in
the dataset. We will also note N i (x i ) for the num-
ber of observations in D where the value for A i is x i ,
N i;j (x i ; x j ) the number of observations in D wherethe
value for A i is x i and the value for A j is x j and simi-
larly for N i;j;k (x i ; x j ; xk ) and soon. We note similarly
f i (x i ); f i;j (x i ; x j ); : : : the frequenciesin D. It is worth
noticing that f de�nes a probabilit y distribution over
A1 � : : : � An � C.

A classi�er in a classi�ed discretedomain 
 C is a pro-
cedure that given a dataset D in 
 C and an unclassi-
�ed observation S in 
 C assignsa classto S.

2.1.2. Bayesian Netw orks f or Discrete
Classifica tion

Bayesiannetworks o�er a solution for the discreteclas-
si�cation problem. The approach is to de�ne a ran-
dom variable for each attribute in 
 (the class is in-
cluded but not distinguished at this time). We will
note U = fX 1; : : : ; Xm g where each X i is a random
variable over its corresponding attribute X i . We ex-
tend the meaning of this notation to A i , C and V.
A Bayesian network over U is a pair B = hG; � i .
The �rst component, G, is a directed acyclic graph
whose vertices correspond to the random variables
X1; : : : ; Xm and whose edgesrepresent direct depen-
denciesbetween the variables. The graph G encodes
independenceassumptions: each variable X i is inde-
pendent of its non-descendants given its parents in G.
The secondcomponent of the pair, namely �, repre-
sents the setof parametersthat quanti�es the network.
It contains a parameter � i j � i (x i ; � x i ) = PB (x i j� x i ) for
each x i 2 X i and � x i 2 � X i , where � X i denotesthe
Cartesian product of every X j such that X j is a parent
of Xi in G. � i is the list of parents of X i in G. We
will note � i = U � fX i g � � i . A Bayesian network
de�nes a unique joint probabilit y distribution over U
given by

PB (x1; : : : ; xm ) =
mY

i =1

PB (x i j� x i ) =
mY

i =1

� i j � i (x i j� x i )

(1)
The application of Bayesiannetworks for classi�cation
can be very simple. For example supposewe have an
algorithm that given a classi�ed discrete domain 
 C

and a dataset D over 
 C returns a Bayesiannetwork
B over U = fA 1; : : : ; A n ; Cg where each A i (resp. C)
is a random variable over A i (resp. C). Then if we are
given a new unclassi�ed observation S we can easily
classify S into classargmax

sC 2 C
(PB (s1; : : : ; sn ; sC )). This

simple mechanism allows us to seeany Bayesiannet-
work learning algorithm as a classi�er.

2.1.3. Learning with Trees

Given a classi�ed domain 
 C we will note E the set
of undirected graphs E over fA 1; : : : ; A n g such that
E is a tree (has no cycles). We will use u; v 2 E
instead of (A u ; A v ) 2 E for compactness. We will
note as E a directed tree for E . Every E uniquely
determines the structure of a Tree Augmented Naive
Bayesclassi�er, becausefrom E wecanconstruct E

�
=

E [ f (C; A i )j1 � i � ng as can be seenin an example
in Figure 1. We note the root of a directed tree E as
� E (i.e. in Figure 1(b) we have that � E = A1).

We will note as � E
� the set of parameters that quan-

tify the Bayesiannetwork M = hE
�
; � E � i . More con-
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Figure 1. Notation for learning with trees

cretely:
� E � = (� C ; � � E jC ; f � vju;C ju; v 2 E g)

� C = f � C (c)jc 2 Cg where � C (c) = P(C = cjM )
� � E jC = f � � E jC (i; c)ji 2 A � E

; c 2 Cg where
� � E jC (i; c) = P(A � E

= i jC = c;M )
For each u; v 2 E:
� vju;C = f � vju;C (j; i; c)jj 2 Av ; i 2 Au ; c 2 Cg

where � vju;C (j; i; c) = P(A v = j jA u = i; C= c;M ).

2.2. Learning Maxim um Lik eliho od TAN

Oneof the measuresusedto learn Bayesiannetworks is
the log likelihood. An interesting property of the TAN
family is that wehavean e�cien t procedure(Friedman
et al., 1997) for identifying the structure of the net-
work which maximizes likelihood. To learn the maxi-
mum likelihood TAN weshouldusethe following equa-
tion to compute the parameters.

� i j � i (x i ; � x i ) =
N i; � i (x i ; � x i )

N � i (� x i )
(2)

It has beenshown (Friedman et al., 1997) that equa-
tion 2 leadsto \o ver�tting" the model. Also in (Fried-
man et al., 1997) Friedman et al. proposeto use the
parametersas given by

� i j � i (x i ; � x i ) =
N i; � i (x i ; � x i )

N � i (� x i ) + N 0
i j � i

+

+
N 0

i j � i

N � i (� x i ) + N 0
i j � i

N i (x i )
N

(3)

and suggestsetting N 0
i j � i

= 5 basedon empirical re-
sults. Using equation 3 to �x the parametersimproves
the accuracy of the classi�er. In our opinion, no well
founded theoretical justi�cation is given for the im-
provement. In the following section we revisit the re-
sults in (Cerquides, 1999) and show that we can get

an alternativ e parameter �xing equation with a well
founded theoretical justi�cation and equivalent classi-
�cation accuracy.

2.3. Learning Multinomial Sampling TAN

In (Cerquides, 1999) we intro duced an alternativ e ap-
proach to learning Bayesiannetworks which we named
\m ultinomial sampling approach" basedon assuming
that our dataset is a sampleof a multinomial distribu-
tion over A1 � : : : � An � C.

This multinomial sampling approach was applied to
TAN with the result that we should estimate the pa-
rameters using:

� i j � i (x i ; � x i ) =
N i; � i (x i ; � x i ) + � # � i

#


N � i (� x i ) + � # X i # � i
#


(4)

where # � i =
Q

X j 2 � i

# X j and we remind that � i

stands for the set of variables which are not parents
of Xi in the network excluding X i .

In (Cerquides,1999) the usageof � = 10 was found to
be a good value after empirical tests, and the multi-
nomial sampling approach was comparedto the max-
imum likelihood (equation 2) and softenedmaximum
likelihood (equation 3) parameterestimations. The re-
sults were that multinomial sampling is clearly better
than maximum likelihood. When compared to soft-
enedmaximum likelihood, it wasobserved that multi-
nomial sampling provides an equivalent classi�cation
accuracybut improvesthe quality of the probabilities
assignedto the class.

3. Dev elopmen t of the Av eraged Tree
Augmen ted Naiv e Bayes

In the previoussectionwehaverevieweddi�eren t ways
of learning a single TAN model from data. In this
section we will develop a classi�er basedon the TAN
model that doesalsotake into account the uncertainty
in model selection by means of decomposable distri-
butions over TANs. We start by intro ducing Bayesian
model averaging, then we explain decomposable dis-
tributions over tree structures and parameters built
upon the idea of decomposablepriors as proposedby
Meila and Jaakola (Meila & Jaakkola, 2000) to end
up showing that given a decomposabledistribution it
is possible to calculate the probabilit y of an unseen
observation and that given a prior decomposabledis-
tribution, the posterior distribution after observing a
set of data is also a decomposable distribution. We
concludethe section by putting together theseresults
to create tbma t an.



3.1. BMA Classi�cation

We are facedwith the problem of de�ning a good clas-
si�er for a classi�ed dataset. If we accept that there is
a probabilistic model behind the dataset, we have two
alternativ es:

1. We know the model M (both structure and pa-
rameters) that is generating the data in advance.
In this case it is a matter of probabilistic com-
putation. We should be able to calculate P(C =
sC jV = S;M ) and to choose the class sC with
the highest probabilit y. No learning is performed,
becausewe knew the model in advance.

2. We are given a set of possiblemodels M . In this
situation probabilit y theory tell us we should take
a weighted averagewhere each model prediction
is weighted by the probabilit y of the model given
the data. More formally, assuming � represents
the hypothesisthat the model underlying the data
is known to be in M we have that:

P(V = S;C= sC jD ; � ) =

=
Z

M 2M

P(V = S;C= sC jM )P(M jD; � ) (5)

Applying this equation is commonly known as
Bayesianmodel averaging (Hoeting et al., 1998).

In the following we prove that if we �x the set of mod-
els M to TAN models and assumea decomposable
distribution as prior probabilit y distribution over the
set of models, the integral for P(V = S;C = sC jD ; � )
in equation 5 can be integrated in closedform.

3.2. Decomp osable Distributions over TANs

In order to apply Bayesianmodel averaging, it is nec-
essaryto have a prior probabilit y distribution over the
set of models M . Decomposable priors were intro-
duced by Meila and Jaakola in (Meila & Jaakkola,
2000) where it was demonstrated for tree belief net-
works that if we assumea decomposable prior, the
posterior probabilit y is also decomposable and can
be completely determined analytically in polynomial
time.

In this section we intro duce decomposable distribu-
tions over TANs, which are probabilit y distributions
in the space M of TAN models and an adaptation
of decomposable priors, as they appear in (Meila &
Jaakkola, 2000), to the task of learning TAN.

Decomposable distributions are constructed in two
steps. In the �rst step, a distribution over the set

of di�eren t undirected tree structures is de�ned. Ev-
ery directed tree structure is de�ned to have the same
probabilit y as its undirected equivalent. In the second
step, a distribution over the set of parameters is de-
�ned so that it is also independent on the structure.
In the rest of the paper we will assume� implies a
decomposabledistribution over M with hyperparam-
eters � ; N 0 (these hyperparameterswill be explained
along the development). Under this assumption, the
probabilit y for a model M = hE

�
; � E � i (a TAN with

�xed tree structure E
�

and �xed parameters � E � ) is
determined by:

P(M j� ) = P(E
�
; � E � j� ) = P(E

�
j� )P(� E � jE

�
; � )

(6)

In the following sections we specify the value of
P(E

�
j� ) (decomposable distribution over structures)

and P(� E � jE
�
; � ) (decomposabledistribution over pa-

rameters).

3.2.1. Decomposable Distribution over TAN
Str uctures

One of the hyperparameters of a decomposable dis-
tribution is an n � n matrix � = (� u;v ) such that
8u; v : 1 � u; v � n : � u;v = � v;u � 0 ; � v;v = 0. We
can interpret � u;v as a measureof how possibleis un-
der � that the edge(A u ; A v ) is contained in the TAN
model underlying the data.

Given � , the probabilit y of a TAN structure E
�

is de-
�ned as:

P(E
�
j� ) =

1
Z �

Y

u;v 2 E

� u;v (7)

where Z � is a normalization constant with value:

Z � =
X

E 2E

Y

u;v 2 E

� u;v (8)

It is worth noting that P(E
�
j� ) depends only on the

underlying undirected tree structure E.

3.2.2. Decomposable Distribution over TAN
Parameters

Applying equation 1 to the caseof TAN we have that

P(� E � jE
�
; � ) = P(� C jE

�
; � )P(� � E jC jE

�
; � )�

�
Y

u;v 2 E

P(� vju;C jE
�
; � ) (9)

A decomposabledistribution hasa hyperparameterset
N 0 = f N 0

v;u;C (j; i; c)j1 � u 6= v � n ; j 2 Av ; i 2



Au ; c 2 Cg with the constraint that exist N 0
u;C (i; c),

N 0
C (c), N 0 such that for every u,v:

N 0
u;C (i; c) =

X

j 2 A v

N 0
v;u;C (j; i; c) (10)

N 0
C (c) =

X

i 2 A u

N 0
u;C (i; c) (11)

N 0 =
X

c2 C

N 0
C (c) (12)

Given � , a decomposableprobabilit y distribution over
parameters with hyperparameter N 0 is de�ned by
equation 9 and the following set of Dirichlet distri-
butions:

P(� C jE ; � ) = D(� C (:); N 0
C (:)) (13)

P(� � E jC jE ; � ) =
Y

c2 C

D(� � E jC (:; c); N 0
� E ;C (:; c)) (14)

P(� vju;C jE ; � ) =
Y

c2 C

Y

i 2 A u

D(� vju;C (:; i; c); N 0
v;u;C (:; i; c))

(15)

If the conditions in equations6, 7, 8, 9, 10, 11, 12, 13,
14 and 15 hold, we will say that P(M j� ) follows a de-
composabledistribution with hyperparameters� ; N 0:

3.3. Calculating Probabilities with
Decomp osable Distributions

Assume that the data is generatedby a TAN model
and that P(M j� ) follows a decomposabledistribution
with hyperparameters � ; N 0. We can calculate the
probabilit y of an observation S;sC given � by aver-
aging over the set of TAN models (equation 5).

Let Q : Rn � n ! Rn � 1� n � 1. For any real n � n matrix
� we de�ne Q(� ) as the �rst n � 1 lines and columns
of the matrix Q(� ) where

Qu;v (� ) = Qv;u (� ) =

8
<

:

� � u;v 1 � u < v � n
nP

v0=1
� v0;v 1 � u = v � n

(16)
The integral for P(V = S;C = sC j� ) can be calculated
in closed form by applying the matrix tree theorem
and expressedin terms of the previously intro ducedQ
as:

P(V = S;C= sC j� ) = hS;s C
0 jQ(� hS;s C )j (17)

where

hS;s C
0 =

1
Z �

1
N 0

Y

A u 2 V

N 0
u;C (su ; sC ) (18)

hS;s C =
�
hS;s C

u;v

�
where

hS;s C
u;v =

N 0
v;u;C (sv ; su ; sC )

N 0
u;C (su ; sC )N 0

v;C (sv ; sC )
(19)

The proof for this result appears in (Cerquides &
L�opez de M�antaras, 2003b).

3.4. Learning with Decomp osable
Distributions

Assume that the data is generatedby a TAN model
and that P(M j� ) follows a decomposable distribu-
tion with hyperparameters � , N 0. Then, P(M jD; � ),
the posterior probabilit y distribution after observinga
dataset D is a decomposabledistribution with param-
eters � � , N 0� given by:

� �
u;v = � u;v Wu;v (20)

N 0�
u;v ;C (j; i; c) = N 0

u;v ;C (j; i; c) + Nu;v ;C (j; i; c) (21)

where

Wu;v =
Y

c2 C

Y

i 2 A u

�( N 0
u;C (i; c))

�( N 0
u;C (i; c) + Nu;C (i; c))

Y

c2 C

Y

j 2 A v

�( N 0
v;C (j; c))

�( N 0
v;C (j; c) + Nv;C (j; c))

Y

c2 C

Y

i 2 A u

Y

j 2 A v

�( N 0
v;u;C (j; i; c) + Nv;u;C (j; i; c))

�( N 0
v;u;C (j; i; c))

(22)

The proof appearsin (Cerquides& L�opezdeM�antaras,
2003b).

3.5. Putting it all Together

Putting together the results from sections3.3 and 3.4
we can easily design a classi�er based on decompos-
able distributions over TANs. The classi�er works as
follows: when given a dataset D, it assumesthat the
data is generated from a TAN model and assumesa
decomposabledistribution asprior over the setof mod-
els. Applying the result from section3.4, the posterior
distribution over the set of models is also a decompos-
able distribution and applying the result of section3.3
this decomposableposterior distribution can be used
to calculate the probabilit y of any observation S;sC .
When given an unclassi�ed observation S, it can just
calculate the probabilit y P(V = S;C = sC jD ; � ) for
each possibleclasssC 2 C and classify S in the class
with highest probabilit y.

We have mentioned that the classi�er assumesa de-
composable distribution as prior. Ideally, this prior
will be �xed by an expert that knows the classi�cation



domain. Otherwise, we have to provide the classi�er
with a way for �xing the prior distribution hyperpa-
rameterswithout knowledgeabout the domain. In this
casethe prior should be as \non-informativ e" as pos-
sible in order for the information coming from D to
dominate the posterior by the e�ects of equations 20
and 21. We have translated this requisite into equa-
tions 23 and 24:

8u; v ; 1 � u 6= v � n ; � u;v = 1 (23)

8u; v; 1 � u 6= v � n; 8j 2 Av ; 8i 2 Au ; 8c 2 C

N 0
v;u;C (j; i; c) =

�
# C# Au # Av

(24)

De�ning � as in equation 23 meansthat we have the
sameamount of belief for any edgebeing in the TAN
structure underlying the data. Fixed u; v, equation 24
assignsthe sameprobabilit y to any (j; i; c) such that
j 2 Av , i 2 Au and c 2 C and the value assignedis
coherent with the multinomial sampling approach. �
is an \equivalent samplesize" for the prior in the sense
of Heckerman et al. in (Heckerman et al., 1995). In
our experiments we have�xed � = 10. In the following
tbma t an will refer to the classi�er described in this
section.

4. Appro ximating tbma t an

tbma t an can theoretically be implemented by an al-
gorithm with O(N � n2) learning time and O(# C � n3)
time for classifyinga new observation. In spite of that,
a straightforward implementation of tbma t an, even
when accomplishingthesecomplexity bounds, will not
yield accurateresults, specially for largedatasets. This
is due to the fact that the calculations that need to
be done in order to classify a new observation in-
clude the computation of a determinant (in equation
17) that happens to be ill-conditioned. Even worse,
the determinant getsmore and more ill-conditioned as
the number of observations in the dataset increases.
This forces the 
oating point accuracy that we have
to use to calculate these determinants to depend on
the dataset size. We have calculated the determinants
by meansof NTL (Shoup, 2003), a library that allows
us to calculate determinants with the desiredprecision
arithmetic. This solution makes the time for classify-
ing a new observation grow faster than O(# C � n3),
and hence makes the practical application of the al-
gorithm di�cult in situations where it is required to
classify a large set of unclassi�ed data.

We analyzed what makes the determinant being ill-
conditioned and concluded that it is due to the Wu;v

factors givenby equation 22. The factor Wu;v could be

interpreted as \ho w much the dataset D has changed
the belief in that there is a link betweenu and v in the
TAN model generatingthe data". The problemsrelies
in the fact that Wu;v are easily in the order of 10� 200

for a datasetwith 1500observations. Furthermore, the
factors W u;v

W u 0;v 0
for such a dataset can be around 10� 20,

providing the ill-condition of the determinant. In order
to overcomethis problem, we proposeto postprocess
the factors Wu;v computed by equation 22 by means
of a transformation that limits them to lie in the in-
terval [10� K ; 1] where K is a constant that has to be
�xed depending on the 
oating point accuracy of the
machine. In our implementation we have usedK = 5.
The transformation works as depicted in �gure 2 and

-K

0 1minmax

10^-K

0-infinity

0

lmin lmax

Log

Linear transform

10

10^

Figure 2. Transformation of weights for sstbma t an

is described in detail by the following equations:

lmax = log10 max
u2 V
v2 V
u6= v

Wu;v (25)

lmin = log10 min
u2 V
v2 V
u6= v

Wu;v (26)

a =

(
K

lmax � lmin lmax � lmin > K
1 otherwise

(27)

b = � K � a � lmin (28)

fWu;v = 10a log 10 (W u;v )+ b (29)

Using fWu;v instead of Wu;v to calculate the posterior
hyperparameters� �

u;v has the following properties:

1. It is harder to get get ill-conditioned determi-
nants, becausefor all u; v fWu;v is bound to the
interval [10� K ; 1].

2. It preserves the relative ordering of the Wu;v .
That is, if Wu;v > Wu0;v 0 then fWu;v > fWu0;v 0.

3. It does not exaggeraterelative di�erences in be-
lief. That is, for all u; v; u0; v0 we have that

� If W u;v

W u 0;v 0
� 1 then W u;v

W u 0;v 0
�

fW u;v

fW u 0;v 0
.



� If W u;v

W u 0;v 0
� 1 then W u;v

W u 0;v 0
�

fW u;v

fW u 0;v 0
.

The posterior hyperparameters� �
u;v canbe interpreted

as a representation of the a posteriori belief in the ex-
istenceof an edge(u; v) in the TAN structure. Using
fWu;v , given the properties stated, meansbeing more
conservative in the structure learning process,because
the beliefs will be con�ned to the interval [10� K ; 1]
which impedes the representation of extreme proba-
bilit y di�erences betweenedges.We can interpret the
transformation as applying somestubbornnessto the
structure learning process.Applying this transforma-
tion allows us to implement an approximation of tb-
mat an that doesnot require the useof special 
oating
point accuracycomputations. We will refer to this ap-
proximation of tbma t an as sstbma t an (from Struc-
ture Stubborn tbma t an).

It is worth noting that the problem described in this
section does only a�ect the classi�cation time. The
learning processfor tbma t an doesnot needhigh pre-
cision arithmetics. The learning time complexity for
tbma t an, O(N � n2), is the sameas the one for TAN.
In spite of that, in practice, TAN learning time would
be somewhatlonger becausethe learning stagefor tb-
mat an (calculating every Nv;u;C (j; i; c)) is only the
�rst step of the TAN learning process.

5. Empirical Results

We tested four algorithms over 16 datasets from the
Irvine repository (Blake et al., 1998). The dataset
characteristics are described in Table 1. To discretize
continuous attributes we used equal frequency dis-
cretization with 5 intervals. For each dataset and
algorithm we tested both accuracy and LogScore.
LogScore is calculated by adding the minus logarithm
of the probabilit y assignedby the classi�er to the cor-
rect classand gives an idea of how well the classi�er
is estimating probabilities (the smaller the score the
better the result). If we name the test set D0 we have

LogScore(M ; D0) =

=
X

(S;s C )2D 0

� log(P(C = sC jV = S;M )) (30)

For the evaluation of both error rate and LogScore we
used10 fold crossvalidation. We tested the algorithm
with the 10%, 50% and 100%of the learning data for
each fold, in order to get an idea of the in
uence of the
amount of data in the behaviors of both error rate and
LogScore for the algorithm. In order to evaluate the
statistical signi�cance of the di�erences we performed
a paired t-test at 5%.

Detailed experimental results can be found in
(Cerquides & L�opez de M�antaras, 2003b).

The classi�ers under comparisonare:

� t an+ms : Single TAN induction using the multi-
nomial sampling approach (Cerquides, 1999).

� tbma t an: The method described in section 3.5.

� sstbma t an: The method presented in section 4.

tbma t an classi�cation times are very large for
datasetswith a largenumber of instances. For datasets
over 5000 instanceswe have skipped the execution of
tbma t an.

Table 1. Datasets information

Dataset A ttributes Instances Classes Missing

adul t 14 48842 2 some
breast 10 699 2 16
car 6 1728 4 no
chess 36 3196 2 no
cleve 13 303 2 some
crx 15 690 2 few
flare 10 323 4 no
glass 10 214 2 none
hep 19 155 2 some
iris 4 150 3 none
letter 16 20000 26 none
mushr oom 22 8124 2 some
nurser y 8 12960 5 no
pima 8 768 2 no
soybean 35 316 19 some
votes 16 435 2 few

5.1. In terpretation of the Results

Statistical signi�cance results can be seen in tables
2 and 3 where each entry in the table contains the
number of datasets for which the error rate (resp.
LogScore) for the classiferin the left column wasbet-
ter than the same measure for the classi�er on the
top row in a statistically signi�can t way. For example,
the improvement in LogScore provided by sstbma t an
with respect to t an+ms is statistically signi�can t for
14 datasetswhen taking the 10% of the training data,
for 11 datasetswhen taking the 50%and for 6 datasets
when taking all of the learning data.

In many casestbma t an improvesboth accuracy and
LogScore with respect to t an+ms . The averagerel-
ative improvement is around 10% for error rate and
slightly higher for LogScore. The percentage of im-
provement is higher aswe reducethe amount of learn-
ing data. This is understandable,becauseit is reason-
able to think that if wehaveenoughdata, the posterior
is likely to be concentrated around the tree learnedby
t an+ms .

sstbma t an performs even slightly better than tb-
mat an for many datasets, so we can accept that the



Table 2. Statistically signi�can t di�erences in error rate

tbma t an sstbma t an t an+ms
.1 .5 1 .1 .5 1 .1 .5 1

tbma t an - 1 1 1 5 5 3
sstbma t an 2 2 1 - 8 8 4

t an+ms 0 0 1 1 2 2 -

Table 3. Statistically signi�can t di�erences in LogScore

tbma t an sstbma t an t an+ms
.1 .5 1 .1 .5 1 .1 .5 1

tbma t an - 1 1 4 11 7 5
sstbma t an 7 7 6 - 14 11 6

t an+ms 0 0 2 2 3 4 -

approximation intro duced in section 4 is good for
datasets of this size. Finally, if we compare sstb-
mat an and t an+ms we can seethat its relative be-
havior is very similar to the one of tbma t an with
t an+ms .

6. Conclusions and Future Work

We have intro duced tbma t an a classi�er based on
TAN, decomposabledistributions and Bayesianmodel
averaging. We haveseenthat its implementation leads
to the calculation of ill-conditioned determinants and
have proposed to use an approximated implementa-
tion: sstbma t an .

sstbma t an is, to the best of our knowledge,the most
accurate classi�er reported with a learning time lin-
ear on the number of observations of the dataset. The
accuracy increasecomesat the price of increasing the
classi�cation time, making it cubic on the number of
attributes. The algorithm is anytime and incremen-
tal: as long as the dataset observations are processed
randomly, we can stop the learning stage anytime we
need, perform someclassi�cations and then continue
learning at the only (obvious) cost of the lower accu-
racy of the classi�cations performed in the middle of
the learning process. These characteristics make the
algorithm very suitable for datasetswith a large num-
ber of instances.

Being able to calculate some measure of the con-
centration of the posterior distribution around the
TAN learned by t an+ms (that is, somesort of \v ari-
ance") will probably allow us to determine beforehand
whether tbma t an will provide signi�can t improve-
ment over t an+ms in a dataset.

Finally, we think that all of the classi�ers reviewed in
(Friedman et al., 1997) that are basedon the Chow
and Liu algorithm (Chow & Liu, 1968) can bene�t
from an improvement similar to the one seenhere by
the use of decomposable distributions and Bayesian
model averaging. Formalizing the development for
theseclassi�ers and performing the empirical tests re-
mains as future work.
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