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ML Deco ding vs. LP Deco ding

Maximum-lik eliho o d (ML) deco ding:

x̂ = arg min
x 2 conv(\ m

j =1 Cj )

nX

i =1


 i x i :

Linea r p rogramming (LP) deco ding:

!̂ = arg min
! 2\ m

j =1 conv(Cj )

nX

i =1


 i ! i :

P(H ) ,
T m

j =1 conv(Cj ) is called the fundamental p olytop e.

K(H ) ,
T m

j =1 conic(Cj ) = conic(P(H )) is called the fund. cone.
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Linea r Programs (P a rt 1)

arg max
! 2A

nX

i=1

ci ! i

! 2

! 1

! (1)

! (5)

! (2)

! (3)

! (4)

Because the cost function is linea r and b ecause A is a

p olytop e , one of the vertices of A is alw a ys in the solution

set.
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Linea r Programs (P a rt 2)

c1

c2

! 1

! 2

! (5)

! (2)
! (4)

! (1)

! (5)

! (2)

! (3)

! (4)

! (1)

! (3)

K ?
1

! (1) + K ?
1

arg max
! 2A

nX

i=1

ci ! i
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Linea r Programs (P a rt 2)

! 2

c1

c2

! 1

! (5)

! (2)
! (4)

! (1)

! (5)

! (2)

! (3)

! (4) K ?
2

! (1)

! (3)

! (2) + K ?
2

arg max
! 2A

nX

i=1

ci ! i
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Linea r Programs (P a rt 2)

! 2

c1

c2

! 1

! (5)

! (2)
! (4)

! (1)

! (5)

! (2)

! (3)

! (4) K ?
2

K ?
4

K ?
5 ! (1)

! (3)

K ?
3

K ?
1

! (2) + K ?
2

! (3) + K ?
3

! (4) + K ?
4

! (5) + K ?
5

! (1) + K ?
1

arg max
! 2A

nX

i=1

ci ! i
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Relaxed Linea r Programs (P a rt 1)

arg max
! 2A

nX

i=1

ci ! i

is replaced b y

! 2

! 1
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Relaxed Linea r Programs (P a rt 1)

arg max
! 2A

nX

i=1

ci ! i

is replaced b y

arg max
! 2A 0

nX

i=1

ci ! i

! 2

! 1
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Relaxed Linea r Programs (P a rt 1)

arg max
! 2A

nX

i=1

ci ! i

is replaced b y

arg max
! 2A 0

nX

i=1

ci ! i

! 2

! 1
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Relaxed Linea r Programs (P a rt 2)

arg max
! 2A

nX

i=1

ci ! i

is replaced b y

! 2

! 1
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Relaxed Linea r Programs (P a rt 2)

arg max
! 2A

nX

i=1

ci ! i

is replaced b y

arg max
! 2A 0

nX

i=1

ci ! i

! 2

! 1
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F undamental P olytop e

H =

0

B
B
@

1 1 1 0 0

0 1 0 1 1

0 0 1 1 1

1

C
C
A

) C1

) C2

) C3

) conv(C1)

) conv(C2)

) conv(C3)

) C =
m\

j =1

Cj ) P(H )=
m\

j =1

conv(Cj )

| {z }

F undamental p olytop e

0

FP
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F undamental P olytop e / Cone (P a rt 1)

H =

0

B
B
@

1 1 1 0 0

0 1 0 1 1

0 0 1 1 1

1

C
C
A

) conv(C1)

) conv(C2)

) conv(C3)

) conic(C1)

) conic(C2)

) conic(C3)

) P(H )=
m\

j =1

conv(Cj )

| {z }

F undamental p olytop e

) K(H )=
m\

j =1

conic(Cj )

| {z }

F undamental Cone

0

FP

0

FP
FC
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Convex Hull of Simple Co des (P a rt 1)

Let C b e de�ned b y the pa rit y-check matrix

H =
�

1 1
�

:

Then

C =
�

(0; 0); (1; 1)
	

and

conv(C) =

8
<

:
! 2 [0; 1]2

�
�
�
�
�
�

� ! 1+ ! 2 � 0

+ ! 1� ! 2 � 0

9
=

;
;

where [0; 1] = f r 2 R j 0 � r � 1g.
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Convex Hull of Simple Co des (P a rt 2)

Let C b e de�ned b y the pa rit y-check matrix

H =
�

1 1 1
�

:

Then

C =
�

(0; 0; 0); (1; 1; 0); (1; 0; 1); (0; 1; 1)
	

and

conv(C) =

8
>>>>><

>>>>>:

! 2 [0; 1]3

�
�
�
�
�
�
�
�
�
�
�

� ! 1+ ! 2+ ! 3 � 0

+ ! 1� ! 2+ ! 3 � 0

+ ! 1+ ! 2� ! 3 � 0

� ! 1� ! 2� ! 3 � � 2

9
>>>>>=

>>>>>;

:
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Conic Hull of Simple Co des (P a rt 1)

Let C b e de�ned b y the pa rit y-check matrix

H =
�

1 1
�

:

Then

C =
�

(0; 0); (1; 1)
	

and

conic(C) =

8
<

:
! 2 R2

+

�
�
�
�
�
�

� ! 1+ ! 2 � 0

+ ! 1� ! 2 � 0

9
=

;
;

where R+ = f r 2 R j r � 0g.
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Conic Hull of Simple Co des (P a rt 2)

Let C b e de�ned b y the pa rit y-check matrix

H =
�

1 1 1
�

:

Then

C =
�

(0; 0; 0); (1; 1; 0); (1; 0; 1); (0; 1; 1)
	

and

conic(C) =

8
>><

>>:
! 2 R3

+

�
�
�
�
�
�
�
�

� ! 1+ ! 2+ ! 3 � 0

+ ! 1� ! 2+ ! 3 � 0

+ ! 1+ ! 2� ! 3 � 0

9
>>=

>>;
:
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A Simple Co de (P a rt 1)

As b efo re, let us consider the length- 3 co de C de�ned b y the

pa rit y-check matrix

H =

0

B
B
@

1 1 0

1 1 1

0 1 1

1

C
C
A :

The co de C can b e written as C = C1 \ C 2 \ C 3 with

C1 =
�

(0; 0; 0); (1; 1; 0); (0; 0; 1); (1; 1; 1)
	

C2 =
�

(0; 0; 0); (1; 1; 0); (1; 0; 1); (0; 1; 1)
	

C3 =
�

(0; 0; 0); (0; 1; 1); (1; 0; 0); (1; 1; 1)
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A Simple Co de (P a rt 2)

The fundamental p olytop e is P (H ) = conv( C1) \ conv(C2) \ conv(C3) with

conv(C1) = conv
� �

(0; 0; 0); (1; 1; 0); (0; 0; 1); (1; 1; 1)
	 �

=

8
<

:
! 2 [0; 1]3

�
�
�
�
�
�

� ! 1+ ! 2 � 0

+ ! 1 � ! 2 � 0

9
=

;

conv(C2) = conv
� �

(0; 0; 0); (1; 1; 0); (1; 0; 1); (0; 1; 1)
	 �

=

8
>>>>><

>>>>>:

! 2 [0; 1]3

�
�
�
�
�
�
�
�
�
�
�

� ! 1+ ! 2+ ! 3 � 0

+ ! 1 � ! 2+ ! 3 � 0

+ ! 1+ ! 2 � ! 3 � 0

� ! 1 � ! 2 � ! 3 � � 2

9
>>>>>=

>>>>>;

conv(C3) = conv
� �

(0; 0; 0); (0; 1; 1); (1; 0; 0); (1; 1; 1)
	 �

=

8
<

:
! 2 [0; 1]3

�
�
�
�
�
�

� ! 2+ ! 3 � 0

+ ! 2 � ! 3 � 0

9
=

;
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A Simple Co de (P a rt 3)

! 1

! 3

(0; 0; 0)
! 1

! 3

(0; 0; 0)

(0; 0; 1)

(1; 1; 1)

(1; 1; 0) (1; 1; 0)

(1; 0; 1)

! 1

! 3

(0; 0; 0)
! 1

! 3

(0; 0; 0)

(1; 1; 1)

� 2
3 ; 2

3 ; 2
3

�

(1; 0; 0)

(0; 1; 1)

(0; 1; 1)

! 2 ! 2

! 2 ! 2

conv(C1) conv(C2)

conv(C3) P (H )
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T anner / F acto r graphs

I 2(x2; x3; x4)

I 3(x4; x5; x6)

x1

x2

x3

x4

x5

x6

I 1(x1; x2; x5)

Co dew o rd indicato r function:

I 1 (x1 ; x2 ; x5 ) � I 2 (x2 ; x3 ; x4 ) � I 3 (x4 ; x5 ; x6 )

=
�
(x1 ; x2 ; x5 ) 2 C1

�
�

�
(x2 ; x3 ; x4 ) 2 C2

�
�

�
(x4 ; x5 ; x6 ) 2 C3

�

Note: x i 2 f 0; 1g

H =

0

B
B
@

1 1 0 0 1 0

0 1 1 1 0 0

0 0 0 1 1 1

1

C
C
A
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Pseudo-Co dew o rds /

F undamental P olytop e

! 1

! 2

! 3

! 4

! 5

! 6

I 2(x2; x3; x4)

I 3(x4; x5; x6)

x1

x2

x3

x4

x5

x6

I 1(x1; x2; x5) Î 1(! 1; ! 2; ! 5)

Î 2(! 2; ! 3; ! 4)

Î 3(! 4; ! 5; ! 6)

Co dew o rd indicato r function:

I 1 (x1 ; x2 ; x5 ) � I 2 (x2 ; x3 ; x4 ) � I 3 (x4 ; x5 ; x6 )

=
�
(x1 ; x2 ; x5 ) 2 C1

�
�

�
(x2 ; x3 ; x4 ) 2 C2

�
�

�
(x4 ; x5 ; x6 ) 2 C3

�

Note: x i 2 f 0; 1g

Pseudo-co dew o rd indicato r function:

Î 1 (! 1 ; ! 2 ; ! 5 ) � Î 2 (! 2 ; ! 3 ; ! 4 ) � Î 3 (! 4 ; ! 5 ; ! 6 )

=
�
(! 1 ; ! 2 ; ! 5 ) 2 conv(C1)

�
�

�
(! 2 ; ! 3 ; ! 4 ) 2 conv(C2)

�
�

�
(! 4 ; ! 5 ; ! 6 ) 2 conv(C3)

�

Note: 0 � ! i � 1
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Pseudo-Co dew o rds /

F undamental Cone

! 1

! 2

! 3

! 4

! 5

! 6

I 2(x2; x3; x4)

I 3(x4; x5; x6)

x1

x2

x3

x4

x5

x6

I 1(x1; x2; x5) Î 1(! 1; ! 2; ! 5)

Î 2(! 2; ! 3; ! 4)

Î 3(! 4; ! 5; ! 6)

Co dew o rd indicato r function:

I 1 (x1 ; x2 ; x5 ) � I 2 (x2 ; x3 ; x4 ) � I 3 (x4 ; x5 ; x6 )

=
�
(x1 ; x2 ; x5 ) 2 C1

�
�

�
(x2 ; x3 ; x4 ) 2 C2

�
�

�
(x4 ; x5 ; x6 ) 2 C3

�

Note: x i 2 f 0; 1g

Pseudo-co dew o rd indicato r function:

Î 1 (! 1 ; ! 2 ; ! 5 ) � Î 2 (! 2 ; ! 3 ; ! 4 ) � Î 3 (! 4 ; ! 5 ; ! 6 )

=
�
(! 1 ; ! 2 ; ! 5 ) 2 conic(C1)

�
�

�
(! 2 ; ! 3 ; ! 4 ) 2 conic(C2)

�
�

�
(! 4 ; ! 5 ; ! 6 ) 2 conic(C3)

�

Note: 0 � ! i

19 Novemb er 10, 2006



Pseudo-Co dew o rds /

F undamental Cone

E.g.

�
(! 1 ; ! 2 ; ! 5 ) 2 conic(C1)

�
= 1

if and only if

! 1 � ! 2 + ! 5

! 2 � ! 1 + ! 5

! 5 � ! 1 + ! 2

! 1 � 0

! 2 � 0

! 3 � 0

! 1

! 2

! 3

! 4

! 5

! 6

Î 1(! 1; ! 2; ! 5)

Î 2(! 2; ! 3; ! 4)

Î 3(! 4; ! 5; ! 6)

Pseudo-co dew o rd indicato r function:

Î 1 (! 1 ; ! 2 ; ! 5 ) � Î 2 (! 2 ; ! 3 ; ! 4) � Î 3 (! 4 ; ! 5 ; ! 6)

=
�
(! 1 ; ! 2 ; ! 5 ) 2 conic(C1)

�
�

�
(! 2 ; ! 3 ; ! 4) 2 conic(C2)

�
�

�
(! 4 ; ! 5 ; ! 6) 2 conic(C3)

�

Note: 0 � ! i
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The Canonical Completion

1

1

1
k� 1

1
(k� 1)2

1
9

1
3

1
(k� 1)`

1
(k� 1)` � 1

0 1 2 3 4Tier:

2(
`

�
1)

2`
�

1

2`

The canonical completion fo r a (j = 3; k = 4) -regula r LDPC co de. On

check-regula r graphs the (scaled) canonical completion alw a ys gives a

(valid) pseudo-co dew o rd.
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