
Towards Low-ComplexityAlgorithms for LP De
oding

Pas
al O. VontobelInformation Theory Resear
h GroupHewlett-Pa
kard LaboratoriesUSC, Los Angeles, CA, November 10, 2006


© 2006 Hewlett-Pa
kard Development Company, L.P.The information 
ontained herein is subje
t to 
hange without noti
e

Overview
Primal LP

Dual LP
Coordinate-As
ent Algorithm

Note: These slides are rather brief and not self-
ontained. For moreinformation please 
onsult the paper referen
ed at the end.

2 November 10, 2006

The Primal LP (Part 1)

minimise ∑

i∈I

λixisubje
t to x ∈ conv(Cj) (j ∈ J ).
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De�nitions (Part 1)Here we used the following 
odes, variables and ve
tors. The 
ode

Ai ⊆ {0, 1}|{0}∪Ji|, (i ∈ I), is the set 
ontaining the all-zeros ve
torand the all-ones ve
tor of length |Ji| + 1

Bj ⊆ {0, 1}|Ij |, j ∈ J , is the 
ode Cj pun
tured at the positions

I \ Ij . (For the 
odes C under 
onsideration this means that Bj
ontains all ve
tors of length |Ij | of even parity.)For i ∈ I we will also use the ve
tors ui where the entries are indexedby {0} ∪ Ji and denoted by ui,j , [ui]j , and for j ∈ J we will use theve
tors vj where the entries are indexed by Ij and denoted by

vj,i , [vj ]i.We will use a similar notation for the entries of ai and bj , i.e. we willuse ai,j , [ai]j and bj,i , [bj ]i, respe
tively.4 November 10, 2006



The Primal LP (Part 2)min. ∑

i∈I

λixisubj. to xi = ui,0 (i ∈ I),

ui,j = vj,i ((i, j) ∈ E),
∑

ai∈Ai

αi,ai
ai = ui (i ∈ I),

∑

bj∈Bj

βj,bj
bj = vj (j ∈ J ),

αi,ai
≥ 0 (i ∈ I, ai ∈ Ai),

βj,bj
≥ 0 (j ∈ J , bj ∈ Bj),

∑

ai∈Ai

αi,ai
= 1 (i ∈ I),

∑

bj∈Bj

βj,bj
= 1 (j ∈ J ).5 November 10, 2006

De�nitions (Part 1)If A is a statement, then

[A] ,







1 if A is true

0 if A is false

q

A
y

, − log[A] =







0 if A is true
+∞ if A is false
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The Primal LP (Part 3)With suitable 
ost fun
tions, the above optimization problem 
an also beformulated as an un
onstrained optimization problem. Minimize
∑

i∈I

λixi +
∑

i∈I

q

xi = ui,0

y

+
∑

(i,j)∈E

q

ui,j = vj,i

y

+
∑

i∈I

Ai(ui) +
∑

j∈J

Bj(vj),

where for all i ∈ I and all j ∈ J , respe
tively, we introdu
ed

Ai(ui) ,

u

v

∑

ai∈Ai

αi,ai
ai = ui

}

~ +
∑

ai∈Ai

q

αi,ai
≥ 0

y

+

u

v

∑

ai∈Ai

αi,ai
= 1

}

~ ,

Bj(vj) ,

u

v

∑

bj∈Bj

βj,bj
bj = vj

}

~ +
∑

bj∈Bj

q

βj,bj
≥ 0

y

+

u

v

∑

bj∈Bj

βj,bj
= 1

}

~ .
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FFG representing the Primal LP
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FFG representing the Dual LP
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i u′
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∼

∼

9 November 10, 2006
Comparison of FFGsRepresenting the Primal and Dual LP
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Dual LP
max. ∑

i∈I

φ′
i +

∑

j∈J

θ′jsubj. to φ′
i ≤ min

ai∈Ai

〈−u
′
i,ai〉 (i ∈ I),

θ′j ≤ min
bj∈Bj

〈−v
′
j,bj〉 (j ∈ J ),

u′
i,j = −v′

j,i ((i, j) ∈ E),

u′
i,0 = −x′

i (i ∈ I),

x′
i = λi (i ∈ I).
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Coordinate-As
ent Algorithm (Part 1)We propose is a 
oordinate-as
ent-type algorithm for solving the dual LP.The main idea is to sele
t edges (i, j) ∈ E a

ording to some updates
hedule: for ea
h sele
ted edge (i, j) ∈ E we then repla
e the old values of

u′
i,j , φ′

i, and θ′j by new values su
h that the dual 
ost fun
tion is in
reased(or at least not de
reased). Pra
ti
ally, this means that we have to �nd a

u′
i,j su
h that h′(u′

i,j) ≥ h′(u′
i,j), where

h′(u′
i,j) , min

ai∈Ai

〈−u
′
i,ai〉 + min

bj∈Bj

〈−v
′
j ,bj〉.A simple way to a
hieve this is by setting

u′
i,j , arg max

u′
i,j

h′(u′
i,j).The variables φ′

i and θ′j are then updated a

ordingly so that we obtain anew (dual) feasible point.12 November 10, 2006



Coordinate-As
ent Algorithm (Part 2)LemmaThe fun
tion h′(u′
i,j) is maximised by any value u′

i,j that lies in the 
losedinterval between

(

S′
i,0 − S′

i,1

) and −
(

T ′
j,0 − T ′

j,1

)

,where

S′
i,0 , − min

ai∈Ai
ai,j=0

〈−ũi, ãi〉, T ′
j,0 , − min

bj∈Bj
bj,i=0

〈−ṽj , b̃j〉,

S′
i,1 , − min

ai∈Ai
ai,j=1

〈−ũi, ãi〉, T ′
j,1 , − min

bj∈Bj
bj,i=1

〈−ṽj , b̃j〉.

Note that the di�eren
es S′
i,0 − S′

i,1 and T ′
i,0 − T ′

i,1, whi
h are required for
omputing u′
i,j , 
an be obtained very e�
iently by using the min-sumalgorithm.13 November 10, 2006

Coordinate-As
ent Algorithm (Part 3)

u′
i,j

u′
i,j

T ′
i,1 − T ′

i,0

s′(u′
i,j)

u′
i,j

u′
i,j

s′(u′
i,j)

t′(u′
i,j)

h′(u′
i,j)

= s′(u′
i,j) + t′(u′

i,j)
h′(u′

i,j)

= s′(u′
i,j) + t′(u′

i,j)

t′(u′
i,j)

S′
i,0 − S′

i,1 S′
i,0 − S′

i,1 T ′
i,1 − T ′

i,0

T ′
i,1 − T ′

i,0 S′
i,0 − S′

i,1

S′
i,0 − S′

i,1 T ′
i,1 − T ′

i,0
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Problemati
 Contour forCoordinate-As
ent Algorithm
x1

x2
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