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Abstract

We are interested in the characterization of the deci-
sion regionswhen decading a low-density parity-chedk
code with the min-sum algorithm. Obsenations made
in [1] and experimental evidencesuggestthat thesede-
cisionregionsaretightly related to the decisionregions
obtained when decaing the code with the linear pro-
gramming decader. We intro duce a family of quadratic
programming decadersthat aims at explaining this be-
havior. Moreover, we also point out connections to
electrical networks.

1. INTR ODUCTION

The main tool of this paper is a theorem by Weiss
and Freeman [2, Claim 1] that characterizesthe be-
havior of the min-sum algorithm (MSA) decader when
it corverges. Weissand Freeman actually formulated
the theorem for the max-product algorithm (MPA) but
the MPA applied to a graphical model represeting a
global function exp( f (x)) and the min-sum algorithm
applied to a graphical model represeting the global
function f (x) do essetially the samecomputations, so
any statemert about the MPA can be turned into a
statemernt about the MSA and vice-versa. Note that
we de ne the range of the messagefunctions for the
MSA to be not only the real line R but the extended
realline R[ f1 ;+1g and whenwe talk about con-
vergenceof the MSA we alsoallow convergenceto 1

Before we can restate the theorem here, we brie y
needto intro ducethe notion of an SLT neighborhood [2,
p. 738].

De nition 1 A single loops and trees (SLT) neigh-
borhood of an assignmentx in a graphical modelt G
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1A graphical model here can be a factor graph or one of the
graphical models considered in [2].
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includesall assignmentsx that can be obtained from x
by the following:

Choosing an arbitrary subsetS of nodesin G that
consists of disconnected combinations of treesand
single loops.

Assigning arbitrary valuesto xs { the chosensub-
set of nodes. The other nodes have the same as-
signmentasin x .

Theorem 2 Consider an arbitrary graphical model G
with arbitrary potentials whoseglolal function? we de-
note by f (x;y) = f(y) + f(xjy). Here, x andy rep-
resentunobserve and observel variables, respectively.
For a giveny the glokal function equalsa constant plus
f (xjy). Now, if m is a xed point of the messagef
the MSA (applied to G and with the standard update
schalule) and x is the assignmentbasal on m then
f(x jy) < f(xjy) for all x 6 x in the SLT neighlor-
hood of x .
Proof: See[2, Claim 1].

The above theorem can for example be used to
proveanimportant fact about Gaussiangraphical mod-
els.

Corollary 3 For a Gaussian graphical model of arbi-
trary topology. If belief propagation converges,then the
posterior marginal means calculated using belief propa-
gation are exact?

Proof: Seee.g.[2, Cor. 1].

2Here and in the following the global functions will represert
additive cost functions.

3Remember that for Gaussian graphical models belief propa-
gation and MPA are essettially equivalent.



2. NOT ATION AND PRELIMINARIES

Welet R, R+, and R+, be the set of real numbers,
the set of non-negative real numbers, and the set of
positive real numbers, respectively. In the following,
all scalars, ertries of vectors? and ertries of matrices
will be consideredto be in R, unlessnoted otherwise.
The Galois eld with two elemerts will be denoted by
F, and the set F, will be embeddedin the natural way
into R. Any binary code C  Fj will consequetly
be seenas a discrete subsetof R". (Note that C de-
notes here a binary code and not the set of complex
numbers.) Moreover, we will uselverson'sconvertion,
i.e. for a statemert A we have [A] = 1 if A is true
and [A] 3 Oyoﬁhervvise. From tHisywe also derive the
notat&ory A = log[A], i.e. A" = 0if A is true
and A" = +1 otherwise. Let S be someset. A
function like R" ! Ry :x 7! [x 2 S] is called an in-
dicator function far the §pt S, whereasa function like
R"! Ry :x 7! x2S is called a neglogindicator
function for the set S. Of course,this secondfunction
can also be consideredas a cost or penalty function.

When represerting global functions by factor graphs
we will use normal factor graph (also called Forney-
style factor graphs, FFGs [3, 4, 5]). Let f (x) be some
global function. We say that x is a valid con guration
if f(x) < 1. (When consideringthe MPA, a vector x
is a valid con guration if it fullls f (x) > 0.) Instead
of writing \w e perform algorithm A on the graph G'
we simply write \Ag".

LetS R" besomesetandlet :R"! Rbesome
function. A minimization problem of the form® % =
argmingss  (x)is eqL&vaIert gp the minimization prob-
lem R = argminy,rn X 2 S* +  (X). E.g. any stan-
dard linear program (LP) ® = argmin,,gn.ax T pT CX'
is equi n to theyminimization problem 2 = arg
Mminyore Ax T bT" + cxT. In order to facilitate the
statemerts in this paper, we will assumethat all the
minimization problems have a unique minimum.

Remark 4 Letg:R"™ R"2 ! R bea convexfunc-
tion, letP =Py P, R"™ R">wheeP; R" and
P, R"2 are someconvexa&d closdal §etsqletf :R”y1

R"21 R, u-= (U]_;Uz) 7" Ui 2P+ ux2 Py +
g(u), and letu = (u;;u,) bea point on the boundary
of P. If we can showthat f (u;;u,)  f(ug;uy) for
everyu; 2 P; andthat f (uy;u,) f(uq;up) for every
Uz 2 P, thenf(u ) = mingage f(U), i.e. f attains the

4Note that all vectors will be row vectors.

5Note that strictly speaking, arg min returns a set containing
all minim um-achieving points. For simplicit y, we assume that
arg min doesnot give back this set itself but an element thereof;
in the casethe set contains more that one elemert ties will be
broken in a consistent fashion.

glotal minimum at u .
geneanlized to functions g : R™

(This statement can easily be
R"™ ! R and

Proof:  (Sketch) Firstly, let us restrict f to the set
P:1  fu,g: we seethat f (u) is globally minimal for
this restricted f . Secondly let us restrict f to the set
fu,g P2 we seeagainthat f (u) is globally minimal
for this restricted f . This givesus enoughinformation
about the rst-order behavior of the function f over
P around u to concludethe global minimality of u
from the corvexity of g.

3. BLOCK-WISE MAXIMUM
Rl DECODING OF CODES

A-POSTERIO-

We consider the problem of data communication
over a noisy channel with the help of a binary code
C F5 of length n over F,. We assumethat every
codeword x 2 C is transmitted with equal probability,
i.e. Px (x) = 2 "R if x 2 C and Px (x) = 0 otherwise,
where R is the rate of the code. Upon observing the
output Y =y of a channel with channel law Py jx ,
block-wise maximum a-posteriori decading can be for-
mulated as the following optimization problem:

R(y) = argmax Px;v (x;y)

= argmin logPx.v (X;¥);

X2 F)
where Px.v (X;¥) = Px(X) Pyjx (yjx) is the joint
pmf/p df of the the coded channel input X and the
channel output Y .

We want to be more specic about the code and
the channel now, namely we would like to focus on
low-density parity-chedk (LDPC) codes and memo-
ryless channels. So, let C be an LDPC c40de de-
ned t}ly somem n parity-chek matrix H = (h;;),
let 1 = f1;:::;ng be the set of codeword indices,

Jjhji = 1g be the4set of che indices that involve
the i-th bit and I; = fi 2 | jh;; = 1g be the set of
bits that are involved in the j-th chedk. If x 2 F}
and S |, we let xs be the sub-vector of those po-
sitions of x whose indices are elemens of S and we
de ne the function Lxor (Xs) to be the neglogindica-
tor function of a simple parity-chedk code of length
iSj, i.e. Lxor(Xs) = 0 if the modulo-2 sum of the
componerts of xs is zeroand Lxor (Xs) = +1 oth-
erwise. Then it can easily be seenthat the function
Ly : F3 ! Ry with

4
Lu(x) = Lxor (X1;)
j 27



Figure 1: Left: IP-FFG whoseglobal function is fp;
Xi 2 F,. Right: LP-FF G whoseglobal function is f p;
Xi 2 R.

is the code neglog indicator function, i.e. it is 0
when x 2 C and +1 otherwise and it follows
from the last paragraph that the negative logarithm
of the pmf Px can be written as logPx(x) =
nRlog(2) + Ly (x) = const+ Ly (x). The memory-
Bss assumption about the channel implies Pyjx =
iz Pvijpp (Yilxi) and  logPx;y (x;y) = const+
Ly (x) iar 109Py,jx; (vijxi). Using these results,
the maximum a-posteriori decisionrule can now be re-
formulated to read (y) = argmingzry fip (X), where

4 X
fe(X)Z Ly(X)+ X | (1)

i2l

and i = i(yi) = log(Py,x, (%ij0)=Py,jx, (ij1)). The
function fp (X) can be represenied by an FFG: Fig. 1
(left) shows the FFG for an exemplary code C with
n=5andm = 3. An FFG of this type will be called
an IP-FF G where IP standsfor integer programming.

4. THE LP DECODER

Minimizing f (x) in (1) can be seenas an integer
programming problem with a linear cost function. In
general, this integer program is computationally in-
tractable becausethe complexity grows exponertially
in the block length n; therefore, block-wise maximum
a-posteriori (and alsomaximum likelihood) decading of
codesis in generalcomputationally infeasiblefor LDPC
codes. Feldman, Karger, and Wainwright [6, 7] pro-
posedto relax this problem in order to obtain a simple
LP; the resulting decdder is called the LP decader. Let
us derive the LP decader in two steps. The rst step
is to realize that the minimization problem before (1)
can be written as® ®(y) = argminyarn f (x) with

4 X
f(X) = Leonhui(c)(X) + Xi i;
i2l

6This reformulation stems from the fact that if an LP has
a unique solution then it must be a vertex of the region one is
minimizing over. If there are multiple solutions then at least one
vertex is minimal.

where L connui(c)(X) is the neglog indicator function
of the polytope that is the corvex hull of C R".
This minimization problem is equivalernt to an LP but
the description complexity of the corvex hull of C is
exponertial in n for general LDPC codes. The sec-
ond step remediesthis problem: instead of minimiz-
ing over the corvex hull of C one minimizes over a
relaxed region, i.e. a region that can easily be de-
scribed yet for LDPC codesis not much larger than
the corvex hull of C. The most canonical relaxation
yields” ®(y) = arg minpg rn Miny, fp (X; W), where
4 .

fip(X;w) = L (x;w) + 1, Xi ; with
LI (x;w) £ X q0 Xi 1y+

i21 j23

Lensee (Hjsxi;swy):

The global function f p (x;w) is shown by the FFG
in Fig. 1 (right); an FFG of this type will be called an
LP-FF G. Here, L cqspc is the neglogindicator function
of the corvex hull of a simple parity-chedk code whose
length is given by the sizeof the rst argumert; it can
be written as

u }
4 X
Lensee (Ijsxi; wj) =V wjs = 17
S2E;
0 1 0 u 11

X g y X X
+@ Wj:s OA+@ in: Wj;S~A;

S2E; i2 S2E;: i2S

where we have igltro duced the variableswj.s, S 2
and the set § = fS I; :jSjeweng. (E.g. for a
ched node j involving x1, X2, and x3 we have § =
ffg ;f1; 29;1; 3g; f 2; 399).

By introducing more/di eren t inequalities one can
get other (possibly tighter) relaxations [6]. In this pa-
per we only consider the relaxation preseried above,
mainly becauselL [ (x;w) is the neglogindicator func-
tion of a polytope that was called the fundamental
polytope in [1] (and which characterizesvalid con g-
urations of nite covers of Tanner graphs).

5. THE MIN-SUM ALGORITHM DECODER

Letf : X3 Xn ! R bethe global function
of an FFG where the alphabets X; can be nite or
in nite. The min-sum algorithm (MSA) is a message
passingalgorithm that sendsmessageslong edgesof
an FFG and doessomeprocessingat the nodes|[8, 3]. If
the FFG has no loops then the result is the following:
for ead i we obtain a function f; : X; ! R wheré®
fi(xi) = mink. x;, =x; f (X). If the FFG hasloops, then
this is in generalnot the caseanymore. Nevertheless,
it is well-known that the MSA can be usedto decale

"The vector w is an auxiliary vector that helps expressing

f|_p .
8The expression Xji denotes the i-th component of x.



LDPC codes (whose FFGs in general have loops) and
the decdading performanceis very good.

Deniton 5 (MSA Decoder) The MSA decoder
works as follows: Perform MSAjp rrg. BecauseX; =
F, we get after r iterations for eachi 2 | somefunc-
tion fihrI : Fo ! R and basal on this we can decide

A" = 0if £"'(0) < £ (1) and &"' = 1 otherwise.

The question we would like to addresshere is: is
there someconnection betweenthe result of the MSA
decader and the result of the LP decaler from Sec.4?
A rst obsenation is stated in the next theorem.

Theorem 6 Performing MSAjp rrg givesessentialy

the sameresult as performing MSA p rrg. More pre-

cisely, if MSAp rre produces the function fip !

F, ! R after r iterations and MSAp rrg produces

the function fp P” : R! R after r iterations, then

( hri hri
1 x)fei @+ xife (1) (O xi 1)

f i Xi) =
i (xi) +1 (otherwise)

This means that we reach the same decision for kih”.

Moreover, if m is a xed point of the messagesof
MSA|p rec andx is anassignmentbasel onm then
the components of x are either 0 or 1.

Proof: (Sketch) One can prove this by comparing the
MSA messageupdate rules for both FFGs.

An important conclusion of Th.6 is that an un-
derstanding of MSA|p rrc givesan understanding of
MSA_p rrc and vice-versa, howewver note that by go-
ing from the IP to the LP we have changed the set-
ting from a discrete optimization problem to the prob-
lem of minimizing a corntinuous function over a con-
vex set. Another conclusionis that if x is a pseudo-
codeword [6, 7, 1] then it must be a codeword.

In a further step, we would like to use Th. 2 in
order to characterize the behavior of MSAjp g and
MSAp rrG, respectively. The main obstactle is that
Th. 2 givesin neither casesomevaluable information.
The reasonis that the SLT neighborhoods for both
FFGs do in generalnot lead to valid con gurations.

Remark 7 Let C be some LDPC code de ned by a
parity-check matrix H. Let m be a xed point of
MSAr kg and let x be the assignment based on
m .9 Letx be a valid con guration: in geneal Th. 2
does not imply glokal minimality of x .

Now, letm bea xed point of MSA p rrg andlet
(X ;w ) be the assignmentbased on m . Let (x ;w )

9Note that x can be a valid or invalid con guration.

be a valid con gur ation: asin the rst case,in geneal
Th. 2 does not imply glotal minimality of (x ;w ).

Proof: (Sketch) Considerthe rst statemert and let
X be a valid con guration. For proving some global
minimalit y result we would like to combine Th. 2 with
Rem. 4, but this is not possibleas we now explain.

The problemis that points in an SLT neighborhood
of x lie outside the set of feasiblepoints, i.e. for LDPC
codeswhere the bit nodesare only connectedto more
than two ched nodesone usually hasto change more
bits than allowed by an SLT neighborhood in order to
obtain a valid con guration. So,when applying Th. 2
we getthat f (x jy) < f(xjy) for all x 6 x inthe SLT
neighborhood of x , but this is trivial becauseusually
f(xjy) = +1 for all x 6 x in the SLT neighborhood
of x . This result clearly doesnot give enoughinforma-
tion for applying Rem. 4 which requires us to be able
to say something about points in the set of all valid
con gurations. The secondstatemert is proven along
the samelines.

6. THE QP DECODER

In order to avoid problemsasencourtered in Rem. 7
we proposethe following remedy. We introduce a new
convex optimization problem (more precisely a quadra-
tic program (QP)) whoseglobal function is closely re-
lated to the global function of the LP. One of the steps
in going from the LP to the QP is to replac%\hard"y
equalities by \soft" equalities, i.e. terms like x = 0
in the global function are replacedby terms like  x?
where 1. The precise statemerts are given in
the next de nition, where for every " > 0 we de ne a
guadratic program QP(").

De nition 8 Let Ry > 0 and Ryp,o > 0 be some
constants and let'® R,(") 2R a0 and Ry (") 2 Rp:0="
for some" > 0. We de ne the glotal function of the
guadratic progra)r(n QP(") to be

4 y
fop(my(X;W; Q) = 0 xi LI+  Luspc (Ijixi;;w;0Q)
i2l j23
x X i b2 X X g
+ iXi + = — el
i2l 2 ZFRa(") gy i23 2=Rp (")
with u }
X
4 q \
Luspc (1j:x1;iw;g) = V Wpis = 17 + wj;s 0
S2E; S2E;
u }
X X
+ VXi+ gj = Wi;s ™
i2 S2E;: i2S

10Wwe have chosen the letter R for the following reason: when
asscriating an electrical network to QP(") (as will be done in
Sec.7) the values Ra(") and Ry (") correspond to resistor values.



De nition 9 (QP Decoder) For each " > 0 and

each 0 < < 1=2 we can now de ne a QP decoder

asfollows. Solvethe quadratic program QP("), i.e. nd
4 . . A

x = argming miny.q f op(+)(X; W;g) and decide ®; = 0

if g 0j< ,% =1if g 1< , andR; =? other-

wise.

It is easily possibleto draw an FFG for the global
function fgp(+y, sud an FFG will be called a QP(")-
FFG. Note that comparedto the LP-FF G we did not
intro duce new cycles.

Theorem 10 In thelimit " ! 0 the solution of QP(")

equals the solution of the LP. Moreover, in the limit

"1 0 the glokal function of the QP(")-FFG is essen-
tially the sameas the LP-FF G.

Proof: (Sketch) Let (%;W) minimize f p andlet (x(");
w("); (")) minimize fop(+). It can easily be seenthat
(R;¥W;g = 0) is a feasible point (valid con guration)
of f op(»). Becauseof the penalty terms gZ =(2=Ry ("))
the length of the di erence vector d(") = (R;W;g =
0)  C(");w(™);eg(") cannot be too large for small ".
In fact, in the limit " ! 0 the length of the di erence
vector goesto zero.

Theorem 11 Consider MSAgp(+) rrg for " > 0O: if
the algorithm convemesthen it delivers the solution to

QP(").

Proof: (Sketch) The idea of introducing the vec-
tors g in the QP(") was to \decouple" the variables
x andw. Let m bea xed point of MSAgp("y rrG
and let (x ;w ;g ) be the assignmem basedon m .
Note that the key dierence between MSA p ke
and MSAqp(y rre is that in the latter case the
SLT neighborhoods of (x ;w ;g ) imply minimality of
(x ;w ;g ).

If (x ;w ;g ) isnot aboundary point of the set of
all valid con gurations then we can apply Th. 2 right
away to reach the conclusionin the theorem statemert.

If (x ;w ;g ) is not a boundary point of the set
of all valid con gurations then we can apply Th. 2 in
conjunction with Rem. 4. E.g. x somej 2 J ; then a
con guration (x;w;g) that equals(x ;w ;g ) except
for the the valueswj.s, S 2 § and whereg; ,i 2 I;,
are chosensuch that L2,gpc (1%, ;w;g) = Oisin an
SLT neighborhood of (x ;w ;g ) yet it still yields a
valid con guration. Or, we can x somei 2 | ; then a
con guration (x;w;g) that equals(x ;w ;g ) except
for the the value x; and where g; , j 2 J; is chosen
such that LQygpc (1j;%i,;w;g) = Oforallj 2 Jj isin
an SLT neighborhood of (x ;w ;g ) yet it still yields
avalid con guration. This allows usto useRem. 4 and

cometo the conclusionin the theorem statemert.

Remark 12 In Th. 6 we saw a tight connection be-
tween the behavior of MSAp rrg and MSAp rrg.
There is not anymore sucha simple connection between
MSAr rrg and MSAQP(") FEGg- This is protably the
price one hasto pay in order to get a statementlike in
Th. 11.

Note that alsoother quadratic programscould have
beenintro duced; potentially alsoslightly simpler ones.
But we conjecture that by introducing QP(") as done
above one might be able to say more than what is
proved in Th. 11, e.g. one might be able to say when
MSAgp(+) FFG COrverges.

7. ELECTRICAL NETW ORK INTERPRET A-
TION OF THE LP AND QP DECODER

Dennis [9] shawved that there is a simple way of as-
saciating an electrical network (EN) to a convex opti-
mization problem (especially to linear and quadratic
programming problems). Sud ENs consist of ideal
voltage sources,ideal current sources,(linear and non-
linear) resistors, ideal diodes, and DC-transformers.
In Dennis' approacd, the currents through certain el-
emens of the EN correspond to the componerts of
the solution vector of the primal optimization problem,
whereasthe voltages acrossthe same elemers yield
the componerts of the solution vector of the dual op-
timization problem. (Equivalertly, one can derive an
EN where one can also assaiate the voltageswith the
solution of the primal problem and the currents with
the solution of the dual problem.) In [10, 11] Vonto-
bel and Loeliger exploredthe connectionbetweenFFGs
(which represen global functions whosenegative expo-
nert is a corvex function) and ENs (that are obtained
by Dennis' approac). One can show that there is a
topographical one-to-one correspondencebetween the
FFG and the EN obtained by Dennis' approach. Var-
ious results can be derived, one of them is that the
MSA/MP A can be given an interpretation as simplify-
ing an electrical network (for details, see[10, 11]). In a
forthcoming paper we will discusshow one can derive
the EN that represeits fi p and fgp(+), respectively,
and also discussconnectionsbetweenthe LP and the
Bethe free energyassaiated to the IP-FF G. Similar to
the function fqop(+y, the Bethe free energy assaiated
to the IP-FF G can be seenas an approximation to the
function fp, but in this casethe situation is somewhat
\rev ersed": while for the function f gp(+) one can for-
mulate a theorem like Th. 11 but performing the MSA
is computationally demanding (see Rem. 12), for the



Bethe free energy one can in general not formulate a
theorem like Th. 11 on the global minimality, but per-
forming the MSA can be done very e cien tly (in fact,
the resulting algorithm is essetially equivalert to the
sum-product algorithm).

8. CONCLUDING REMARKS

Let us summarize the results of this paper. Let
x (IP), x (LP), and x (QP(")) be the solution of the
IP, the LP, and the QP(") assaiated to the sameLDPC
code, respectively. If m (MSAjp rrg) isa xed point
of MSAip rrc then welet x (m (MSA|p FFG)) be an
assignmem basedon m (MSAp rrg); We introduce
similar notation for MSAp rrc and MSAgp (") rrG-
With this notation, Th. 10 says that

lim x (QP(") = x (LP):

And for " > 0, Th. 11says that if MSAgp("y rrg CON-
vergesthen

X (m (MSAgp(+y Frg)) = X (QP(")):

This can be usedto make the following statemert.

Theorem 13 Let "%> 0 be somesmall constant and
assumethat MSAqp(y rre convemgesfor all 0 "
"0 and that

limx (m (MSAge () rre)) = X (M (MSA jm_op () Frc))

holds and representsa codeword. Then

X (m (MSAp Frrg)) @ x (m (MSALp Frg))
Qx wp) 2 x (p):

Proof: (Sketch) First, let us obsene that

limx (m (MSAge () Frc))

(C)]
= x (M (MSAjim op() Fre))

X (m (MSAL o)) (2)

Here, step (d) follows from the assumptionin the theo-
rem statemert and step (e) from the secondstatement
in Th. 10. Now, we seethat in step (a) we usedTh. 6,
in step (b) we used (2) together with Ths. 11 and 10,
and in step (c) we usedthe fact the IP solution equals
the LP solution under the above assumptions.

We would like to conclude the paper with a few
remarks.

(1]

[10]

(11]

It would beinteresting to seeif onecan give state-
ments under what conditions MSAgp(+) grg CON-
verges;from our experiencewith GaussianFFGs
we suspect that it corvergesunder rather general
conditions. The intuition in solving ENs might
also help in answering this question.

The statemerts in this paper con rm the robust-
nessobsened in practice when decading LDPC
codeswith the MSA decaler.

Reinforcing the obsenations made in [1], we can
say that the resultsin this paper suggestthat the
decisionregions of the LP decader seemto give
a tight characterization of the decaling regions
of the MSA decdader. This is interesting because
the decdaing regions of the LP decader have a
relatively simple mathematical characterization.
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