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Abstract
The aim of this paper is to highlight someconnectionsbetween factor graphs,

electrical networks, and di�eren tial entropy.

1 In tro duction

At �rst sight, the three topics mentioned in the title seemto be unrelated and not to
have too much in common. In this paper we would like to show that this is not so and
that there are indeedconnections.We will keepthe discussionat a high level; for more
mathematicaldetailsweencouragethe readerto consult the referencedbooksand papers.

Somehistorical background on factor graphs and graphical models in general can
e.g. be found in [1, 2] or [3]. We will, in fact, not use factor graphs as de�ned in [2],
but a variation introducedby Forney [4] (there called \normal graphs"). The advantages
of theseForney graphs(here called \F orney-style factor graphs" or shortly FFGs) were
discussedin [2] and [5].

The facts we need from the theory of electrical networks can be found e.g. in [6],
and the book by Cover and Thomas [7] contains essentially everything we needto know
about di�erential entropies as far as concernsthis paper. We will only talk about scalar
random variables,but the results can be generalizedto vector random variables.

In Sec.2 we review somepossibleways of going from FFGs to electrical networks and
back. Sec.3 presents somenew results connectingresults from electrical network theory
with results about di�erential entropies, and �nally in Sec.4 we give someconclusions.

2 Connections between FF Gs and Electrical Net works

There are di�erent ways to derive the various relationshipsbetweenFFGs and electrical
networks. To give a 
a vor, we will in the following just point out two of them by giving
speci�c examples,�rst going from an FFG to an electrical network, then going from an
electrical network to FFGs. The notation that we use is explained in detail in [6, 3].
Most of the results in this sectionwere originally motivated by the book by Dennis [8].

Example 1 [From an FFG to an electrical network, \v oltage-mode derivation"] Fig. 1
shows an FFG involving the random variables X 1, X 2 and Y. The global function
represents the joint density of X 1, X 2 and Y and is the product of local functions:

pX 1X 2Y (x1; x2; y) = pX 1 (x1) � pX 2 (x2) � � (y � x1 � x2);
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Figure 1: FFG for Ex. 1.
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Figure 2: Electrical network for Ex. 1.
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Figure 3: FFG versuselectrical network in the caseof Ex. 1.
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Figure 4: Electrical network for Ex. 2.

where� (:) denotesthe Dirac-delta distribution 1. To bespeci�c, weassumeX 1 � N (0; � 2
1)

and X 2 � N (0; � 2
2):
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1

p
2� � 1

exp
�

� x2
1=2� 2

1

�
�

1
p

2� � 2
exp

�
� x2

2=2� 2
2

�
� � (y � x1 � x2):

Basedon a measurement Y = y, we would like to �nd the blockwise MAP estimate
(x̂1; x̂2) of the vector (x1; x2), i.e.,

(x̂1; x̂2) = arg max
(x1 ;x 2)

pX 1X 2 jY (x1; x2jy) = arg max
(x1 ;x 2)

pX 1X 2Y (x1; x2; y):

(Note that wemaximizejointly!) GivenY = y, maximizing pX 1X 2Y (x1; x2; y) is equivalent
to minimizing � ln pX 1X 2Y (x1; x2; y), or to minimizing � ln pX 1 (x1) � ln pX 2 (x2) under the
constraint y = x1 + x2. The corresponding Lagrangian is

L := � ln pX 1 (x1) � ln pX 2 (x2) + � (y � x1 � x2):

Setting the gradient of L equal to zerowe obtain
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L = x1
� 2

1
� � != 0 (component law)

@
@x2

L = x2
� 2

2
� � != 0 (component law)

@
@� L = y � x1 � x2

!= 0 (Kirc hho� voltage law)

(1)

The electrical network in Fig. 2 implements the three equationsfrom (1) with R1 = � 2
1

and R2 = � 2
2. The �rst two equationscorrespond to component law equations,giving

current-voltage characteristics of components, whereasthe third equation describes a
Kirchho� voltage law (the sumof the voltagesaround a loop must be zero). In Fig. 3 the
electrical network is redrawn so as to show its closetopological relationship to its FFG.
The Lagrangemultiplier � turns out to be a current and looselyspeakingplays the role
of \exchanging information" from onepart of the circuit to the other.

Ch. 2 in [6] givesmoredetailsabout this example,wherealsoother examplesaregiven,
Ch. 3 in[6] discussesthe topological equivalencebetween FFGs and the corresponding
electrical networks more generally, whereasSec.5.1 in [6] discussesgeneralizationsto
non-Gaussiandistributions. 4

Example 2 [From an electrical network to an FFG] Dennis [8] looked at what opti-
mization problems can be solved with the help of electrical networks. The key idea is
the following. Given an electrical network, the solution (i.e. the branch voltages and

1We consider the Dirac-delta distribution to be the limes of a Gaussiandensity, seee.g. [3, 6].
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Figure 5: FFG (voltage/current version)corresponding to the electricalnetwork in Fig. 4.
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Figure 6: FFG (voltage version) corresponding to the electrical network in Fig. 4.
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Figure 7: FFG (current version) corresponding to the electrical network in Fig. 4.



the branch currents) is normally found by writing up the Kirchho� voltage law (KVL)
equations,the Kirchho� current law (KCL) equations,and the component law equations
and �nally solving them2. It is now possibleto formulate two optimization problems
(which are dualsof each other), whosesolution give either the voltages(in the �rst case)
or the currents (in the secondcase)of the above electrical network. In the �rst case,one
optimizes a function whosearguments are voltageswhich are subject only to the KVL
equations (but not the KCL equations). In the secondcase,one optimizes a function
whosearguments are currents which are subject only to the KCL equations (but not
the KVL equations). In both cases,the function to be optimized is derived from the
component laws. For details we refer to [8, 6, 3].

Fig. 4 shows an electrical network containing an ideal voltagesource,an ideal current
source,and two resistors.The factor graph that would correspond to the KVL equations,
the KCL equations, and the component law equations is shown in Fig. 5: the global
function is non-zeroif the voltagesand currents correspond to a solution of the KVL,
KCL, and component law equations,otherwiseit is zero.

Fig. 6 shows the FFG corresponding to the �rst optimization problem mentioned
above. Here, the global function is a non-negative function and attains its maximum
for the branch voltages that correspond to the branch voltages of the solution to the
original electrical network problem. Similarly, Fig. 7 shows the FFG corresponding to
the secondoptimization problem wherethe global function attains its maximum for the
branch currents that correspond to the branch currents of the solution to the original
electrical network problem. In the last two cases,the non-negative global function can
be interpreted as (scaled)probability density functions of the occuring variables. More
details about this examplecan be found in [3]. 4

To concludethis section,we would like to point out additional topics.

� As already mentioned above, the two optimization problems are duals of each
other [8, 3]. Additionally , it turns out that results from electrical network the-
ory, like Tellegen's theorem, Green's reciprocity theorem, and dualization have
corresponding results in estimation and optimization theory. For more details, see
e.g. [3, 6].

� Onecanderivean electricalnetwork correspondingto the Kalman �ltering problem,
seee.g. [9, 6].

� The simpli�cation of electricalnetwork correspondsto performing the max-product
algorithm. In the caseof jointly Gaussianrandomvariables,this is equivalent to the
sum-product algorithm. Simplifying e.g. the electrical network which corresponds
to the Kalman �ltering problemresultsin the Kalman �ltering algorithm. For more
details, seee.g. [6, 5], but alsoCarter [10].

3 Connections between FF Gs, Electrical Net works,
and Entropies

In this sectionwe will only be interestedin jointly Gaussianrandom variables. First we
review someresults about di�erential entropies; then we will relate entropies (involving

2For the discusssionhere we assumethat the electrical network has a solution which is unique.



random variables appearing in an FFGs) to somee�ective resistancesin an electrical
network (where the electrical network was derived from that FFG).

Let Z � N (m; � 2) have a Gaussiandistribution with meanm and variance� 2. The
di�erential entropy is then (seee.g.Ch. 9 in [7])3

h(Z ) = �

+ 1Z

�1

p(z) logp(z) dz =
1
2

log(2� e� 2):

In general,if Z � N (m; K ) hasan n-dimensionalmultiv ariate Gaussiandistribution with
meanm and covariancematrix K , the (di�eren tial) entropy is 1

2 log((2� e)n jK j). A key
ingredient will be the following fact (mentioned e.g. in Ch. 16.9 in [7]). If Z1; Z2; : : : ; Zn

are jointly Gaussiandistributed, then

h(Zn jZ1; Z2; : : : ; Zn� 1) =
1
2

log(2� e�̂ 2
n );

where�̂ 2
n is the minimum meansquarederror E[(Zn � Ẑn )2] over all linear estimatorsẐn

basedon Z1; Z2; : : : ; Zn� 1 (note that the linear estimator is optimal in the caseof jointly
Gaussianrandom variables). We even have the result that

h(Zn jZ1; Z2; : : : ; Zn� 1) = h(Zn jZ1 = z1; Z2 = z2; : : : ; Zn� 1 = zn� 1) =
1
2

log(2� e�̂ 2
n );

which holds independently of the valuesof the measurements Z1 = z1; : : : ; Zn� 1 = zn� 1

as long as they do not contradict each other.
Combining thesepropertiesof Gaussianrandomvariableswith the result of Sec.5.3 in

[6] (about the relation of certain e�ective resistancesand elements of the error covariance
matrix) 4, we claim the following procedure for obtaining certain di�erential entropies
from e�ective resistances.

Pro cedure 3 (Determination of h(Zn jZ1; : : : ; Zn� 1)) We makethe followingassump-
tions.

� We havean FFG (possiblywith loops!) whoseglobal function is proportional to a
jointly Gaussiandensity.

� We are interested in the di�er ential entropy h(Zn jZ1; : : : ; Zn� 1), where Z1; : : : ; Zn

are someof the branch labels in the FFG.

� An electrical network (containing linear resistors, ideal voltage sources, and DC
transformers)hasbeen derived from the FFG as wasdonein Ex. 1 (\voltage-mode
derivation").

To determineh(Zn jZ1; : : : ; Zn� 1), we can apply the following steps.

� Replace all voltagesourcesby an open circuit.
3The baseof the logarithm is chosento be 2.
4In this text, we usethe term e�ectiv e resistance;it is equivalent to the term input resistanceasused

in [6]. Note that by \measuring the e�ectiv e resistanceat a branch" we will mean that we measurethe
e�ectiv e resistancebetweenthe two end nodesof that branch.



Electrical Network E�ectiv e Resistance Entropy

R1

R2

Re�
Y Re�

Y = R1 + R2 h(Y) = 1
2 log(2� eRe�

Y )

R1

R2

Re�
Y j X 1 Re�

Y jX 1
= R2 h(YjX 1) = 1

2 log(2� eRe�
Y jX 1

)

Table 1: Entropies h(Y) and h(Y jX 1). Here R1 = � 2
1 and R2 = � 2

2.

� Measure the e�ective resistance Re�
Zn jZ1 :::Zn � 1

at the branch corresponding to Zn ,
while short circuiting the elementscorresponding to Z1; : : : ; Zn� 1.

� The desired di�er ential entropy is

h(Zn jZ1; : : : ; Zn� 1) =
1
2

log
�
2� eRe�

Zn jZ1 :::Zn � 1

�

Example 4 [From e�ective resistancesto di�erential entropies] We consider the FFG
and its corresponding electrical network in Ex. 1. Applying Proc. 3, we start with the
electrical network in Fig. 2 and replacethe voltage sourceby an open circuit.

� The entropy h(Y) is now related to the e�ective resistanceRe�
Y measuredat the

branch in the electrical network corresponding to Y (seeTab. 1).

� The entropy h(Y jX 1) is related to the e�ective resistanceRe�
Y jX 1

measuredat the
sameplace but now with short circuiting the element corresponding to X 1 (see
Tab. 1).

� Basedon thesetwo results, we can e.g. calculate the mutual information between
X 1 and Y.

I (X 1; Y) = h(Y) � h(Y jX 1) =
1
2

log

 
2� eRe�

Y

2� eRe�
Y jX 1

!

=
1
2

log

 
Re�

Y

Re�
Y jX 1

!

=
1
2

log
�

� 2
1 + � 2

2

� 2
2

�
:

� From Rayleigh'sMonotonicity Law5 wemust haveRe�
Y � Re�

Y jX 1
. ThereforeI (X 1; Y) �

0, a well-know result from information theory (seee.g. [7]).

4

5Rayleigh's Monotonicit y Law (seee.g. [11]) states that if the resitancesof a circuit are increased,the
e�ectiv e resistancebetweenany two points can only increase.If they are decreased,it can only decrease.



Electrical Network E�ectiv e Resistance Entropy

R1

R2

Re�
X 1 Re�

X 1
= R1 h(X 1) = 1

2 log(2� eRe�
X 1

)

R1

R2

Re�
X 1 j Y Re�

X 1 jY = (R1jjR2) = 1
1

R 1
+ 1

R 2

h(X 1jY) = 1
2 log(2� eRe�

X 1 jY )

Table 2: Entropies h(X 1) and h(X 1jY). Here R1 = � 2
1 and R2 = � 2

2.

Example 5 [From e�ective resistancesto di�erential entropies] We consider the FFG
and its corresponding electrical network in Ex. 1. Applying Proc. 3, we start with the
electrical network in Fig. 2 and replacethe voltage sourceby an open circuit.

� The entropy h(X 1) is now related to the e�ective resistanceRe�
X 1

measuredat the
branch in the electrical network corresponding to X 1 (seeTab. 2).

� The entropy h(X 1jY) is related to the e�ective resistanceRe�
X 1 jY measuredat the

same place but now with short circuiting the element corresponding to Y (see
Tab. 2).

� Basedon thesetwo results, we can e.g. calculate the mutual information between
X 1 and Y.

I (X 1; Y) = h(X 1) � h(X 1jY) =
1
2

log

 
2� eRe�

X 1

2� eRe�
X 1 jY

!

=
1
2

log

 
Re�

X 1

Re�
X 1 jY

!

=
1
2

log

0

@ � 2
1

� 2
1 � 2

2
� 2

1 + � 2
2

1

A =
1
2

log
�

� 2
1 + � 2

2

� 2
2

�
:

The �nal result is of coursethe sameas in Ex. 4.

4

Other relationshipsbetweenresults in electrical network theory and about entropies
can be found. Let us mention two of them.

� (From electrical networks to entropies.) Shannonand Hagelbarger[12] gave some
concavit y result of e�ective resistances;their result can be stated as follows. We
are interestedin the e�ective resistancebetweentwo nodesin somegiven electrical
network topology where we vary the resistancesin the branches. Let Re�

1 be the
e�ective resistancefor a �rst resistancecon�guration, and let Re�

2 be the e�ective
resistancefor a secondresistancecon�guration. Finally, let Re� be the e�ective
resistancewhereeach resistanceis the sum of the corresponding resistancesin the
�rst two con�gurations. Then,



Re� � Re�
1 + Re�

2 :

(When slightly reformulating the setup, one gets a concavit y result.) Let h =
(1=2) log(2� eRe� ), h1 = (1=2) log(2� eRe�

1 ), and h2 = (1=2) log(2� eRe�
2 ). Then

22h � 22h1 + 22h2 ;

which can be consideredas sort of an extensionof the entropy power inequality
(seee.g.p.496in [7]) in the jointly Gaussiancase.

� (From entropies to electrical networks.) Entropy inequalities in Ch. 16 of [7] can
be translated to network theory results.

We would like to concludethis sectionby pointing out that theseentropy considera-
tions wereoriginally motivated and inspiredby the resultsof Arnold and Loeliger[13]and
P�ster et al. [14] who usedthe sum-product algorithm on a looplessFFG (representing
a �nite-state time-invariant system) to determinesomeentropies and information rates.

4 Conclusions

We hope that we could convince the reader that there are indeed connectionsbetween
factor graphs, electrical networks, and entropies. As an open problem, we would like
to mention that we wonder whether one can derive similar results as in Sec.3 also in
the non-Gaussiancase;or if at least one can give lower or upper boundson di�erential
entropies and mutual informations.
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