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Reliable Communication

One of the main motivation fo r studying co ding theo ry is b ecause one

w ould lik e to reliably transmit info rmation over noisy channels.

Stream of input symbols Stream of output symbolsNoisy
Channel
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Discrete Memo ryless Channels (P a rt 1)

DMC
xn ; xn � 1 ; : : : ; x 3 ; x2 ; x1 yn ; yn � 1 ; : : : ; y3 ; y2 ; y1

A simple class of channel mo dels is the class of discrete memo ryless

channels ( DMCs ). A DMC is a statistical channel mo del that is

cha racterized b y

a discrete (o r at most countably in�nite) input alphab et X

a discrete (o r at most countably in�nite) output alphab et Y
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Discrete Memo ryless Channels (P a rt 2)

DMC
xn ; xn � 1 ; : : : ; x 3 ; x2 ; x1 yn ; yn � 1 ; : : : ; y3 ; y2 ; y1

(list continued)

a conditional p robabilit y mass function (pmf ) PYi jX i (yi jx i ) that

tells us the p robabilit y of observing the output symb ol yi given

that the input symb ol x i w as sent

the fact that the transmission at di�erent time indices is

statistically indep endent, i.e., using x , (x1; : : : ; xn ) and

y , (y1; : : : ; yn ) w e have

PY jX (y jx) =
nY

i =1

PYi jX i (yi jx i )
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The Bina ry Symmetric Channel

"

"

1 � "

1 � "

0

1

0

1

Let " 2 [0; 1]. A simple mo del is e.g. the bina ry symmetric channel

(BSC) with cross-over p robabilit y " . It is a DMC

with input alphab et X = f 0; 1g,

with output alphab et Y = f 0; 1g,

and with conditional p robabilit y mass function

PYi jX i (yi jx i ) =

8
<

:
1 � " (yi = x i )

" (yi 6= x i )
:
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The Bina ry Erasure Channel

1 � �

1 � �

0

1

0

1

�

�

�

Let � 2 [0; 1]. Y et another p opula r mo del is the bina ry erasure channel

(BEC). It is a DMC

with input alphab et X = f 0; 1g,

with output alphab et Y = f 0; � ; 1g,

and with conditional p robabilit y mass function

PYi jX i (yi jx i ) =

8
<

:
1 � � (yi = x i )

� (yi = � )
:
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The Bina ry-Input A W GNC

Let � 2

b e a non-negative real numb er. Another p opula r mo del (which is

strictly sp eaking not a DMC, though) is the bina ry-input additive white

Gaussian noise channel (A W GNC). It is a memo ryless channel mo del

with discrete input alphab et X = f 0; 1g,

with continuous output alphab et Y = R,

and with conditional p robabilit y densit y function

pYi jX i (yi jx i ) =
1

p
2��

exp
�

�
(yi � x i )2

2� 2

�
;

where

x i , 1 � 2x i ,

8
<

:
+1 ( x i = 0)

� 1 (x i = 1)
:
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Unco ded T ransmission

DMC
xn ; xn � 1 ; : : : ; x 3 ; x2 ; x1 yn ; yn � 1 ; : : : ; y3 ; y2 ; y1

Consider a BSC with cross-over p robabilit y " 2 [0; 1=2].

Assume that w e use unco ded transmission, i.e. w e directly send the

info rmation bits over the BSC.

Our b est decision ab out x i will b e

x̂ i , yi :

It is easily seen that the erro r p robabilit y is

Pr
�

X̂ i 6= X i

�
= ":
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A Better App roach (P a rt 1)

Encoder

Decoder

Parser

DMC

f utk +1 ; : : : ; u tk + k gtf ut gt f (x tn +1 ; : : : ; x tn + n )gt

f (ûtk +1 ; : : : ; ûtk + k )gt

f (x̂ tn +1 ; : : : ; x̂ tn + n )gt

f (ytn +1 ; : : : ; ytn + n )gt

Firstly , w e pa rse the string of info rmation symb ols into blo cks of length

k .

Secondly , instead of sending the comp onents of the

info rmation w o rd (utk +1 ; : : : ; utk + k )

over the channel, w e map (enco de) the info rmation w o rd to a

co dew o rd

�
x tn +1 ; : : : ; x tn + n

�
;

whose comp onents a re then sent over the channel.
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A Better App roach (P a rt 2)

Encoder

Decoder

Parser

DMC

f utk +1 ; : : : ; u tk + k gtf ut gt f (x tn +1 ; : : : ; x tn + n )gt

f (ûtk +1 ; : : : ; ûtk + k )gt

f (x̂ tn +1 ; : : : ; x̂ tn + n )gt

f (ytn +1 ; : : : ; ytn + n )gt

Based on the

observed channel output

�
ytn +1 ; : : : ; ytn + n

�

w e mak e a decision

(ûtk +1 ; : : : ; ûtk + k ) ab out the info rmation vecto r (utk +1 ; : : : ; utk + k );

o r a decision

�
x̂ tn +1 ; : : : ; x̂ tn + n

�

ab out the co dew o rd

�
x tn +1 ; : : : ; x tn + n

�
:
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A Better App roach (P a rt 3)

Consider the follo wing en-/de-co ding scheme with U = X = f 0; 1g, k = 1 ,

and n = 5 that is used fo r data transmission over a BSC with cross-over

p robabilit y " 2 [0; 1=2]. (Without loss of generalit y , w e can fo cus on t = 0 .)

Encoder

Decoder

Parser

BSC

(u1)u1 (x1 ; : : : ; x 5)

(û1)
(x̂1 ; : : : ; x̂5)

(y1 ; : : : ; y5)

If (u1) = (0) then w e send the co dew o rd x = (0 ; 0; 0; 0; 0).

If (u1) = (1) then w e send the co dew o rd x = (1 ; 1; 1; 1; 1).

W e use the deco der

(û1) =

8
<

:
(0) if y contains mo re zeros than ones

(1) if y contains mo re ones than zeros

:
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A Better App roach (P a rt 4)

F o r obvious reasons, the ab ove co ding scheme is called a rep etition

co de.

The rate of the co de is R = k=n = 1=5.

The erro r p robabilit y is

Pr
�

Û1 6= U1

�
=

�
5
3

�
(1 � " )2"3 +

�
5
4

�
(1 � " )1"4 +

�
5
5

�
(1 � " )0"5;

which fo r small " is clea rly smaller than in the unco ded case, but w e

have to pa y fo r this imp rovement b y sending mo re symb ols over the

channel.

Despite this initial success, one has the feeling that one could construct

much b etter rate- 1=5 co des b y taking k and n la rger with n = 5k .
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A Better App roach (P a rt 5)

The co de (o r co deb o ok ) is the set of all co dew o rds:

C ,
�

x 2 X n
�
�

there exists an u 2 Uk

s.t. x = Encoder(u)
	

The dimensionless rate of the co de is

R ,
k
n

:

The dimensioned rate of the co de is

R ,
k log2 jUj

n

[bits p er channel use] :

Note that if jUj = 2 then the dimensionless and the dimensioned rate

a re equal. In the follo wing, w e will mostly deal with the case

jUj = jX j = 2 and so w e will simply talk ab out the rate R .
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A Better App roach (P a rt 6)

An imp o rtant quantit y cha racterizing a co de is the minimum

Hamming distance

dmin (C) , min
x ; x 02 C

x 6= x 0

dH(x; x0);

where dH(x; x0) is the Hamming distance b et w een x and x0

.

F o r a linea r blo ck co de w e have

dmin (C) = min
x 2 C
x 6= 0

wH(x);

where wH(x) is the Hamming w eight of x .
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Info rmation Theo ry (P a rt 1)

Encoder

Decoder

Parser

DMC

f utk +1 ; : : : ; u tk + k gtf ut gt f (x tn +1 ; : : : ; x tn + n )gt

f (ûtk +1 ; : : : ; ûtk + k )gt

f (x̂ tn +1 ; : : : ; x̂ tn + n )gt

f (ytn +1 ; : : : ; ytn + n )gt

What do es info rmation theo ry tell us ab out our setup?

=) T o every DMC w e can asso ciate a numb er called the

capacit y C [bits p er channel use] .
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Info rmation Theo ry (P a rt 2)

Channel Co ding Theo rem

Let the (dimensioned) rate R b e such that R < C .

Fix an a rbitra ry � > 0.

Then there exists a sequence of enco ders/deco ders with

info rmation w o rd length k` and blo ck length n` with

R =
k` log2(jUj)

n`

such that the blo ck erro r p robabilit y ful�lls

Pr
� �

Û1; : : : ; Ûk`

�
6= (U1; : : : ; Uk` )

�
< �

as k` ! 1 (and therefo re as n` ! 1 ).
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Info rmation Theo ry (P a rt 3)

Converse to the Channel Co ding Theo rem

Let the (dimensioned) rate R b e such that R > C .

Then fo r any sequence of enco ders/deco ders with info rmation

w o rd length k` and blo ck length n` with

R =
k` log2(jUj)

n`

the blo ck erro r p robabilit y

Pr
� �

Û1; : : : ; Ûk`

�
6= (U1; : : : ; Uk` )

�

is strictly b ounded a w a y from zero fo r any k` (and therefo re also

fo r any n` ). F o r mo re p recise statements, see e.g. Cover and Thomas [1].
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Info rmation Theo ry (P a rt 4)

Note that the channel co ding theo rem is a purely existential result and is based on the use of

so-called random co des, i.e. one can sho w that the �average random co de� is go o d enough under

maximum lik eliho o d (ML) deco ding.

A random co de can b e constructed as follo ws: the ?-entries in the enco ding table b elo w must b e

�lled with randomly selected elements of X . (Here sho wn fo r jUj = f 0; 1g, k = 3 , and n = 5 ).

(u1 ; u2 ; u3 ) (x1 ; x2 ; x3 ; x4 ; x5 )

( 0 ; 0 ; 0 ) ( ? ; ? ; ? ; ? ; ? )

( 0 ; 0 ; 1 ) ( ? ; ? ; ? ; ? ; ? )

( 0 ; 1 ; 0 ) ( ? ; ? ; ? ; ? ; ? )

( 0 ; 1 ; 1 ) ( ? ; ? ; ? ; ? ; ? )

( 1 ; 0 ; 0 ) ( ? ; ? ; ? ; ? ; ? )

( 1 ; 0 ; 1 ) ( ? ; ? ; ? ; ? ; ? )

( 1 ; 1 ; 0 ) ( ? ; ? ; ? ; ? ; ? )

( 1 ; 1 ; 1 ) ( ? ; ? ; ? ; ? ; ? )

If one w ants to generate a sequence of capacit y-achieving (c.a.) co des then the ?-entries must b e

�lled with randomly and indep endently selected elements from X acco rding to the so-called c.a.

input distribution. Mo reover, k and n must go to 1 whereb y R = k log2 (jUj)=n .

18 Novemb er 10, 2006

Info rmation Theo ry (P a rt 5)

F o r the bina ry-input A W GNC, the BSC, and the BEC this means that all

entries should b e randomly and indep endently chosen such that there a re

ab out the same numb er of zeros and ones.

Ho w ever, enco ding has extremely high memo ry complexit y b ecause the

whole enco ding table has to b e sto red.

Mo reover, ML deco ding (o r even some sub-optimal deco ding) of such a

co de has extremely high memo ry and computational complexit y .

Enco ding/deco ding of such random co des of reasonable length and rate is

highly imp ractical.

) W e need co des with mo re structure!

Luckily , the channel co ding theo rem imp oses only small constraints on the

co des, i.e. it leaves a lot of freedom in designing go o d co des.
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Co ding Theo ry (P a rt 1.1)

In o rder to obtain p ractical enco ding and co ding schemes, p eople have

restricted themselves to certain classes of co des that have some structure

that can b e exploited fo r enco ding/deco ding. (Here w e only discuss the case

U = X = f 0; 1g.) (Of course, b y restricing oneself to certain classes of co des, it can happ en

that one loses in p erfo rmance compa red to the the b est p ossible co ding scheme where no

restriction is imp osed on the enco ding and deco ding complexit y .)

Restriction that the enco ding map is linea r over F2 .

This allo ws one to use results from linea r algeb ra .

Enco ding can b e cha racterized b y a k � n matrix G over F2 :

C =
n

x 2 Fn
2

�
�

there exists an u 2 Fk
2 such that x = u � G

o
:

G is called the generato r matrix.

The co de C is a k -dimensional subspace of Fn
2 . The pa rameter k is therefo re often

called the dimension of the co de.
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Co ding Theo ry (P a rt 1.2)

Restriction that the enco ding map is linea r over F2 (continued).

A rank- (n � k) matrix H of size m � n over F2 such that

C =
n

x 2 Fn
2

�
� x � H T = 0

o
:

is called a pa rit y-check matrix. Note that m � n � k . (It is clea r that fo r a given co de

C there a re many p ossible pa rit y-check matrices.)

Some simpli�cations can b e done in the ML deco der.

The all-zeros w o rd is alw a ys a co dew o rd. F o r analysis purp oses , w e can alw a ys assume

that the all-zeros co dew o rd w as sent. (F o r this statement w e assumed that the

channel is output-symmetric and that the deco der is symmetric.)

) The resulting co des a re called linea r blo ck co des .

) A linea r co de of length n , dimension k , and minimum distance dmin is called an [n; k ] bina ry

linea r co de o r an [n; k; d min ] bina ry linea r co de.
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Co ding Theo ry (P a rt 2)

Restriction that the enco ding map is linea r over F2 and that cyclic shifts of co dew o rds a re

again co dew o rds .

This allo ws one to use results from linea r algeb ra and results ab out p olynomials . ( )

F undamental theo rem of algeb ra , discrete F ourier transfo rm .)

Enco ding can b e cha racterized b y a monic degree- (n � k) p olynomial g(X ) 2 F2 [X ] :

C =

8
<

:
c(X ) 2 F2 [X ]

�
�
�
�
�
�

there exists an u(X ) 2 F2 [X ]

s.t. deg(u(X )) < k and s.t. c(X ) = u(X ) � g(X )

9
=

;
:

g(X ) is called the generato r p olynomial.

There is a monic degree- k p olynomial h(X ) 2 F2 [X ] such that

C =
n

c(X ) 2 F2 [X ]
�
� deg(c(X )) < n and s.t. c(X ) � h(X ) = 0 (mod X n � 1)

o
:

h(X ) is called the pa rit y-check p olynomial.

Enco ding can b e done very e�ciently (esp ecially in ha rdw a re).

) The resulting class of co des is called cyclic blo ck co des.
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Co ding Theo ry (P a rt 3)

Some rema rks:

Cyclic blo ck co des have traditionally b een one of the most p opula r

classes of co des.

) Reed-Solomon co des, BCH co des, Reed-Muller co des, etc.

Within the class of linea r blo ck co des there a re many sp ecial

classes, e.g. the class of algeb raic-geometry co des . (Here one can

use the p o w erful Riemann-Ro ch Theo rem.)

etc.

See e.g. the b o ok b y MacWilliams and Sloane [2 ] that contains many

results on �traditional� co ding theo ry .
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Co ding Theo ry (P a rt 4)

Mo dern co ding theo ry is based on co des that have a spa rse

graphical rep resentation with small state-space sizes .

F o r such co des, very e�cient, although usually sub optimal,

deco ding algo rithms a re kno wn (sum-p ro duct algo rithm

deco ding, min-sum algo rithm deco ding, etc.).

Designing go o d co des is ab out �nding graphical

rep resentations where these deco ding algo rithms w o rk w ell.
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�T raditional� vs. �Mo dern�

Co ding and Deco ding

(Sum-product algorithm, etc.)
"Modern"

etc.

Reed-Solomon codes

Iterative decoding?

?"Traditional"

Code design Decoding
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�T raditional� vs. �Mo dern�

Co ding and Deco ding

(Sum-product algorithm, etc.)

"Traditional"

"Modern"

Code design Decoding

etc.

Reed-Solomon codes Berlekamp-Massey decoder

etc.

Iterative decodingCodes on Graphs

(LDPC/Turbo codes, etc.)
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The La w of La rge Numb ers

The channel co ding theo rem and many other results in info rmation

theo ry rely on the la w of la rge numb ers . That is why co ding/deco ding

w o rks b etter the longer the co des a re. Ho w ever, in many p ractical

applications one w ants to limit dela ys . So, t ypically uses co des have

blo ck lengths of a few hundreds up to a few thousands (and sometimes

a few ten thousands).
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