





I Overview of Talk

Introductory example

Review of some basics
(factor graphs / SPA / xed points of the SPA / graph covers)

Re-interpretation of xed points of the SPA
In terms of graph covers and valid con gurations therein

Re-interpretation of the transient part of the SPA
In terms of a graph-dynamical system
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Experiment: let us plack! particlesin a uniformly and independently
distributed manner on a very ne lattice bounded by a box.

This experiment has many possible outcomes. Here are twWewof, t

Which one of the above two outcomes is more likely to happen?
Both scenarios are equally likely!



I Particles In a Box

Experiment: let us plack! particlesin a uniformly and independently
distributed manner on a very ne lattice bounded by a box.

This experiment has many possible outcomes. Here are twWewof, t

Better question:when doing this experiment again, is the outcome
more likelyto look nearly like outcome 1 or like outcome 2?
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microstate = Coordinates of alM particles
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microstate = Coordinates of alM particles
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The results of the previous experiment:
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Particles In a Box

The results of the previous experiment:

2/1:1/ 1! 1 120 2/212:1:0:0:0!0
10111111 32330000
122710002010 101 1127172000 0
71107101110 2/0010 1 471312121000 0
2'1:1:10 1) 1 1 1 '1:3:1.3.0.0. 0.0
0/1/0/2/1:1/0/1 2/2/2/1/0/0/0/0

microstate = Coordinates of alM particles

macrostate= "Summary" of a microstate
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I Particles In a Box
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Note: ' Is usually a many-to-one mapping.
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macrostate
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l(macrostate 2

N

(macrostate ) A #'

Here:#' it
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I Particles in a Box with Gradient Field
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I Particles in a Box with Gradient Field
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I Static vs. Dynamic Setup

Static setup: |will model x points of the SPA
P(M) / exp | M CE(M) C#'il(M)

Dynamlc setup:
p' M(t + ¢, t) m(t) _

- - ¢
/ exp i M CE M(t+¢ 1) m(t) ¢# iU M(t+¢ 1) m(t)

\"4

Better dynamic se&up: will model the transient part of the SRA

p' M(t + ¢, t) M(t) | _ ¢
/| exp | MGE M(t+¢ t) I\/I(t) c#' U M(t+C 1) M(t)
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I Forney-style Factor Graphs (FFGS)

fa fg

‘ W Z

fc

Factor graphavere de ned in [Kschischang:Frey:Loeliger:01].

Normal (factor) graphsvere de ned in [Forney:01].

) We will call them~orney-style Factor graphs (FFGS)
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I Forney-style Factor Graphs (FFGS)

The above FFG has
the local functiond 5, fg, andf ¢,

the edgescorresponding to the variablés and Z,

the half edgesorresponding to the variables W, andY,
and nally the global functionf 5 (u; w; x) ¢fg(X;Vy; 2) ¢f c(2).
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I Forney-style Factor Graphs (FFGS)

fa fg

‘ W Z

fc

A con gurationis a particular assignment of values to all variabl
The con guration space is the set of all con gurations.

A con guration! 2 - is calledvalidif f (! ) 6 0.

System variableX - ! Ay ! 7l x=X(1).
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(s
X, Ta X5
ol
f,1 fo(Xs5)
X1
B
L fe(Xs)
1 X X X
= fa(X1;X2;X3;X5) €51 ,(X1) €5, ,(X2) 5y £,(X3)
Zf“! 5 x1 X2 x3

Note: - '1 f IS suitably chosen depending on the setup.
4° s
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I SPA: Computing Marginalsm

1%
X, fa f<'_f4(x5)
f2. . . .f5
X5
X1
5
“1.(X1; X2; X35 X5)
1
= Zf4(X1,X2,X3,X5)¢1f1! fa(X1) o1 1,(X2) € rgr 1,(X3) EHigr 1,(X5)
4

Note: ﬁ IS suitably chosen depending on the setup.
4
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I Fixed Points of the SPA

Theorem (Yedidia/Freeman/Weiss, 2000)

Fixed points of the SPA correspond to stationary points ef th
Variational Bethe free energy (VBFE).

Note that the VBFE is ampproximatiorof the Var. Gibbs free energy:

If it iIs anapproximationhow Is it possible that we obtain axact
result like in the above theorem?

What is themeaningof the VBFE?
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I Graph Covers

O () O d () O
® () O 5 () O
(possible)
original graph M -fold cover of

original graph

An M -fold covens also called aover of degre®1. Do not confuse
this degree with the degree of a vertex!
Note: there are many posside-fold covers of a graph.
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original graph

NIFS

NN N

e e e
/ i j
.<
e . e e

sample of possible
double covers of
the original graph

Note: the above graph haa! ¢2! ¢2! ¢2! ¢2! = 32 double covers.
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N NN N

e e . e e
~ ’ '<W
e . e e
sample of possible
original graph double covers of

the original graph

Note: the above graph haa! ¢2! ¢2! ¢2! ¢2! = 32 double covers.
In general# &, = #( M-covers ofG) = (M !)#Edges(C),
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and Valid Con gurations Therein

Y1 X11=1
X12=1

The components of the Rt

pseudo-codeword

Y2 X21=0
L= (gt " gt
associated toc are given by Vo gy X1
X32=0

1 X Y3 u 3;2

! I T—— Xﬁl;m

m2[M] \Z X'4;1 =0

Ya X42=0
H



I Graph Covers
and Valid Con gurations Therein

5 Y1 X11=1
The components of the 1= 5q o gXe=t

pseudo-codeword
Y2 X“2;1:0
| :(!1;:::;!n) IZZ% y2 .X2;2=1
associated to¢ are given by [ g Xas]
1 X ! 3 — é Y3 . X3;2:0

! I N X"i;m

m2[M] 0 Ya X41=0
! 4 - z Y4 . X'4;2:0
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I Graph Covers
and Valid Con gurations Therein

Using the language of the rst part of this talk, let us comsithe
following setup.

Fix some positive integdi .
(Finally, we are mostly interested in the linMt ' 1 )
Set of m Icrostates, set of microstatesy

. ¢_
, I@; g &2 §,; ris a valid con guration ir§y

Mapping'

' ¢
maps I@;E to ! (B)

Set of macrostates, set ofmacrostates,

, ' m(set ofmicrostateg
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Note:

#( set of macrostate3 = poly( M)

Note:

3

closure I\/Ililrln (set of macrostateg = fundamental polytope
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Theorem (Yedidia/Freeman/Weiss, 2000)

Fixed points of the SPA correspond to stationary points ef th
Variational Bethe free energy (VBFE).

Re-interpretation in terms of graph covers:
Let

3
P(microstate) , exp | M ¢ ' y (microstate);,

Then

3

: ®
P(macrostatg = exp | M ¢ macrostate ,

¢#' 1 Y(macrostatd



I Fixed Points of the SPA

Theorem (Yedidia/Freeman/Weiss, 2000)
Fixed points of the SPA corresponddtationary points of the
Variational Bethe free energy (VBFE).




I Fixed Points of the SPA
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I Fixed Points of the SPA

Theorem (Yedidia/Freeman/Weiss, 2000)
Fixed points of the SPA correspond tocal minima of the
Variational Bethe free energy (VBFE).

Re-interpretation in terms of graph covers:
A xed point of the SPA corresponds toraacrostate! ,
l.e., apseudo-codeword, that is a local maximimumof
3 ) (Rj |
P(!)/ exp i M¢!: — ¢#" 1)

whenM goes to in nity.



I Justifying this Resulégredient 1)




I Justifying this Resulégredient 1)

Theorem: For anymacrostate! , i.e., pseudocodeword,

lim ilog# m ()
M1 M # 6y

= Hpethe (! ) :




I Justifying this Resulégredient 1)

Theorem: For anymacrostate! , I.e., pseudocodeword,

lim ilog# m ()
M1 M # 6y

- HBethe(! ):

Similarly to the computation of the asymptotic growth rate of average Hamming spectra
one has to be somewhat careful in formulating the above limit;we leave out the details.



I Justifying this Resulégredient 1)

Theorem: For anymacrostate! , I.e., pseudocodeword,

lim ilog# m ()
Mi1 M # 6y

- HBethe(! ):

Similarly to the computation of the asymptotic growth rate of average Hamming spectra
one has to be somewhat careful in formulating the above limit;we leave out the details.

Note: The ratio
#° |l\/|l(| )
# Gy
represents the average number of valid con guratioagper M -fold

cover with associated pseudo-codewadrd Therefore,Hgeihe (! ) gives
the asymptotic growth rate of that quantity.
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Theorem: For anymacrostate! , I.e., pseudocodeword,

lim ilog# m ()
Mi1 M # 6y

- HBethe(! ):

The

above result is based on similar computations as in the

derivation of theasymptotic growth rate of the average Hammin
weight of protograph-based LDPC codé€X.

Tot

Fogal/McEliece/Thorpe, 2005],
papers by Divsalar, Ryan, et al. (2005 ).

ne best of our knowledge, the above interpretation of the

Bethe entropy cannot be found in the literature (besides #ile t

that

we gave at the 2008 Allerton Conference.)
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Remember
Feethe (! ) = Uethe(! ) i Hpethe(! ) :
Therefore,
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I Justifying this Resulgredient 2)

Remember
Feethe(! ) = Usethe(! ) i Hpethe(! ) :
Therefore,
| " =argmin +Fgete(! )

= argmax i Feene(! )

= argmax i Ugethe (! ) + Haethe (! )
with

Usare(1)= i

U 1

. 1 . 1
+Heeme(! ) = lim - =-log#' (1) i - log# Gy
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I Graph-Dynamical Systems

We want to show that théransient part of the SPAan be expressed i
terms of agraph-dynamical system

Graph-dynamical syste(a.g., [Prisner:95]):
Letj be a set of graphs.
Let? be some (possibly random) mapping fronto j .

Because the domain and the range*ofire equal, it makes sense
to study the repeated application of the mapptg

i i!a i i!a (l:(l:(ti!a i



I Review
(of the setup used in the re-interpretation of f.p.s of the SPA)

Set of microstates
i, ¢ . . -
, & r 82 G&G,; ris avalid con guration ir§y
Mapping’ w
i ¢
maps ‘& r to ! (R)

Set of macrostates

, ' wm (set of microstategy
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Corresponding Setup for the
Transient Part of the SPA

Set of microstates

?7?7?
Mapping® w
?7?7?
Set of macrostates
?7?7?
Note: | = set ofM -covers ofG and valid con gurations therein

IS obviously not su cient.
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I Corresponding Setup for the
Transient Part of the SPA

Set of microstates

) i = set of what we caltolored hypergrap -cover

or colored twistedM -cover
Mapping’ wm

?7?7?
Set of macrostates

set of all possible marginals on the LHS function nodes

£ set of all possible marginals on the RHS function nodes
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= 0
= \
=
=
[=] ] =]
=
=} 0
=<2
=}
edge corrsponding edges corresponding edges
in FFG in some colored 3-cover in colored hypergraph 3-cover
LHS and RHS marginals|LHS and RHS marginals
must match do not haveto match
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I Comment omMacrostates

et (0) et (0) eft (1) et (1) eft (2)
ight () right (0:9) right (0:9) right (1:9) right (1:9)

) This can be considered as a "message-free version of the SPA".

Cf. Message-free version of belief-propagation
In [Wainwright/Jaakkola/Willsky, 2003].
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I Conclusions

Talked aboutmicrostates macrostates and their uses.

Given a re-interpretation of xed points of the SPA
In terms of graph covers and valid con gurations therein

Touched upon a re-interpretation of the transient part of &ieA
In terms of a graph-dynamical system









