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Abstract—This paper presents an extensible framework for settling time) and implementation properties (e.g., quality
designing analog filters that exhibit several desired behavioral factors and capacitance spread) may be important.

properties after being realized in circuits. In the framework, In this paper, we present a formal extensible framework for
we model the constrained nonlinear optimization problem as '

a sequential quadratic programming (SQP) problem. SQP re- S|mult:_;1neously qptlmlzmg aqalog filter QeS|gns for multiple
quires real-valued constraints and objective functions that are behavioral and implementation properties. We demonstrate
differentiable with respect to the free parameters (pole-zero the framework using the behavioral properties of magnitude
locations). We derive the differentiable constraints and a weighted response, phase response, and peak overshoot, and the imple-

differentiable objective function for simultaneously optimizing antation property of quality factors. The framework takes an
the behavioral properties of magnitude response, phase response,

peak overshoot, and the implementation property of quality initial filter design, e.g., one designed using a classical numeric
factors. We use Mathematica to define the algebraic equations for approach or a modern symbolic approach [2], and finds the
the constraints and objective function, compute their gradients pole—zero locations that optimize a weighted combination of
symbolically, and generate standalone MATLAB programs to properties subject to constraints on the properties. Some of

perform the multicriteria optimization. Providing closed-form : L S .
gradients prevents divergence in the SQP procedure, The auto- the previous multicriteria filter optimization techniques, such

mated approach avoids errors in algebraic calculations and errors @S [3l, C_’my optimiz_e for one property subject to ConStraint_S
in transcribing equations into software. The key contributions on multiple properties. Another technique applies sequential

are: 1) an extensible, automated, multicriteria filter optimization guadratic programming (SQP) methods to optimize loss and
framework; 2) an analytic approximation for peak overshoot; and  qelav in digital filter desians [3
3) three novel filter designs. We have released the source code for Y g gns [3].

the framework on the Internet. Our framework models the constrained nonlinear optimiza-

tion problem as a SQP problem. SQP requires that the objec-
tive function [4] and the constraints [5] be real valued and
twice continuously differentiable, with respect to the free pa-
rameters. The free parameters are the pole and zero locations.
|. INTRODUCTION When closed-form formulas for the gradients of the objective

LASSICAL elliptic Chebyshev, Butterworth, and Besselunction and _constraints are not provided fo_r SQP r_outines,
Canalog filter designs yield desirable behavioral propertid3€ SQP routines must approximate the gradient, which often
subject to constraints on the magnitude response. For exam|§tgds to divergence. We develop Mathematica [6] software to
the step response of Bessel filters exhibits low oversho§PMPUte t.he gradients and translate the entire SQP formulation
and its phase response is nearly linear over the passbdfiP working MATLAB [7] programs that optimize analog
Bessel filters have been used as antialiasing filters, sifdier designs. The generated MATLAB code is combined with
antialiasing filters require a minimum deviation in the phadB® SQP procedure in the MATLAB optimization toolbox [8]
response from linear phase, subject to a set of magnitu@eProduce stand-alone programs that solve the constrained
specifications [1]. Classical elliptic filter designs have minimdlonlinear optimization problem.
order, but for a given implementation technology, minimal- The framework is flexible because it is formulated at an
order filters may either not be realizable or may not hawgebraic level. At the algebraic level, a designer can use a
minimal complexity [2]. In designing analog filters for im-Symbolic mathematics environment such as Mathematica to
plementation, multiple behavioral properties (e.g., magnitugange the objective measure for a given property or add,
response, phase response, peak overshoot, rise time, @dglgte, and change constraints. Our symbolic software will

then recompute the gradient and regenerate the numerical

optimization code. We have bridged the gap between the
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response, of an analog filter. In the derivation, we find a |gg w)
new analytic approximation for the peak overshoot. Section 1V
converts filter specifications on the magnitude response, qual-
ity factors, and peak overshoot into differentiable constraints.!
Section V reports three novel design examples found by
our filter optimization framework. Section VI describes the
process by which we verified the formulas in Section I,
generated MATLAB code for the objective function and con-
straints as well as their gradients, and validated the generated
MATLAB code. Section VII concludes the paper. The autd=i9- 1. The ideal magnitude response.
mated design framework, including the generated MATLAB

code, is available onling. formulation. The objective function is a weighted combination
of the deviation from the ideal filter for the desired properties.
[I. NOTATION Properties are quantified by objective measures. Based on

We represent an analog filter by its complex conjugate the ot_)jective measures fpr magni_tude and phase responses
pole pairs andr complex conjugate zero pairs, such tha@iven in the previous section, Sections Ill-A and III-_B _deflne
r < n. We denote théth pole pair agy. = ay % jby., where deviation from an ideal mag_mtudg response and deviation from
ar < 0 for stability, and thelth zero pair as;; = ¢ + jd;. @ phgse response that |s.I|near in the passpapd, respeptwely.
We arbitrarily choosey, and ¢; to be negative and; to be Sectllon n-c deﬁne; quality factprs and deviation from ideal
nonpositive. The magnitude resporé&jw)| and unwrapped qual!ty factors. Section IlI-D derives a new analytic approx-
phase responséG(jw) of an all-pole filter, expressed asiMation to measure peak overshoot in the step response and

real-valued differentiable functions, are defines deviation from the ideal filter overshoot. Section Ill-
N s s E define; the objective function. The objective fu_nction.is
1G(jw)| = H ai + 0% nonnegative so that a value of zero represents the ideal filter.
’ i Vi 4 (@ +b)? Vai + (w—by)? Using the automated SQP-based framework, a designer may
n 2 4 2 change the objective measures and distance measures to form
= H @i, + 0% (1) new objective functions, and regenerate the new MATLAB
o1 V(W2 +2(af - b3))w? + (af +57)? programs to perform the optimization.

. - w — by, w + by
/G(jw) = arctan < " ) + arctan < “ ) (2) A Deviation from an Ideal Magnitude Response
k=1

We use (3) as the real differentiable measure of magnitude
We factor the polynomial under the square root in (1) intRssponse. We measure the deviation from the ideal magnitude-
Horner's form because it has better numerical propertiggsponse separately in the passband, transition bands, and
Together with the zero pairs, the magnitude and unwrappg@pband(s). Based on the five regions of the ideal magnitude

phase responses, respectively, are response, shown in Fig. 1, the five components of the objective
|H(jw)] function relate to the deviation from an ideal magnitude
” 5 5 — 5 22 response in the least-squares sense in each region. Assuming
= |G(jw)|.H V(W +2(q _le))‘; +(c +dj) that the ideal filter is low-pass or bandpass with the first
i1  +d; stopband located ons € (0, wy), the passband located
(3) Onw € (wpi,wp2), and the second stopband located on
/H(jw) w € (ws2, 00)
‘ r w_dl w+dl B Ws1 F H p 2d 5
= /G(jw) — Z arctan + arctan . Tsbl = si(W)[H(jw)|” dw (5)
—1 &} Cy Ow )
@) oun= / Fa(@)([H(Gw)| — (myw — myw,))? d
Ws1
We assume that the filter is low pass. Its dc response () (6)
is normalized to be 1. wp2 ) 9
In this paper,@ represents quality factors, represents a ~ “pb = [ Fp(w)([H(jw)| =1)" dw 7)
small positive numbeyy denotes deviationn: represents slope “Zfsz
of a line, t is time, andW is a weighting factor. Tipa = / Fro(w)(|H(jw)| = (maw — mawss))? dw
Wp2
[ll. OBJECTIVE FUNCTION (8)

In this section, we derive an objective function that is o2 = Foo(w)|H(jw)? dw (9)

real and twice continuously differentiable to match an SQP

e
8

52

1[Online]. Available HTTP: http://www.ece.utexas.edu/~bevans/pr0jects/thare 'Fp(w), Etl(w)v Fyp(w), and F,(w) are integrable
syn_filter_software.html weighting functions, andm; and m. are the slopes of



DAMERA-VENKATA AND EVANS: AUTOMATED FRAMEWORK FOR MULTICRITERIA OPTIMIZATION 983

the ideal response in the transition regions defined esmplicated but differentiable expression for the deviation
m1 = 1/{wp — ws1) and me = 1/(wp2 — ws2). These from linear phase.

five integral quantities represent deviation from the ideal

magnitude response in the least squares sense over the @védeviation from Ideal Filter Quality

regions shown in Fig. 1. The objective measure of filter quality, known as a quality

o factor, measures the relative distance of a filter pole from the
B. Deviation from an Ideal Phase Response imaginary frequency axis. The lower the quality factor, the
We use (4) as a real differentiable measure of the phase less likely that the pole will cause oscillations in the output.

sponse. We measure the deviation of a filter from linear pha&econventional definition for the quality factoR; for the

over some range of frequencies (usually over the passband}h second-order section with conjugate palgst jb;, (with

wa ax < 0) is given by
Ophase = [H(jw) — mpw)? dw. 10
e = | (2H() =) (10) o VT

Here,m,, is the slope of the linear phase response. Unfortu- Tk
nately, one does not know the valueef, a priori. We can where Q@ = 0.5. Qx = 0.5 corresponds to a double real-

compute it as the slope of the line inthat minimizes (10) Vvalued pole &, = 0), and@y = oo corresponds to an ideal
oscillator @ = 0). For the effective overall measure of

min /w (LH(jw) — mzpw)2 dw. (11) filter faqtor Qeff, we use a geometric mean of the individual
M Sy pole-pair quality factors
In (11), the H(jw) term does not depend om,, so the n 1/n
integrand is quadratic im;,. To find the minimum, we take Qe = <H Qk> (14)
the derivative with respect ten,, set it to zero, and solve k=1
for my, where Q.g > 0.5. Other objectives measures could be used.
w2 To measure the distance from the ideal quality factor of 0.5,
/ LH (jw)w dw we simply use
myp = =2 —— 12 .
w / 2 dw ( ) Qeﬂ — 0.5.
wh This distance measure rewards low quality factors because
After evaluating the integrals they are essential in damping oscillatory behavior in the time

response of the filter.

n

mypy = 2 [Z flpl w2) flpl(wl)]
2 1

— D. Deviation from Ideal Peak Overshoot in the Step Response
From the step response, we can numerically compute the
- Z [fip2(w2) — fip2(w1)]| (13) peak overshoot and the timig.., at which it occurs. In order

to make the peak overshoot calculation differentiable for the

where f,1 (w) is SQP-based framework, we derive a new analytic expression
that approximates,..i in terms of the pole—zero locations.
fipr(w) = 2wap+(3 — aj —w?) - <arctan <w_bk> The deri\_/ation assumes that there are no duplicate poles. The
ak assumption of no duplicate poles is enforced by means of
) w+ by, b 1oz (w—b)? constraints, as explained in Section IV.
+arctan P +arby | log | 1+ a2 The Laplace transform of the step response is
“log <1+(w+bk)2>> H(s) 1 ﬁ ai + 03
a s s Pt s? = 2aps + ai + b
and fipo(w) is IL[ s2 —2¢s+c +di (15)
fip2(W) = 2wer + (df — ¢ — w?) ooy  +di
<arctan < l) + arctan <w +d )) Assuming no duplicate poles, partial fractions expansion yields
&)
H(s) |4 & Cys + Dy,
—dp)? il A ot
+czdz<10g <1+%> S s +kz_:—1 s? — 2ars + a3 + b3
g (14 LW A=[HoNm =1
c ' _ H(s) _ i/ By,
By = |(s—px) = |Byle
=Pk

Using Mathematica, we compute the definite integrals in (12)
to verify the answers. Now that we have a closed-form solution Cr =2|Bx| cos(/Bx)
for m;,, we can substitute (13) into (10) to obtain a rather Dy, = — 2|By|(ax cos(£By) + by, sin(/By)) (16)
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where|B;| and ZB;, can be expressed as real-valued differerxt each iteration of the optimization procedurg, is set
tiable functions of the pole and zero locations. After inverde the true value oft,..x divided by the approximation

transforming (16), the step response is 1/ny t{;‘eak. Section VI-C validates the accuracy of the
b analytic approximation.
step(?) The deviation in peak overshoot is measured by a differen-

S Dy +Cray\ . tiable function that measures overshoot and undershoot. For

=1+ Z c [O’“ cos(but) + < by ) Sm(b’“t)} low-pass filters, one measure of deviation in peak overshoot is
(17) the percent overshoot defined as 100%hep (tpeak) — 1)-

This formula, however, assumes that the step response will rise

By substituting the definitions fob;, and C;, from (16) into above 1. We measure the deviation in step response amplitude

k=1

(17), the step response simplifies to when the peak overshoot occurs from the ideal amplitude of
" one, which corresponds to a peak overshoot of zero
hstep(t) =142 kz |Bk|6a’“t COS(bkt + ZBk) (18) (hstep(tpeak) . 1)2'
=1
The Appendix presents a rigorous derivation of the stdp The Complete Objective Function
response. The complete objective function is a weighted sum of the

The overall step response, given by either (17) or (18), {fstance measures developed earlier in this section. Since
one plus a sum of, second-order responses. Each seconfle objective function will ultimately be handed off to a
order response is a function of all of the filter poles and zerq§merical optimizer, each infinity that appears in the limit of
By analyzing thekth term in the summation in (17), theth  he definite integrations, such as in (9), must be approximated.
peak overshoot occurs at time We approximatex as10¢ multiplied by the highest frequency

. 1 (D + 20z )by specified (e.g.ws2 in the case of low-pass and bandpass

tpeak = T {arcmn <C (@ — 02 ) +7r} (19) filters), whered represents the number of decades beyond

k w(a; — b)) + Drag K " . .
the highest specified frequency. In assembling the composite
provided that, # 0. By substituting forCy. and Dy, in (19), objective function, we normalize the integrals by dividing by

the kth peak overshoot occurs at time the length of the integration interval and scale the distance
k 1 bi tan (ZBy) — ax measure for the peak overshoot, so that when the weights are
tpeak = "o {arctan< b + van (/ By ) + } (20) equal, each distance measure will contribute more equally.

Note that the weighted objective function is nonnegative and
provided thab;, # 0. The additiver term in both (19) and (20) twice differentiable
corrects the quadrant of the arctangent. Each second-order time 1 1
response in (18) either increases monotonically from time ze%/sblw— osb1 + Win o — o Jtkl + Wpb ———— o,
. B . s pl Ws1 Wp2 Wpl
until the peak time and then decreases to oscillate around the 1
steady-state value of zero, or decreases monotonically from + Wipo———— oip2 + Wapa

~nd aSbQ
time zero to the peak time and then increases to oscillate w521_ “p2 109032 = wor
around the steady-state value of zero. Therefore, the least andt W;,————— oy, + W (Qeg — 0.5)
greatest peak times for the second-order responses provide Wp2 — Wpl
a bound on the possible times at which the peak overshoot + Wo1000(hgtep(tpeak) — 1)°. (23)
occurs, i.e.,

For a low-pass filterw,; = 0, wyr = 0, Wy,1 = 0, and
W1 = 0. For a high-pass filtery,s = co &~ 10%w,1, wso is
undefined, W, = 0, and Wy,» = 0.

k

peak>

tpeak € m}jn t peak | -

max t (22)
In the SQP-based framework, (21) helps in two important
areas. First, at each iteration, (21) gives a range of time over
which to perform a one-dimensional search for the actual The first set of constraints are on the magnitude response,
tpeak Value. In the implementation, we search a broadeeak overshoot, and quality; the second set prevents numerical
interval. Second, from the observation that (21) states thastabilities in the calculations and enforces assumptions about
tpreak IS dependent on the values ¢f..,, we construct the the poles and zeros. For the magnitude-response constraints,
following differentiable function to approximatg... for the we sample the magnitude response given by (3) at a set of pass-
sole purpose of computing gradients for the peak overshdwnd frequencie§ws: wr < w,} and stopband frequencies

of the filter {wir w > w,}

1-6, <|HQwi)| £1Vk,  [H(w)| <6 VI (24)

IV. CONSTRAINTS

1 n ‘ 1 n ]
peak & >t ek = tpeak = B S thae (22
k=1 k=1 where 6,, w,, 6s; and w; are the magnitude specifica-

This analytic approximation is inferred from (17), in whicHiOns. For the peak-overshoot constraint, we compute the
the step response is written as a sum of a constant plusP&RK OkyerShOOt b{ searching a larger interval thane
equal additive contribution from each second-order sectigHii fpeak: MaXk freq] 10 find the maximum value of the



DAMERA-VENKATA AND EVANS: AUTOMATED FRAMEWORK FOR MULTICRITERIA OPTIMIZATION 985

step response in (17). Before finding the gradient of this TABLE |
constraint. we substitute —= tpeak in (17) by using the QuALITY FACTORS AND POLE LOCATIONS FOR THETWO SECOND-ORDER
N S . SE [ o] Fi
analytic approximation fOtpeak given by (22). CTIONS OF THEINITIAL AND OPTIMIZED FILTERS
Lower quality factors mean better noise immunity and lower 0 Poles 0 Poles

chances of an oscillating time response. When the analog filter

is implemented, the second-order sections will typically be o1l —sais o 7203153 185 | —77e8 + 7228084

cascaded in order of ascending quality factors. The earlier —— i : i el

sections will attenuate input signals so as to minimize the (@) (b)

oscillatory behavior of the final sections. The implementation Thhe Optiglizzd filctjer héll(s miﬂif;:al d?:\_/iatizon from |ineﬁf %ha;]SE_in .
H F : the passband and peak overshoot. Fig. 2 compares the behavior o

technology imposes an upper Im_ut on the quality factors, o0 "a oo

Qumax, for each second-order section

0.54 | —20.3163 £ 78.4149 0.50 | -19.5623 =+  j0.6255

JETE A. All-Pole Filter with Near-Linear-Phase Response and
ak;' < Qumax, for k=1,---,n. (25) Minimal Peak Overshoot
—2a

We apply the framework to optimize an all-pole filter to
The designer is free to set the value @f,.. Section VI-B obtain near-linear-phase respoaselminimal peak overshoot.
explains how to se€).,.,. in the synthesized MATLAB code. The magnitude specifications arg = 20 rad/s, 6, = 0.21,
Since a;, appears in the denominators in (2) and (13), «s = 30 rad/s, andé, = 0.31. The initial design is a
appears in the denominators in (17) and (19), arappears in fourth-order Butterworth filter. We jointly optimize the pole
the denominators in (4) and (13), we constrain these negati{@eations to achieve minimal peak overshoot and minimal

valued parameters to be a neighborhood away from zero deviation from linear phase in the passband phase response.
In the objective function, we weight the deviation from linear

phase by0.1 and deviation in peak overshoot by one. All
other weights are zero. We s&\,.. to 10. The nonnegative
objective function is reduced from.17 to 4.7 x107°. The
a< —eiy <0, for I=1---,r peak overshoot of the resulting filter is reduced from 16%
to 8%, and the phase becomes approximately linear in the
Here,eq:y is the distance from 1.0 to the next largest floatingassband. Since the magnitude response was not optimized, it
point number. In MATLAB, it is defined by theps constant, is traded off for better phase response and lower overshoot,
which is 2.220410'¢ on a Sun Ultra-2 workstation. To but kept within specifications. Table | lists the initial and
ensure the numerical stability of the denominator§f)f| and optimized pole locations. Fig. 2 plots the magnitude, phase,
/By in (16) and step responses for the initial and optimized filters. The
plots illustrate that the optimization procedure effectively
Vo —ap > €qi, fork=1-.-- nandm==%k+1,---,n. traded off magnitude response in the passband for a more
linear-phase response in the passband and a lower overshoot.

This set of constraints also prevents duplicate poles ahBe optimization takes 13 s to run.
poles from becoming too close to one another relative to the
available numerical precision. B. Filter with Near-Linear-Phase Response and
It is possible that an initial filter design does not medylinimal Peak Overshoot
all of the constraints. For example, classic filter design al- As in the previous example, we minimize the peak overshoot
gorithms often yield filters with extraordinarily large qualityand deviation from linear phase of a low-pass filter given the
factors which may be excee@..... When an initial guess same magnitude specifications = 20 rad/s,8, = 0.21, w, =
is infeasible, the SQP procedure in MATLAB will update theo rad/s, ands, = 0.31, except that we allow poles and zeros.
free parameters until the constraint or constraints that weag use a fourth-order elliptic filter as the initial guess. In the
initially violated are satisfied. This relaxation occurs in thepjective function, we weight the deviation from linear phase
design example discussed in Section V-B. by 0.1 and deviation in peak overshoot by 1. All other weights
are zero. We sef),... to 10. The nonnegative objective
function is reduced fror.87 to 4.33x 10~°. Table Il lists the
initial and final poles and zeros. Fig. 3 plots the magnitude,
This section presents three new low-pass filter designs foupldase, and step responses for the initial and final filters. Fig. 3
by the automated filter optimization framework. In Sections MHustrates that the optimization procedure effectively trades
A and V-B, the filters have minimized deviation from lineanff transition bandwidth in the magnitude response for more
phase over the passband and peak overshoot in the diepar phase in the passband and a lower overshoot. The peak
response. In Section V-C, the filter has minimized magnituaeershoot is reduced from 25% to 10%. The gradient of the
response in the stopband, deviation from linear phase in thigiective function with respect to the polés, b1, az, b2}
passband, peak overshoot, and quality factors. All executisn{—1.99, —0.81, —17.74, 2.11} x 107> and with respect
times are given for MATLAB 5 on a 167-MHz Sun Ultrato the zeros{ci, di, ¢2, d2} is {2.07, 2.38, 0.55, 1.97} X
workstation. 10~%. Since the second filter section is more sensitive to

ap < —eqiv <0, for k=1,---.n
b < —eqiv <0, for k=1,---,n

V. EXAMPLE FILTER DESIGNS
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Fig. 2. Fourth-order low-pass filter with optimized phase and step responseig. 3. Two fourth-order low-pass filters to meet the magnitude specifica-
The specification of the magnitude response;js= 20 rad/s ands, = 0.21  tionsw;, = 20 rad/s,8, = 0.21, ws = 30 rad/s, andss = 0.31. The initial
for the passband ands = 30 rad/s, andds = 0.31 for the stopband. The filter is an elliptic filter (dashed lines) and the final filter is optimized for
dashed lines represent the initial Butterworth filter, and the solid lines represphtise and step response (solid lines). We are trading linear-phase response
the filter optimized for linear phase response in the passband and for overshngir the passband and peak overshoot in the step response for magnitude
of the step response. response, while keeping the magnitude response within specification. For the
optimization, we set the maximum quality factQr,.x to be 10. Even though

. . . the initial guess is infeasible because its maxim@nvalue is 61, the SQP

perturbations in the pole locations, better components shoglgcedure in MATLAB adjusted the initial guess to be a feasible solution.

be used for the second section. The optimization takes 20 s

to run. TABLE II
QUALITY FACTORS AND POLE—ZERO LOCATIONS FOR THE TWO SECOND
-ORDER SECTIONS OF THEINITIAL AND OPTIMIZED FILTERS

C. Filter Simultaneously Optimized for Four Criteria
Q Poles Zeros

We optimize three behavioral properties and one imple-

. . . . .7 | —5.355 116.954 +  520.24
mentation property simultaneously. The specifications on the LT 753553 + 16954710 + 5202479

magnitude response atg, = 30 rad/s,§, = 0.2, w, = 50 61.1] 01636 + 719989910 + j28.0184
rad/s, ands, = 0.3. In the objective function, we weight the (@)

deviation from linear phase by 1, ideal peak overshoot by

1, ideal filter quality by 0.5, and ideal stopband magnitude Q Poles Zeros
response by 1. All other weights are zero. We@gt.. to 10. 0.68 | —11.4343 + 710.5092 | —3.4232 + ;28.6856
The initial guess is a sixth-order elliptic filter. It was designed 10 | ~1.0926 + j21.8241 | —1.2725 + 35.5476

using a stricter stopband criterion than specified to illustrate the

tradeoffs obtained by searching the infinite design space. The 1. fiiter was minimize((jb)for the deviation from lin-
nonnegative objective function is reduced from 4.25 to 0.34. ear phase in the passband and peak overshoot. Fig. 3
The peak overshoot is reduced from 20% to 15%. Table IlI compares the behavior of the two filters.

lists the initial and final poles and zeros. Table Ill and Fig. 4

illustrate that the optimization procedure effectively trades VI. VALIDATION AND  VERIFICATION OF THE

off transition bandwidth and extra stopband attenuation for AUTOMATED FRAMEWORK

more linear phase in the passband, lower overshoot, and lowewe use the Mathematica symbolic mathematics environment
quality factors. The optimization takes 65 s to run. to collect the formulas for objective measures of properties,
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QuALITY FACTORS AND POLE-ZERO LOCATIONS FOR THE TWO SECOND-
ORDER SECTIONS OF THEINITIAL AND OPTIMIZED FILTERS

TABLE 1l

Q

Poles

Zeros

0.63

—16.821 % 412881

0 £ 737.082

4.22

—-3.4232 £+ 728.686

0 + 411017

9.05

—1.7224 + 331.139

0 + jd5.114

@

Poles

Zeros

0.51 1 —38.21 =+

5.8056

—-16.407 +

45.045

1.57 | —13.30 £ 3539.507

—4.8726 =+

§52.405

1.74 -9.84 £ 532.906

—-916.20

+ 7109.78

The filter was minimized for deviation from linear phase
in the passband, peak overshoot, quality factors, and
magnitude response in the stopband. Fig. 4 compares
the behavior of the two filters.
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Fig. 4. Two fourth-order low-pass filters to meet the magnitude specific
tionsw, = 20 rad/s,é, = 0.20, ws = 30 rad/s, andbs = 0.30. The initial

optimization programs in MATLAB. Section VI-A describes
the steps in using Mathematica to verify the formulas we
entered into it for the equations in Section IIl. It also in-
troduces our approach to converting the objective function
and constraints, as well as their gradients, into source code.
Section VI-B discusses the automatic synthesis of complete
MATLAB programs to optimize analog filter designs. Finally,
Section VI-C summarizes the ways in which we validate the
generated code.

A. Verification of Formulas and Code Generation

We have written functions in the Mathematica to return
the formulas in Section Ill given the names of the free
parameters of the pole—zero locations, the number of conjugate
pole pairs, and the number of conjugate zero pairs (i.e.,
a, b, ¢, d, n, andr). We then use the symbolic mathematics
environment to verify that we encoded the key equations
properly as follows. For (1) and (2), we validated them by
comparing their formulas to the absolute value and argument,
respectively, applied directly to several example frequency
responsesH (jw). We verified the formula for the partial
fractions coefficients in (16) by comparing the formula to
the partial fractions decomposition obtained by the symbolic
mathematics environment. In validating the encoding of the
step response in (17), we compared the formula with the
inverse Laplace transform af multiplied by several transfer
functions.

Now that the formulas as entered into the symbolic mathe-
matics environment have been verified, we encode the objec-
tive function given in (23). The next step is to compute the
gradient of the objective function and the constraints so that the
problem formulation can be passed onto optimization software.
In this step, we discovered the need for an “inert” integral
operator (one that does not try to evaluate the integrand)
to represent equations such as (7). The reason is that we
want the optimization software to compute the integral rather
than the symbolic mathematics environment. Therefore, we
introduce an inert integration operator callegitegrate. By
using integrate, we were able to automate the calculation
of gradients for the objective function and constraints by
augmenting Mathematica’s built-in derivative operator. The
gradients are computed with respect to the free parameters
(pole—zero locations).

Next, we convert the objective function and constraints and
their gradients into source code. In order to generate efficient
source code, we reuse the intermediate results of code that has
already been generated. Before we can reuse computations, we
must make sure that the computations are context-free, i.e., that
they are not dependent on a parameter that can change value.
For the objective function and constraints, all of the compu-
fations are context-free except for the integral calculations.

filter is an elliptic filter (dashed lines), and the final filter is optimized forl N€ integral calculations can be performed by substituting the
phase, step response magnitude response in the stopband and quality fa@eiable of integration with some unique variable. Now we can

(solid lines).

employ the equivalent of subexpression elimination by means
of hash tables or some other method. Although we can generate

distance measures, objective function, and constraints, a@hdnd Fortran code, we focus on generating MATLAB code
to automate the conversion of the formulas to working filtedo take advantage of its optimization toolbox.
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TABLE IV
MATLAB FILEs GENERATED BY OUR PROGRAMS

tion to compute the gradients. As stated previously cibrestr
routine is sequential quadratic programming method [5], and

- . not a conjugate-gradient technique.
ilename File Type | Purpose ; o )
P o the valne of the ot The designer may change the constant optimization param-
t SP. >turns the value of the ste . . .
sieprespn | function | e _ ’ eters in the MATLAB code. The maximum quality factor
response at time ¢ (works for Quax is thegmax1 variable in the “filcost.m” file. The other
all filter orders) constant parameters—weights of the objective function, mag-
filcostn.m | function | returns the value of objective nitude response specifications, and maximum overshoot—are
function (a scalar) and values defined at the beginning of the “gam” file.
of the constraints (a vector) _ The “stepresp.m” file compute_s the step response. It is
costdern.m | function | returns the gradient of the Independent of the number of conjugate pOIe pﬂLrWhere_as
) the other three files are not. In order for Mathematica to
objective function (a vector) . . . .
_ ' compute the gradient of the objective function, we unravel
and gradient of constraints the product and summation terms in the objective function for
(a matrix) fixed values ofr andr. The effect on the generated MATLAB
gon.m script | runs numerical optimization code is that the loops that would have depended.@nd
to design “best” analog filter have been unrolled (i.e., flattened). In the freely distributable

release of the framework, we have generated the MATLAB

programs for four poles and zero zeros, four poles and two
zeros, four poles and four zeros, six poles and six zeros, and
eight poles and eight zeros.

Here, n is the number of conjugate pole pairs in the
analog filter. All functions take the pole—zero locations
as arguments.

B. Generating Working MATLAB Programs

The first step in generating MATLAB programs is toC. Validating the MATLAB Programs
find the analogous operations in MATLAB. The MATLAB  rig section discusses the verification of synthesized MAT-

functions corresponding to the Mathematica functionsag programs. Because we generated the step response as
Cos, Log, Max, Min, Sign, Sin, andTan are the same, excepty separate MATLAB file, we compare it directly to the
that the MATLAB names are in lower case. Similarly, the congiep, response generated in Mathematica for sampled values.
stantPi becomesy, but the constank becomes exp(1irg  MATLAB implements the step response according to (17),
maps to angle. We majrcTan[x, y], which takes the sign of \yhereas Mathematica computes the step response by using
x andy into account, to angler +j+y). Likewise,ArcTan[z] the jnverse Laplace transform. We compare the objective
becomes angl¢l + z). We map symbolic definite integralsfynction generated in Mathematica directly with the objective
into numerical integrations via MATLAB's trapz function.  fynction generated in MATLAB as it is also a separate file.
MATLAB’s syntax is different from Mathematica’'s, butThe Mathematica and MATLAB versions agree.
the conversion is possible by a direct mapping of characters\ATLAB's constrSQP routine enables the checking of the
In dellmltlng fUnCtionS, Mathematica uses square braCk%§mbo|iC form of the gradients' We expect Strong agreement
whereas MATLAB uses parentheses. Unlike MathematicBecause symbolic differentiation by a symbolic mathematics
which performs its computations in terms of formulas, MATenvironment is highly reliable. In numerically computing the
LAB is based on matrix—vector operations. In Mathematicgradients, the SQP routine uses finite difference techniques.
the multiplication, division, and power operators work in ghe finite difference techniques only use the generated objec-
pointwise fashion and are therefore mapped into MATLAB’§ve function, which we have already validated. If the analytic
¥, ./, and operators. The complete mapping of an expressi@ind finite difference gradients agree, then the symbolic form
in Mathematica to MATLAB is carried out by first generatingf the gradient is correct because we already know that the
a string representing the internal form of the Mathematica exode generation is working properly. For the design examples
pression vialnputForm and then performing the substitutionsn Section V, the maximum deviation in the components of the
listed above viaStringReplace. gradient is less than 0.06%. The symbolic form of the gradients
Now that expressions in Mathematica can be mapped @ke important for the stability of the SQP procedure. We found
rectly into MATLAB code, we can add the syntax for functiordesign examples in which MATLAB’sonstrroutine diverged
definitions and create a MATLAB script that directs the designhen not using the symbolic gradients but converged when
procedure. In the synthesis of MATLAB programs, our prodsing the symbolic gradients.
grams generate four files as shown in Table IV. Ther'gu’ By validating the symbolic form of the gradients, we
file directs the optimization procedure. First, it initializesalidate the analytic approximation ¢fc.i by (19) and (22).
several constant optimization parameters as global variabl€he analytic approximation is solely used to compute the
Then, it calls the constrained nonlinear optimization routingradient of the objective measure of the peak overshoot of a
constrin the MATLAB optimization toolbox [8] to minimize filter. We validate the accuracy of the analytic approximation
the objective function given by (23). by running 10 design examples requiring at least 40 iterations
The constr function calls the filcost function to compute of the SQP procedure each. At each iteration, we have the
the objective function and constraints, and the costdenc- SQP routine compare gradients. In all cases, the gradient of
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the objective measure of the peak overshoot given by (IBje Laplace transform ofig.p(t) is
and (22) never varied more than 0.06% of the numerically
approximated value. 1 [ﬁ a2, + b2,

Hyep(s) = -
P 2 2 2
s 87— 2ams +aj, + by,

m=

VII. CONCLUSION

' [17—[ s —2¢s+cl + d? (26)

G +d7

We have developed a formal, extensible framework for =1

optimizing multiple behavioral and implementation propertiesince the order of the denominator will always be greater than
of analog filter designs. We have implemented the framewogie order of the numerator even for= », we can express the

as a set of Mathematica programs that generate MATLAR,qsfer function as a partial fractions expansion
programs to perform the simultaneous optimization of mag-

nitude response, phase response, peak overshoot, and quality A n Cis + Dy,
factors. In developing the framework, we derive a new analytic Hgep(s) = — + Z 52— 2aps + a2+ 02

S
approximation for peak overshoot, which we validate using k=1

by finding three new low-pass filter designs optimized for
multiple criteria. 11" a2, + 12,
In the framework, both the algebraic derivations and pro-Hstep(S) =% H (5 — (@m + 3bm))(5 — (am — jbm)
. . . m=1 m m m m

gramming tasks would be nearly impossible for a human to ;
carry out correctly. By performing both processes together, [ (s —(a+jd)(s—(a —jdl))]

' c? + d? '

1 { l

- o

we can validate that the assumptions in the algebraic deriva-
tions are legitimate and that the source code is generated
properly. Furthermore, the algebraic abstraction empowers fhige partial fractions expansion may be expressed as
researcher to create new filter design programs by simply

=

redefining the objective function—our software will take care A zn: By, n By
of recomputing the derivatives and regenerating the source s s—(ar+3by)  s— (ar — jby)
code.

where the second-order sections have been split up into first-
order sections. Thus

APPENDIX

DERIVATION OF THE STEP RESPONSE Cr = 2| By cos(£ By) (27)

For an analog filter withn conjugate pole pairs and
conjugate zero pairs, the transfer function of the impulse Dy = — 2| Bi|(ax cos(/By) + by sin(£/By))  (28)

response is
where the partial fraction coefficientd and B, can be

l LA 2c13+c12 +dz2 obtained as follows:

H i +d?

=1

n

11 a, + b3,
2 — 2a,,s + a2, + b2,

m=1

A =[Hgep(8)s],_ (29)

In the continuous time domain, the step response is . /B
By, = [Hswep(s)(s = (an + 3bk)] 0, 43, = |Brle’ =74

hstep(t) = h(t) *u(t). (30)
a2, + 02, [Il(ex = c) +i(br — d)][(ar — 1) + §(bx + di)]
Bk _ 1 m=1 . =1 (31)
27bi.(az, + 7bs r n
PRI T TT ok — am) + 50k — bl — ) B+ )]
=1 oo

H a2, +02,  [[VI(ar —e)? + (b — d)?M[(ax — ) + (b + dr)?]

|By| = 1 mzrl =1 (31a)

BRI | R I | [V G e (Tl (TR e

m=1
m#Ek
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Assuming that the analog filter is a low-pass prototype filteoptimization approach for multiple filter characteristics had
the dc value is 1, so its roots in a September 1993 discussion between B. Evans

and D. Firth.
A=1.

By substitutings = ax + jb; into (30), we have (31), shown
at the bottom™of the previous page. Next, we compute the
magnitude and phase féf;, based on (31) for use in (27) and [1] T. Saramaki and K.-P. Estola, “Design of linear-phase partly digital anti-
(28). The magnitude aBy, is shown in (31a), at the bottom of aliasing filters,” inProc. IEEE Int. Conf. Acoustics, Speech, and Signal
the previous page, where the negative sign befipie because Processing,Tampa, FL, Mar. 1985.

. T . S M. Lutovac, D. V. Tosic, and B. L. Evans, “Algorithm for symbolic
by is taken to be negative in our formulation. Similarly, the = design of elliptic filters,” inint. Workshop Symbolic Methods and Appli-

REFERENCES

i cations to Circuit Designl.euven, Belgium, Oct. 1996, pp. 248-251.
unwrapped phase QB is [3] S.Lawson and T. Wicks, “Improved design of digital filters satisfying a
n combined loss and delay specification,”livst. Elect. Eng. Proceedings
/B o G, June 1993, vol. 140, pp. 223-229.
k o Z [4] S. Wright, “Convergence of SQP-like methods for constrained optimiza-
m=1 tion,” SIAM J. Contr. Optim.yol. 27, pp. 13-26, Jan. 1989.
m#k [5] K. Schittkowski, “NLPQL: A Fortran subroutine solving constrained
bi, — b, by, + b, nonlinear programming problemsAnnals Oper. Res.yol. 5, no.
arctan | —— | + arctan | —— 1/2/3/4, pp. 485-500, 1986.
A — Om ax — am [6] S. Wolfram,The Mathematica Booldrd ed. Champaign, IL: Wolfram

[7] Matlab 5 User’s Guide. Natick, MA: The MathWorks Inc., 1997.
[8] A. Grace, Optimization Toolbox. Natick, MA: The MathWorks, Inc.,

)} Media Inc., 1996.
1992.

d by —d b +d
+ Z arctan L + arctan m
—1 ap — ¢ b

E— C
by
— arctan | — .
ag

Niranjan Damera-Venkata (S'99) received the
ffk a?d) ]ﬁgscfl’]ne tf)srmcompmed fromBy| and £By. Thus, i B.S.E.E. degree from the University of Madras,
step S

India, in July 1997, and the M.S.E.E. degree from
The University of Texas (UT) at Austin in May
1999. He is currently working toward the Ph.D. in
electrical engineering at UT at Austin.

He was awarded the 1998-1999 Texas Telecom-
munications Engineering Consortium Graduate
Fellowship from UT. His research involves phase-
locked loop design, optimal analog and digital filter

n

1
PRSI

k=1

Crs + Dy,
s? — 2ars + a3 + b3

which can be rewritten as

- ( ) 1 N zn: Chs N Dy, design, and digital image halftoning.
S) = — .
step s = (s—ap)2+b3  (s—ap)?+0b:
Therefore, taking their inverse Laplace transform, we obtai= z Brian L. Evans (S'88-M'93-SM'97) received the

B.S.E.E.C.S. degree from the Rose—Hulman In-
stitute of Technology, Terre Haute, IN, in May
1987, and the M.S.E.E. and Ph.D. degrees from

the step response

hstep(t) the Georgia Institute of Technology, Atlanta, GA,
n D + Cra in December 1988 and September 1993, respec-
_ axt k L tively.
=1+ Z ¢ [O’“ cos(bit) + < b ) Sm(bkt)} From 1993 to 1996, he was a Postdoctoral Re-
k=1

searcher at the University of California at Berkeley,
where he worked with the Ptolemy Project, a re-
search project and software environment focused
; F ; on design methodology for signal processing, communications, and controls
prowded_ that, # 0. By SUbStItUtmg (27) and (28) into (32)’ systems? In addition, gg has p?ayedpa key rolg(]a in the development and release
we obtain of six other computer-aided design frameworks. He is the primary architect
of the Signals and Systems Paftke Mathematica (1995). He is currently an

(32)

n
Assistant Professor in the Department of Electrical and Computer Engineering,
et
hstep(t) =142 Z | Bi|e®" cos(bxt + £By). The University of Texas (UT) at Austin. He is the Director of the Embedded
k=1 Signal Processing Laboratory within the Center for Vision and Image Sciences.

His research interests include real-time embedded systems, signal, image, and

video processing systems, system-level design, symbolic computation, and
ACKNOWLEDGMENT filter design. At UT, he developed and currently teaches multidimensional

The authors would like to thank the following for theirdigital signal processing, embedded software systems, and a real-time digital

. . . . . . signal processing laboratory, both to respond to the needs of industry and
valuable suggestions: D. R. Firth of Precision Filters, Ithacgeit students for his research group.

NY; Prof. E. A. Lee of the University of California at Dr. Evans is an Associate Editor of the IEEERANSACTIONS ON IMAGE

Berkeley; Prof. M. D. Lutovac and Prof. D. V. Tosic of theProcessingand a member of the Design and Implementation of the Signal
’ Processing Systems Technical Committee of the IEEE Signal Processing

Univ_erSity of Belgrade_z, Serbia, Yugoslavia; and K. D Whitgociety. He was the recipient of a 1997 National Science Foundation CAREER
of Diva Communications, Berkeley, CA. This entire jointaward.



