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Thresholds

Bounds on the LP deco ding threshold
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Motivation (P a rt 1)

Channel
Decoding

Channel
Encoding SinkBSS Channel

XU Y X̂ Û

Assume that the channel is a BSC with cross-over p robabilit y " .

Channel capacit y :

Channel co ding theo rem

(Gallager's random co ding erro r exp onent, etc.)

Converse to the channel co ding theo rem

(F ano's inequalit y , etc.)

0 1=2
" cap(R)

"

Imp o rtant: w e a re allo w ed to use the b est available co ding and deco ding

schemes fo r a given rate R .
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Motivation (P a rt 2)

Channel
Decoding

Channel
Encoding SinkBSS Channel

XU Y X̂ Û
Assume that the channel is a BSC with cross-over p robabilit y " .

A dditionally , assume that w e put restrictions on the co ding schemes

and/o r on the deco ding schemes.

) Thresholds .

0 1=2
" cap(R)" thr (E)

"
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Motivation (P a rt 2)

Channel
Decoding

Channel
Encoding SinkBSS Channel

XU Y X̂ Û

Assume that the channel is a BSC with cross-over p robabilit y " .

A dditionally , assume that w e put restrictions on the co ding schemes

and/o r on the deco ding schemes.

) Thresholds .

0 1=2
" cap(R)

"

"LB
thr (E) "UB

thr (E)

4 Novemb er 10, 2006

Existence of LP Deco ding Thresholds

A p rio ri it is not clea r fo r what families/ensembles of co des there

is an LP deco ding threshold.

The tight connection b et w een min-sum algo rithm deco ding and LP

deco ding suggest that families/ensembles that have a threshold

under min-sum algo rithm deco ding also have a threshold under LP

deco ding.

[K o etter:V ontob el:06] : there is an LP deco ding threshold fo r

(wcol; wrow ) -regula r LDPC co des where 2 < w col < w row .
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BSC: An Upp er Bound

on the Threshold (P a rt 1)

Theo rem:

Consider a family of (wcol; wrow ) -regula r co des of increasing blo ck

length n .

Consider a BSC with cross-over p robabilit y " .

In the limit n ! 1 , if

" >
1

wrow

then with p robabilit y 1 the LP deco der will not deco de to the

transmitted co dew o rd.
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BSC: An Upp er Bound

on the Threshold (P a rt 2)
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BSC: An Upp er Bound

on the Threshold (P a rt 3)

Theo rem: Consider a family of co des where the minimal ro w-degree

go es to wmin
row (1 ) when n ! 1 and a BSC with cross-over p robabilit y

" . In the limit n ! 1 , if

" >
1

wmin
row (1 )

then with p robabilit y 1 the LP deco der will not deco de to the

transmitted co dew o rd.

Co rolla ry: F o r any family of co des where wmin
row (n) gro ws unb oundedly ,

i.e. where

lim
n!1

wmin
row (n) = 1 ;

the ab ove right-hand side exp ression go es to 0.
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Not Deciding fo r

the All-Zeros Co dew o rd (P a rt 1)

Linea r p rogramming (LP) deco ding:

!̂ = arg min
! 2P (H )

nX

i =1


 i ! i :

Assume that the zero co dew o rd has b een sent. LP

deco ding do es not decide fo r the all-zeros co dew o rd

if there is a vecto r

! 2 P (H ) n f 0g

such that

nX

i =1


 i ! i < 0:

0

FP
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Not Deciding fo r

the All-Zeros Co dew o rd (P a rt 2)

Linea r p rogramming (LP) deco ding:

!̂ = arg min
! 2P (H )

nX

i =1


 i ! i :

Assume that the zero co dew o rd has b een sent. LP

deco ding do es not decides fo r the all-zeros co de-

w o rd if there is a vecto r

! 2 K (H ) n f 0g

such that

nX

i =1


 i ! i < 0:

0

FC
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Not Deciding fo r

the All-Zeros Co dew o rd (P a rt 3)

Assume that w e have a (wcol; wrow ) -regula r LDPC co de.

Mo reover, let ! 2 Rn

b e a vecto r with the follo wing entries:

! i ,

8
<

:

1
wrow � 1 if 
 i � 0

1 if 
 i < 0
:

One can easily verify that ! 2 K (H ) .

So, if

0 >
nX

i =1


 i ! i =

0

B
@

nX

i =1

 i � 0


 i

1

C
A �

1
wrow � 1

+

0

B
@

nX

i =1

 i < 0


 i

1

C
A � 1

then LP deco ding do es not decide fo r the all-zeros co dew o rd.
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Not Deciding fo r

the All-Zeros Co dew o rd: BSC (P a rt1)

F o r simplicit y , assume that w e a re transmitting over a BSC with

crossover p robabilit y 0 � " < 1=2.

) 
 i 2 f� Gg where G , log
�

1 � "
"

�
> 0:

So, if

0 >
nX

i =1


 i ! i = G �
�

(#not �ipp ed)

1
wrow � 1

� (#�ipp ed)

�
:

then LP deco ding do es not decide fo r the all-zeros co dew o rd.
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Not Deciding fo r

the All-Zeros Co dew o rd: BSC (P a rt 2)

So, if

0 >
nX

i =1


 i ! i = G �
�

(#not �ipp ed)

1
wrow � 1

� (#�ipp ed)

�
:

then LP deco ding do es not decide fo r the all-zeros co dew o rd.

Up on no rmalization, the ab ove condition reads

0 >
1
n

nX

i =1


 i ! i = G �
�

(#not �ipp ed)

n
1

wrow � 1
�

(#�ipp ed)

n

�
:

In the limit n ! 1 , the ab ove condition is with p robabilit y one equal

to the condition

0 > lim
n!1

1
n

nX

i =1


 i ! i = G �
�

(1 � " )
1

wrow � 1
� "

�
:

13 Novemb er 10, 2006

0-Neighb o rho o d-Based Bounds (P a rt 1)

i

! -vecto r that w e constructed b efo re: note that the the assignment of a

value to ! i w as based only on the value of 
 i .
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0-Neighb o rho o d-Based Bounds (P a rt 2)

i

! -vecto r that w e constructed b efo re: note that the the assignment of a

value to ! i w as based only on the value of 
 i :

! i = f (
 i ) = f
�

f 
 i 0gi 02N (0)
i

�
:
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0-Neighb o rho o d-Based Bounds (P a rt 3)

! -vecto r that w e constructed b efo re: note that the the assignment of a

value to ! i w as based only on the value of 
 i :

! i = f (
 i ) = f
�

f 
 i 0gi 02N (0)
i

�
:

! i ,

8
<

:

1
wrow � 1 if 
 i � 0

1 if 
 i < 0
:

One can easily check that ! 2 K (H ) .
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2-Neighb o rho o d-Based Bounds

on the Threshold

i

Generalization:

! i = f
�

f 
 i 0g
i 02N (2)

i

�
:
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2-Neighb o rho o d-Based Bounds

on the Threshold

i 1

i 2 i 4

i 3

W e must tak e ca re of constrains: the map f
�

f 
 i 0g
i 02N (2)

i

�

has to yield

a vecto r in K(H ) .

) W e can set up a linea r p rogram that yields the b est p ossible

threshold fo r a 2-neighb o rho o d. (Graph automo rphisms help in

simplifying that LP .)
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2-Neighb o rho o d-Based Bounds

on the Threshold
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