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Gaussian Interference Channel Capacity to
Within One Bit

Raul H. Etkin, Member, IEEE, David N. C. Tse, Member, IEEE, and Hua Wang

Abstract—The capacity of the two-user Gaussian interference
channel has been open for 30 years. The understanding on this
problem has been limited. The best known achievable region is due
to Han and Kobayashi but its characterization is very complicated.
It is also not known how tight the existing outer bounds are. In this
work, we show that the existing outer bounds can in fact be arbi-
trarily loose in some parameter ranges, and by deriving new outer
bounds, we show that a very simple and explicit Han—Kobayashi
type scheme can achieve to within a single bit per second per hertz
(bit/s/Hz) of the capacity for all values of the channel parameters.
We also show that the scheme is asymptotically optimal at certain
high signal-to-noise ratio (SNR) regimes. Using our results, we pro-
vide a natural generalization of the point-to-point classical notion
of degrees of freedom to interference-limited scenarios.

Index Terms—Capacity region, Gaussian interference channel,
generalized degrees of freedom.

. INTRODUCTION

NTERFERENCE is a central phenomenon in wireless
communication when multiple uncoordinated links share
a common communication medium. Most state-of-the-art
wireless systems deal with interference in one of two ways:
orthogonalize the communication links in time or fre-
quency, so that they do not interfere with each other at all;
allow the communication links to share the same degrees
of freedom, but treat each other s interference as adding to
the noise oor.
It is clear that both approaches can be suboptimal. The rst ap-
proach entails an a priori loss of degrees of freedom in both
links, no matter how weak the potential interference is. The
second approach treats interference as pure noise while it ac-
tually carries information and has structure that can potentially
be exploited in mitigating its effect.
These considerations lead to the natural question of what is
the best performance one can achieve without making any a
priori assumptions on how the common resource is shared. A
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Fig. 1. Two-user Gaussian interference channel.

basic information theory model to study this question is the two-
user Gaussian interference channel, where two point-to-point
links with additive white Gaussian noise (AWGN) interfere with
each other (Fig. 1).

The capacity region of this channel is the set of all simul-
taneously achievable rate pairs (R;, R2) in the two interfering
links, and characterizes the fundamental tradeoff between the
performance achievable in the two links in the face of interfer-
ence. Unfortunately, the problem of characterizing this region
has been open for over 30 years. The only case in which the ca-
pacity is known is in the strong interference case, where each
receiver has a better reception of the other user s signal than the
intended receiver [1], [2]. The best known strategy for the other
cases is due to Han and Kobayashi [1]. This strategy is a natural
one and involves splitting the transmitted information of both
users into two parts: private information to be decoded only at
the intended receiver and common information that can be de-
coded at both receivers. By decoding the common information,
part of the interference can be canceled off, while the remaining
private information from the other user is treated as noise. The
Han Kobayashi strategy allows arbitrary splits of each user s
transmit power into the private and common information por-
tions as well as time sharing between multiple such splits. Un-
fortunately, the optimization among such myriads of possibili-
ties is not well-understood, so while it is clear that it will be no
worse than the above-mentioned strategies as it includes them
as special cases, it is not very clear how much improvement can
be obtained and in which parameter regime would one get sig-
ni cant improvement. More importantly, it is also not clear how
close to capacity can such a scheme get and whether there will
be other strategies that can do signi cantly better.

In this paper, we make progress on this state of affairs by
showing that a very simple Han Kobayashi type scheme can in
fact achieve rates within 1 bit/s/Hz of the capacity of the channel

0018-9448/$25.00 = 2008 IEEE

Authorized licensed use limited to: Hewlett-Packard via the HP Labs Research Library. Downloaded on February 27, 2009 at 19:14 from IEEE Xplore. Restrictions apply.



ETKIN et al.: GAUSSIAN INTERFERENCE CHANNEL CAPACITY TO WITHIN ONE BIT

for all values of the channel parameters. That is, this scheme can
achieve the rate pair (R; — 1, Ry — 1) for any (Ry, R») in the
interference channel capacity region. This result is particularly
relevant in the high signal-to-noise ratio (SNR) regime, where
the achievable rates are high and grow unbounded as the noise
level goes to zero. In fact, in some high-SNR regimes, we can
strengthen our results to show that our scheme is asymptotically
optimal. The high-SNR regime is the interference-limited sce-
nario: when the noise is small, interference from one link will
have a signi cant impact on the performance of the other. The
low-SNR regime is less interesting since here the performance
of each link is primarily noise-limited and interference is not
having a signi cant effect.

The key feature of the scheme is that the power of the private
information of each user should be set such that it is received at
the level of the Gaussian noise at the other receiver. In this way,
the interference caused by the private information has a small
effect on the other link as compared to the impairments already
caused by the noise. At the same time, quite a lot of private in-
formation can be conveyed in the own link if the direct gain is
appreciably larger than the cross gain. Moreover, the scheme in-
volves only a single private common split and no time-sharing
is needed.

A key step in obtaining our result is the introduction of
the new concept of generalized degrees of freedom, a natural
generalization of the classical notion of degrees of freedom in
point-to-point communication to multiuser scenarios. This no-
tion provides a useful tool to approximate interference-limited
performance in the high-SNR regime. Using the generalized
degrees of freedom framework as guidance, we show that
the gap between the performance of our proposed scheme
and existing outer bounds in the literature is small in some
parameter regimes but arbitrarily loose in others. We derive
new outer bounds to cover for the other parameter ranges. Like
the existing bounds, the new outer bounds are also based on
giving extra side information to the receivers. But unlike the
existing bounds, the side information in the new outer bounds
is not suf cient for any of the receivers to decode the message
from the other user.

The rest of the paper is structured as follows. In Section II,
we describe the model. Section 11l focuses on the symmetric
rate point in the symmetric interference channel, where the re-
sults can be described in the simplest form. Results on the en-
tire capacity region for the general two-user channel are ex-
plained in Section IV. Section V investigates how the general-
ized degrees of freedom in the general case depend on the var-
ious channel parameters. Section VI provides intuition about the
simple Han Kobayashi scheme used in this paper. Section VII
explores some analogies between our results and those of El
Gamal and Costa on a deterministic interference channel [3].

Regarding notation, we will use lowercase or uppercase let-
ters for scalars, lowercase boldface letters for vectors, and calli-
graphic letters for sets. For example, we write i or P for scalars,
z for a vector, and R for a set. We use H( -) to denote binary
entropy of a discrete random variable or vector, i( -) to denote
binary differential entropy of a continuous random variable or
vector, and I(+; -) to denote mutual information. In addition, un-
less otherwise stated, all logarithms are to the base 2.
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Il. MODEL

In this section, we describe the model to be used in the rest of
this paper. We consider a two-user complex Gaussian interfer-
ence channel. In this model, there are two transmitter receiver
pairs, where each transmitter wants to communicate with its cor-
responding receiver (cf. Fig. 1).

This channel is represented by the equations

y1 = huiz1 + ha1z2 + 21
Yo = h1221 + hooxa + 22 1)

where for i = 1,2, z; € C is subject to a power constraint P;,
i.e., E[|z;|?] < P;, and the noise processes z; ~ CN(0, No) are
independent and identically distributed (i.i.d.) over time.

While the capacity region of the complex Gaussian inter-
ference channel may depend on the phases of the channel
gains {h; ;}, the inner and outer bounds that we present in
this paper only depend on the magnitudes {|h; ;|}. As a re-
sult, we can use for our bounds a parameterization in terms
of the signal-to-noise and interference-to-noise ratios. For
i = 1,2, let SNR; = |h;;|?P;/Ny be the SNR of user 4, and
INR; = |h21|2P2/N0(|NR2 = |h12|2P1/N0) be the interfer-
ence to noise ratio of user 1 (2). As will become apparent from
our analysis, this parameterization in terms of SNR and INR
is more natural for the interference channel, because it puts in
evidence the main factors that determine the channel capacity.

For a given block length n, user : communicates a message
m; € {1,...,2"%} by choosing a codeword from a codebook
Cin, With |C; .| = 2" The codewords {e;(m;)} of this code-
book must satisfy the average power constraint

=3 lemlal? < P

Receiver i observes the channel outputs {y;[t] : t = 1,...,n}
and uses a decoding function f; , : C* — N to get the esti-
mate 1n; of the transmitted message ;. The receiver is in error
whenever m; # m;. The average probability of error for user ¢

is given by
€i;n = E[P(rn; # m;)]

where the expectation is taken with respect to the random choice
of the transmitted messages m1 and ms;.

A rate pair (Rq, R») is achievable if there exists a family of
codebook pairs {(C1,n,Can)}n With codewords satisfying the
power constraints P, and P, respectively, and decoding func-
tions {(f1..(*), fo.n(-)}n, such that the average decoding error
probabilities €1 ., €2 ,, g0 to zero as the block length » goes to
in nity.

The capacity region R of the interference channel is the clo-
sure of the set of achievable rate pairs.

I1l. SYMMETRIC GAUSSIAN INTERFERENCE CHANNEL

A. Symmetric Channel and Symmetric Rate Point

In order to introduce the main ideas and results in the sim-
plest possible setting, we start our analysis of the interference
channel capacity region by considering a symmetric interfer-
ence channel and the symmetric rate point.
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In the symmetric interference channel we have |hi1|?> =
|h22|2 B |hd|27 |h12|2 = |h21|2 B |hc|2 and P =P, =P,or
equivalently, SNR; = SNR; and INR; = INRs. In addition, the
symmetric capacity is the solution to the following optimization
problem:

min{ Ry, Ry}

Co = Maximize:
e (Ri,R2) €R

Subject to:

where R is the capacity region of the interference channel.

Due to the convexity and symmetry of the capacity region of
the symmetric channel, the symmetric capacity is attained at the
point of the capacity region that maximizes the sum rate R, +
R,. Since the capacity region is known in the strong interference
case when INR/SNR > 1, we will focus on the case where
0 < INR/SNR < 1. In addition, we will concentrate on the
situation where INR > 1, i.e., the interfering signal power is at
least as large as the noise power. The case INR < 1 is not so
interesting because the communication is essentially limited by
noise. We will address this case brie vy later.

B. A Simple Communication Scheme

We will use a simple communication scheme that is a spe-
cial case of the general type of schemes introduced by Han and
Kobayashi in [1]. For a given block length n, user 7 chooses a
private message from codebook C;!,, and a common message
from codebook C;",,. These codebooks satisfy the power con-
straints P, and P,, with P, + P,, = P. The sizes of these code-
books are such that |C*,, |-|C, | = 2"F:. After selecting the cor-
responding codewords, user i transmits the signal z; = ¢t +cf
by adding the private and common codewords. The private code-
words are meant to be decoded by receiver 7, while the common
codewords must be decoded by both receivers.

The general Han and Kobayashi scheme allows to generate
the codebooks using arbitrary input distributions, and allows to
do time sharing between multiple strategies. We will consider
a simple scheme where the codebooks are generated by using
i.i.d. random Gaussian variables with the appropriate variances.
Let INR, = |h.|>P./No, that is, INR, is the interference-
to-noise ratio created onto the nonintending receiver by the pri-
vate message. We choose INR, = 1, i.e., the interference cre-
ated by the private message has the same power as the Gaussian
noise.l In addition, we use a xed strategy, i.e., we do not do
time sharing.

Why do we choose INR,, = 1? From the point of view of a
single user, that is, if we do not take interference into account,
one should make the private message power as large as pos-
sible (i.e., set INR, = INR). However, due to interference, it
may be convenient to reduce the private message power, so that
part of the interfering signal (the common message) can be de-
coded and subtracted at the other receiver. We see that there
is a tradeoff between achieving a large rate at one s link and
minimizing the interference caused at the other user s link. In
Fig. 2 we plot the single-user rate as a function of the interfer-
ence power created by the private message of the other user. We

INote that this is possible with the available power under the assumption
INR . IfINR one can choose INR,,  INR, but will not consider this
case in this section.
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Fig. 2. Rate versus interference power level. The choice INR,, (0 dB) does
not create too much interference and it achieves a large private message rate.

can see that if we choose INR,, = 1, the effect of the interfer-
ence caused by the private message is small. At the same time,
INR, = 1 allows to obtain a relatively large private message
rate in the direct link. We will give a deeper explanation later on
in Section VI.

We will show that this simple scheme allows us to achieve
a symmetric rate close to the symmetric rate capacity of the
channel. In order to determine the symmetric rate that we can
achieve with this scheme, it is useful to think of each user as
being split into two virtual users: private user U; and common
user W;. Let MAC; be the multiple-access channel formed by
virtual users Uy, Wy, and W5, and receiver 1, with the signal
from virtual user U, being treated as noise. In a similar way, let
MAC; be the multiple-access channel formed by virtual users
Uy, W1, and Wy, and receiver 2, with the signal from virtual user
U, being treated as noise. Since the common messages must
be decoded by both receivers, while the private messages must
be decoded only by the intended receiver, we see that the rates
achievable by a the Han and Kobayashi scheme correspond to
the intersection of the capacity regions of MAC; and MACs.

Among all the possible rate assignments for the private and
common messages of this scheme, we choose the private rates
of both users, as well as the common rate of both users to be
equal, i.e., R, 1 = Ry» and R, 1 = Ry 2. We also x a de-
coding order at each receiver, so that the common messages are
decoded rst, while the private message is decoded last. This
choice of rates and decoding order allows for an easy analysis
of the scheme and, as will be shown later, also achieves a sym-
metric rate close to capacity.

Since the private message is decoded last, while the private
message of the other user is treated as noise, the private rate of
each user is given by

SNR-INR, ~ log 1+SNR
—) = — .

R, =log (1
Og( T INR(I + INR, 2INR

Since each receiver decodes the common messages rst, both
private messages are treated as noise when decoding the
common messages. With this decoding order, the sum rate of
the common messages must satisfy two constraints

(INR — 1)(SNR + INR)
SNR + 2INR ) @

Rw,l + Rw,2 S log (1 +
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Fig. 3. Intersection of the MAC regions corresponding to virtual users ; and - at receivers 1 and 2, when the signals from virtual users ; and - are treated
as noise. The left graph corresponds to the case in which the sum-rate constraint (2) is active, while the right graph corresponds to the case in which the sum-rate
constraint (3) is active. In both cases, the symmetric rate point is indicated. Note that due to the symmetry in the channel and power allocations, the multiple-access
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regions at receivers 1 and 2 are mirror images of each other with respect to the line 1

and
R + R < 210y (14 gt o) ) ©

where (2) arises from the sum rate constraint of the multiple-ac-
cess channel (MAC) formed by virtual users Wy and W at re-
ceiver 1 (or receiver 2) when the messages from virtual users Uy
and U, are treated as noise, and (3) arises from the individual
rate constraint of decoding the message of virtual user 1/ at re-
ceiver 2 and virtual user W, at receiver 1, treating the messages
from virtual users Uy and U, as noise (see Fig. 3).

Therefore, with the simple Han and Kobayashi scheme we
obtain a symmetric rate

SNR

(1
—|—m1n{§ log (1—1—

(INR—1)(SNR+INR)
SNR+2INR

o (1.4 NRONR=1)
o8 SNR+2INR

(1, 1 SNR
=min {Elog (14+SNR+INR) —}—Elog <2+m> -1,

SNR
log <1+|NR+m> —1} .

(4)
By comparing (2) and (3) we can determine the parameter
ranges in which each of the terms of the min{-,-} in (4) is
active. De ne

B, =
{(SNR, INR) : INR> 1and SNR(SNR+INR) < INR?(INR+1)}
By =

{(SNR, INR) : INR> 1and SNR(SNR+INR) > INR*(INR+1)}.

®)

w,2-

Then, the rst (second) term of the min{-, -} is active in B1(B3).
We denote by Ruk, (Ruk,) the symmetric rate expression that
results in By (Bs).

We can gain further insight into the achievable rate (4) and
the different parameter regimes By, B2, by considering how the
ratio Ruk /Cawgn Varies for different interference levels. Di-
viding (4) by log(1 4 SNR), we obtain for SNR > 1,INR > 1,
and SNR > INR the expression in (6) at the bottom of the page.
We de ne the interference level « as the ratio of INR and SNR
in decibels, that is,

__logINR

“ = g SNR

and rewrite (6) as a function of «

RC'%W(;‘) zmin{l—%,max{a,l—a}} @)
By inspecting (7) we can readily identify three different
regimes. The rst term of the min{-, -} is active in (7) when
2/3 < a < 1. This corresponds to the parameter range By, in
which the MAC constraint (2) is active. For 0 < « < 2/3, the
second term of the min{-, -} is active in (7), which corresponds
to the parameter range Bs. In this range, the MAC constraint (3)
is active. In addition, we can further identify two subregimes,
depending on whether 1/2 < « < 2/3 (the rst term of the
max{-,-} is active) or 0 < « < 1/2 (the second term of the
max{-, -} is active). Fig. 4 shows how Ry /Cawgn Varies with
« in the different parameter regimes.

C. Known Upper Bounds

In order to evaluate the performance of our communication
scheme, we can compare the symmetric rate achieved with an
upper bound. We can obtain this upper bound by considering

Ruk

min{%log(l+SNR+lNR)+%log (2+%) ~1,log (1+INR—|— %) —1}

Cawgn

log(1 4 SNR)

__ nin {1 log (SNR) + 1 [log (SNR) — log (INR)] , max {log (INR) ,log (SNR) — log (INR)} }

~

1 log INR

log(SNR)

~ min{l

{logINR
X

~ 210g SNR™ T { Tog SNR

log INR
1_1ogSNR}}' ©)
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Fig. 5. Genie-aided two-user interference channel. A genie provides signal -
to receiver 1.

any outer bound to the interference channel capacity region eval-
uated at R; = R». The best known outer bound to the interfer-
ence channel capacity region is that given in [6, Theorem 2].
We analyze this bound in Appendix A, and provide in this sub-
section an alternative bound that has similar performance and is
easier to obtain and analyze.

We will consider a general interference channel so that the
upper bounds that we derive are not restricted to the symmetric
interference channel. Consider a modi ed interference channel,
where a genie provides the side information x5 to receiver 1 (see
Fig. 5).

Since 7 is independent of = we can write for any block of
length n

I(27:yt 25) = I (27;25) + 1 (2797 |25)
= I (z};hnzy +27)

and it follows that receiver 1 can get an interference-free signal
by subtracting the interference k2 z2 using the side information
provided by the genie. Therefore, we obtain that the genie-aided
channel is equivalent to the one-sided interference channel de-
picted in Fig. 6.

The sum-rate capacity of a one-sided interference channel for
the case of INRy < SNR; is known from previous results [8]
and will be explicitly derived in Section IV-A. It is given by

Rgum(one-sided IC) = log (1 + SNRy)
SNR;

+ log <1 + T7INR, ¥ |NR2) (8)
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Fig. 7. Upper bound and achievable Han Kobayashi rate (relative to single-
user capacity) as a function of the interference level

and since the aid of the genie can only increase the capacity
region of the interference channel, we obtain the upper bound
for the symmetric rate

1 1 SNR
Ryp = 5 log(l + SNR) + ilog <1 + m) . (9)

In order to compare this bound with the rate obtained with
our simple Han Kobayashi scheme we approximately compute
the ratio Ryp/Cawgn for SNR > 1,INR > 1 and SNR > INR

RUB _ 1 IOg”\IR -
Cawgn 2log SNR o

(e
~1 1 5" (120)
We see that (10) coincides with (7) when 2/3 < « < 1, but (10)
and (7) differ when 0 < o < 2/3 (see Fig. 7).

Fig. 7 suggests that the bound (9) is reasonably tight in the
parameter range 3. It turns out that the upper bound (9) and
the lower bound (4) differ by at most 1 bit/s/Hz in the param-
eter range B; . This can be checked by writing for the parameter
range B,

1 1 SNR
RUB — .RHK1 = 5 10g(1+SNR)+§ 10g <1+m)

1
— 5 log (1+SNR+INR)
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11 2~|——S,\IR +1
2 INR

1, (14SNRY 1
S\ 1¥INR ) " 2
1+SNR

1 2INR+SNR

g| —o— | +1
2
<11 3 +1
2 %% | 2INR+SNR
<1

INR

(11)

where we used the assumption INR > 1 in the last inequality.

We also observe in Fig. 7 that the gap between the upper
bound and the achievable rate can be arbitrarily large in the pa-
rameter range B5.2 This large gap could be due to a very subop-
timal scheme, a loose upper bound, or both. It turns out that the
large gap is due to the looseness of the upper bound.

Even though the bound (8) is not as good as the bounds
presented in [6], all these bounds have the same worst case
1-bit/s/Hz gap with respect to our simple communication

strategy in the parameter range ;. Also, in the parameter range
B, all these bounds are arbitrarily loose.

Why are all these bounds loose in B,? The problem is that
they rely, in one way or another, on giving side information
to receiver 1 so that he can eventually cancel the interfering
signal from user 2. We can gain some intuition about why these
bounds are loose in B, by considering our simple communica-
tion scheme in the genie-aided channel of Fig. 5. The side infor-
mation provided by the genie allows receiver 1 to subtract the
interference generated by transmitter 2. The rates of the virtual
private users Uy and U, are in this case

Ry, =log <1 + —SNRlN;QNRp> = log (1 + %)

SNR - INR, SNR

B, = log <1+ INR(L 1 INR )) lo <1+ W)
and we see that virtual user Uy gains at most 1 bit/s/Hz due to the
help of the genie. The sum rate of the MAC formed by virtual
users Wy and W at receiver 2 does not change due to the aid
of the genie. Therefore, the sum rate constraint (2) still holds.
However, due to the aid of the genie receiver 1 can decode the
message of virtual user W5 and the sum rate constraint (3) does
not appear in this case.

In By, the sum rate constraint (2) is active in the original
channel, and the aid of the genie does not allow to increase the
sum rate by a large amount. In this regime, the bound obtained
from the genie-aided channel is good. In contrast, in Bs, the
sum rate constraint (3) is active in the original channel, and the
genie effectively releases this constraint by providing enough
information to receiver 1 to decode the message of virtual user
Ws. Since in B, the constraint (2) is larger than (3) (and the gap
between the two constraints can be made arbitrarily large), the
bound obtained from the genie-aided channel is loose.

D. A New Upper Bound

In order to derive a tighter sum rate bound for the param-
eter range B> we will make use of the help of genies, but will

2Note that in Fig. 7 the rates are plotted relative t0 ... and any nonzero
gap in the gure translates into an unbounded gap in the rates as SNR
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avoid giving too much information to either receiver. The in-
formation that we will provide will not allow either receiver to
completely decode the message of the interfering transmitter.
The new sum-rate upper bound is given in the following the-
orem, which we state for a general (not necessarily symmetric)
Gaussian interference channel.

Theorem 1: For a Gaussian interference channel as de ned
in Section I, (1), the sum-rate is upper-bounded by

SNR,
1+ INR,
SNR,

+ log (1 + INR3 + m) . (12)

R1+R2 SlOg <1+|NR1+

Proof: De ne

51 = hi221 + 22

89 = ho1o + 21

and consider the genie-aided channel where a genie provides s;
to receiver 1 and s» to receiver 2 (see Fig. 8). Clearly, the ca-
pacity region of this genie-aided channel is an outer bound to the
capacity region of the original interference channel. Therefore,
we can obtain an upper bound for the sum-rate of the original
channel by computing an upper bound on the sum-rate of the
genie-aided channel. For a block of length » we can bound the
sum-rate of the genie-aided channel in the following way:

n(Ry+ Ry) < I(x7:y7,87) + 1 (x5;y5,85) + ney

= I (zy;87) + I (z7;y7]sT)

+ 1 (zy;83) + I (25;95(85) + ney,
= h(s?) — h(s{|zy) + h (y7]s7)

— h(y7|=7, 87)

+h(s3) — h(s3]z5) + h (y3]s3)

— h(y3|z5,85) + ney,

= h(s?) = h(z3) +h(y7lsT) — h(s3)

+h(s3) —h(27)+h(ys|s5) — h(s]) + ne,
= h(y7ls?) + h(yz1s3) — h(27) — h(23) + nen

<

Ms

(h(y1ils1i) + h(y2ils2i)
(le)

where the last inequality follows by the fact that removing con-
ditioning cannot reduce differential entropy, and ¢, — 0 as
n — oQ.

Let E|z?;| = P; and E|z3,| = P»;, we have

7

LT

h(z2i)] + nen (13)

1 n
Ezh(yldsu)
=1
(a) 1 [ ( |h11|2P1iN0 )]
log |me | No + |h P+ —————
; g 0 |21| 2 N0—|—|h12|2P1i

(b) 1 &
S log [WC <N0 + |h21|2 <E ZPQ,L')
i=1
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T

Fig. 8. Genie-aided two-user Gaussian interference channel. A genie provides
signals 1 to receiver 1 and - to receiver 2.

lha1? (2320, Pii) No
No+ |h2]? (2350, Pry)

(c) |h11)? Py No
< log No + |hoy 2Py + ——1 =2 14
=% [WB( 0¥ hal 2+N0+|h12|2P1 a4

where in step (a) we use the fact that the circularly symmetric
complex Gaussian distribution maximizes conditional differen-
tial entropy for a given covariance constraint, in step (b) we use
Jensen s inequality applied to a function that, as can be easily
checked, is concave, and in step (c¢) we used the fact that the
function is increasing on P; and P5. Similarly, we have

1 n
- Z h(y2ils2:) < log [We (No + |h1a|* Py
=1

|ha2|? Py No )]
4+ —==_ =~ _||. (15
No + |h21]|? P2 (15)

Thus, we have

1 n
Ri+ Ry < - ;[h(y1i|51i) + h(y2i|s2:)
— }L(21i> — }L(ZQl)] + €n

S IOg |:7T6 <N0 + |h21|2P2

|h11|2P1N0 )—

Wl o N g (ren,
No + |h12]2 Py og (meNo)

+ log [7re (No + |h12|2P1

|h22)? PaNo )
—== = )| —log(weNy) + €,
No + |h21|?P2 ) | 8l 0)
|ho1|* P2 |h11|? Py )
=log |1+ +
8 < No No + |h12]2 Py
|h122 Py |haa|? Py )
+log 1+ +é,.
& ( Ny Ny + |}L21|2P2

Letting n — oo, €,, — 0 and we get the desired upper bound. I

Itis interesting to note that the upper bound of Theorem 1 can
be achieved with a communication scheme where each receiver
treats interference as noise. In the genie-aided channel used to
derive the upper bound, the side information provided by the
genie compensates for the harm that interference produces on
the other link by giving a boost in the own rate in the direct
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Fig. 9. Upper bound of Theorem 1 and achievable Han Kobayashi rate (rela-
tive to single-user capacity) as a function of the interference level

link. Thus, making the signal more random by not sending any
common information results in an overall improvement in the
sum rate.

We now specialize the bound of Theorem 1 to the symmetric
interference channel to obtain the following upper bound on the
symmetric rate:

Ry (16)

SNR
=1 1+INR+ ———=).
o8 < HINRA T INR>
To see how this bound performs in the different regimes we
compute the ratio of Ryg,,, and Cuwen for SNR > 1 and
INR > 1

Rus,.. { log INR log INR

SUBnew - = 1-
Cowgn % logSNR™™ ~ Tog SNR } max{a, 1 - o}
(7)

new

which we plot in Fig. 9.

Observing Fig. 9, the new upper bound seems to match the
Han Kobayashi achievable rate in the regime Bs, where the
upper bound (9) is loose. In fact, this new bound hasa nite gap
with respect to the achievable symmetric rate with our simple
scheme in the parameter range B-. To verify this we compute

SNR
RUBHOW — RHK2 = log <1 + INR + m)

INR

SNR
< log <1+ INR + m)

SNR
—log<l+|NR—|——> +1

SNR
-1 1+INR+ — 1
0g< + + INR) +

=1 (18)
and we nd that the gap in the symmetric rate with respect to
the new upper bound is at most 1 bit/s/Hz in Bs.

Using (11) and (18) we see that when INR > 1 our simple
scheme is at most 1 bit/s/THz away from the symmetric rate
channel capacity. Proving that the simple scheme is at most
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1 bit/s/Hz away from capacity when INR < 1 is straightfor-
ward. We can set INR, = INR and use as a symmetric rate
upper bound the single-user capacity. The difference between
the achievable rate and the upper bound is

SNR
log(l + SNR) — log <1 + m)

NR
< log(1 4 SNR) — log (1 + ST>

<1. (19)

E. Small Gap Between Lower and Upper Bounds

In Sections 1II-C and IlI-D we showed that the
Han Kobayashi scheme that sets the private message power
so that the interference created is at noise level achieves
a symmetric rate within 1 bit/s/Hz of the upper bounds.
Therefore, we obtained a characterization of the symmetric
capacity to within 1 bit/s/Hz. The nite and small gap between
the lower and upper bounds on the symmetric capacity was
obtained by direct calculation of the difference between
the bounds. In this subsection, we present a more intuitive
explanation for the tightness of the bounds.

We can decompose the total gap between the lower and upper
bounds in two components A; and A,, arising from the fol-
lowing two steps.

1) Fix Han Kobayashi strategy (i.e., set INR, = 1, decode

rst the common messages (wi,w2), and then the pri-
vate message u; Or us3) and see how the symmetric rate
changes when varying the channel from the given interfer-
ence channel to the genie-aided interference channel used
in the bounds. The gap A, quanti es the rate change due
to the side information for the xed strategy.

2) Fix the channel to the genie-aided interference channel,
and change the Han Kobayashi strategy by varying INR,
from 1 to INR. The gap A, quanti es the rate change in
the genie-aided channel when INR,, is varied.

Referring to Fig. 10, A4 corresponds to the difference in the
rates between points A and B. A, corresponds to the difference
in the rates between points B and C.

Since INR, = INR achieves the capacity of the genie-aided
channel (one can show that the sum rate upper bounds can
be achieved by generating the codewords z}' and z7 with
i.i.d. circularly symmetric complex Gaussian components of
variance P, and treating interference as noise at the decoder),
the sum A; + A, quanti es the rate change from the initial
Han Kobayashi strategy in the original channel (lower bound),
to the capacity achieving strategy in the genie-aided channel
(upper bound). It follows that a small gap between the lower
and upper bounds can only occur if both A; and A, are small.

To achieve a small value of A, the help of the genie
should not change the relevant rate constraints for the initial
Han Kobayashi strategy. Fig. 3 and the discussion at the end
of Section I11-C describe the active constraints for the different
weak interference regimes.

3with some abuse of notation, we use ; to denote the private

and common messages, and also to denote the symbols of the codewords actu-
ally sent over the channel.
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Sym: genie aided channel

>
>

INR,

1 INR
Fig. 10. Gap between the achievable rate with the Han Kobayashi scheme
that sets INR,, and the symmetric capacity upper bound decomposed into

two components: | and .  results from xing INR, and changing the
channel; - results from increasing INR, to INR in the genie-aided channel.

In addition to achieving a small value for A,, the help
of the genie should result in a small value of A,. A, arises
when we vary the communication strategy from the initial
Han Kobayashi strategy to the capacity achieving strategy in
the genie-aided channel. The sum capacity of the genie-aided
channels that we used can be explicitly computed by treating in-
terference as noise. Unfortunately, it is hard to compute bounds
for the interference channel when the interference is not treated
as noise. In the original channel, setting, INR, = 1 achieves
good performance, but in general, setting INR,, = INR (treating
interference as noise) may result in very small rates. The role
of the genie in the genie-aided channel is to compensate for
the loss in the sum rate when INR,, is increased from 1 to INR.
Increasing INR,, beyond 1 in the original channel may produce
a loss in the rate of common message due to increased interfer-
ence. However, the genie provides just enough side information
to compensate for this loss while making INR, = INR optimal.

F. Generalized Degrees of Freedom

In the preceding analysis, we see the utility of the approxima-
tions like (7), (10), (17) both in identifying the different regimes
of interest as well as in developing the relevant upper bounds for
the different regimes. We can formalize the approximations of
this nature through the following type of de nition. De ne, for
a xeda >0

Coym(INR, SNR)

dsym(a) = Cawgn(SNR)

(20)

If there were no interference between the two links (i.e., a = 0),
then the capacity per link is just the AWGN capacity log(1 +
SNR). Hence, d.y., (0) = 1. This can be interpreted as each link
having the full degree of freedom to itself. Since interference
cannot help in communicating each user s message, it follows
that Csym < Cawgn and, therefore, dgym(a) < 1 for o > 0. We
can think of interference as effectively reducing the degrees of
freedom of the channel, and thus it is natural to think of dy.., ()

as a generalized degree of freedom. The approximations we
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made can be thought of as computing analogous limits for the
achievable rates and upper bounds. Since the lower and upper
bounds on the symmetric capacity we derived earlier differ by
at most one bit, they allow us to precisely characterize dgym ().
For 0 < a < 1, this is plotted in Fig. 9. o > 1 corresponds to
the strong and very strong interference regimes, and since the
capacity is known in these regimes, we can compute dy., () in
a straightforward way.

In the very strong interference case, each user can decode the
interfering message before decoding his own message [2]. After
decoding the interference and subtracting it from the received
signal, the user effectively gets an AWGN channel for commu-
nicating his own message. It follows that the symmetric capacity
in the very strong interference case is

Cuym = log(1 + SNR) = log(SNR). 21)

The channel is in the very strong interference situation whenever
INR > SNR? 4 SNR. Taking logs and assuming SNR, INR >>
1, the very strong interference condition becomes log INR >
21log SNR. In this regime, we obtain dsym = 1, and therefore,
interference does not reduce the available degrees of freedom of
the channel.

In the strong interference regime, each receiver is able to de-
code both messages. The capacity region of the interference
channel is given by the intersection of the capacity regions of
the two MACs formed by the two transmitters and each of the
receivers. In the symmetric case, the sum capacity of both MACs
is the same and the corresponding symmetric capacity is given

by
1
Coym = 5log(1+SNR+ INR) . (22)
The symmetric channel is in the strong interference situation

whenever it is not in very strong interference and INR > SNR,
which after taking logs becomes

log SNR < log INR < 2log SNR.

This condition and (22) together with the assumption
SNR,INR > 1 imply that Cyy &~ 3 logINR. It follows
that under strong interference the generalized degrees of
freedom are
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We now have the complete picture shown in (24) at the bottom
of the page, and

l-a, 0<a<i
«, %§a<§
dsym: 1_%7 %<a§1 (25)
s 1<a<?2
1 a>?2

The generalized degrees of freedom are plotted in Fig. 11,
together with the performance of the baseline strategies of or-
thogonalizing the users (in frequency or time) and treating inter-
ference as noise. Note that orthogonalizing between the links, in
which each link achieves half the degrees of freedom, is strictly
suboptimal except when o = % and « = 1. Treating interfer-
ence as noise, on the other hand, is strictly suboptimal except
fora < 1.

Note that there are ve regimes in which the qualitative be-
haviors of the capacity are different. The rst three regimes fall
into the weak interference regime, and the characterization of
the symmetric capacity in these regimes is a consequence of the
new results that we obtained. In these regimes, the interference
is not strong enough to be decoded in its entirety. In fact, in
regime 1, where the interference is very weak, treating interfer-
ence as noise is optimal. In regimes 2 and 3, where the inter-
ference is not very weak, decoding it partially can signi cantly
improve performance.

Interestingly, the capacity is not monotonically decreasing
with INR in the weak interference regime. Increasing INR has
two opposing effects: more common information can be de-
coded and canceled but less private information can be sent
under the constraint INR, = 1. Depending on which of these
two effects dominates, the capacity increases or decreases with
INR.

In regime 1, where treating interference as noise is optimal,
the common messages carry negligible information. In this
regime, the loss in the private rate due to the increase in INR
makes the capacity decrease with INR. However, once interfer-
ence becomes strong enough to reach regime 2, the users can
start using common information to partially cancel interfer-
ence. As the interference level increases, more and more of this
common information can be decoded and partially canceled,
and this effects dominates the behavior of capacity with INR.
Therefore, capacity increases with INR in regime 2. However,
as INR increases further to reach regime 3, the gains obtained
by partially canceling interference through the common mes-

. log VINR  « 23 sages are not enough to offset the loss of rate in the private
YT JogSNR 9" (23) information. In this regime, capacity decreases with INR until
log (%) logINR < Llog SNR
log INR 11og SNR < log INR < 2 log SNR
Coym = { log % 210g SNR < log INR < log SNR (24)
log VINR  logSNR < log INR < 2log SNR

log INR > 2log SNR
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the strong interference regime is reached. Since in the strong
interference regime all the information is common information,
increasing INR increases capacity. Finally, in the very strong
interference regime all the interference can be canceled before
decoding the useful information, and interference does not have
any effect on capacity.

It is worthwhile to note that the communication strategies pre-
sented in [8] also showed nonmonotonic behavior under weak
interference. However, it was not clear whether this was the ac-
tual behavior of capacity or just an artifact of possibly loose ca-
pacity inner-bounds. What we demonstrated here is that in fact
it is the former.

G. Tight Characterization of Symmetric Capacity

Our simple Han and Kobayashi type scheme, together with
the symmetric capacity upper bounds (9) and (16) allowed us
to characterize the symmetric capacity to within 1 bit/s/Hz. We
will now show that in some parameter ranges, the gap between
the upper bound (16) and the rates achievable with some im-
proved communication schemes vanishes for SNR, INR — oc.

The communication scheme that sets the private message
power so that the interference generated onto the other receiver
is at noise level (i.e., INR, = 1) is universal in the sense
that the same scheme can be used to achieve a symmetric rate
within 1 bit/s/Hz of capacity in the weak interference regime,
regardless of the values of the parameters.

However, we can further improve the achievable symmetric
rate by modifying the communication scheme for different pa-
rameter ranges. In regime 1, when log INR < %log SNR, we
can simply assign INR,, = INR and not use common messages
atall. As stated in the previous subsection, this scheme achieves
a symmetric rate

SNR

and the gap between this rate and the upper bound (16) is

SNR SNR
_R=log [ 1+INR Clog (14 2NR
Rup,e, — 0g< + +1+INR> Og( +1+INR>

INR(1+INR)
“log (14 —RUATR).
0g< +1+INR—|—SNR>

INR?
~log <1+ SNR) .
Note that the same gap would be obtained with any scheme that
uses INR, such that INR, — oo as SNR, INR — oo.
Recall that o = (2&18K . Regime 1 correspondsto 0 < v < 1.
In this regime, (27) implies that for xed o, Csyry — R — 0 as

SNR, INR — oo. Therefore, we have that for 0 < o < 1/2 the
symmetric capacity is tightly characterized by

SNR
Csym = IOg (m) .

In regime 2, where £ < o < 2,
(INR/SNR)*~7, where

(27)

(28)
we can choose INR, =

9
0< 2

l—«

<y<1 (29)
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is xed but arbitrary. This choice of INR, makes the received
interference power corresponding to the private message to
go to zero as SNR,INR — oo. Note that in regime 2 we
have 21logSNR < logINR < 2logSNR and, therefore,
INR/SNR — 0 as SNR,INR — oo.

Fixing the decoding order so that the private messages are
decoded last, this scheme achieves a symmetric rate

SNR - INR,
INR(1 + INRp)}
(SNR + INR)(INR — INR,,)
INR + (SNR + INR)INR, ] ’
log [1_'_ INR(INR — INR,,) H
INR + (SNR + INR)INR,

(@), SNRY”
~ log [l-l- <—INR> }

.1
—|—m1n{§10g {14—

R:log[l—l—

.1
+ min {5 log [1 +

SNR
(SNR/INR)V} ’

o8 [”%H

o [(SNR
= 7% | INR

(1 L INRM Y
+1mn{§10g[SNR ’INR’],IOg{SNT

= (1 — a)log (SNR)
l—v+ay

4+ min { 5

) log (SNR)

a1+ ) - 7} log(SNR)

(30)

where ~ means that the difference between the left- and right-
hand sides goesto zero as SNR, INR — oo, (a) follows from the
factthat INR, — 0 and INR/SNR — 0as SNR, INR — oo, and
(b) follows because the second term of the min{-, -} dominates
due to (29).

From the upper bound (16) we obtain

SNR
—log [ 14 INR+ 220
Rup,ew °g< IR 1+INR>

~ log (SNR® 4+ SNR'~%)
~ max {«, 1 — a} log (SNR)

= alog (SNR). (31)

Comparing (30) with (31) we see that the difference
Ryg,,., — R — 0as SNR,INR — oo and therefore in regime
2 the symmetric capacity is given by

Cuym = log(INR). (32)

We note that both in regimes 1 and 2 we have some exibility
in setting the private message power to asymptotically achieve
the symmetric capacity. In regime 1 we can choose any private
message power as long as INR, — oo when SNR, INR — oo.
In a similar way, in regime 2 we can use any private message
power that satis es INR, — 0 as SNR,INR — oo. In both
cases, setting INR, = 1 does not asymptotically achieve the
symmetric capacity, but results in a symmetric rate no smaller
than 1 bit/s/Hz from it. Unfortunately, in regime 3 the only
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Fig. 11. Generalized degrees of freedom for two suboptimal schemes versus capacity. These suboptimal schemes are treating interference as noise and orthogo-

nalizing the users over time or frequency.

choice of private message power that achieves a symmetric rate
with bounded difference from the upper bound (9) is INR, =
con an , and this choice of private message power does not re-
sult in a gap that vanishes as SNR, INR — oo.
In the strong interference regime, the symmetric capacity is
given by
1

Csym =

m = 5 10g (1 +INR + SNR) (33)

which asymptotically approaches log(vINR) for 1 < « < 2 as
SNR,INR — .
Finally, in the very strong interference regime the symmetric
capacity is given by
Csym = log(1 + SNR) (34)
which asymptotically approaches log(SNR) for SNR — oo.

We summarize the results of this subsection in the following
theorem.

Theorem 2: Let a = (logINR/logSNR). For 0 < a <
1/2,1/2 < a < 2/3 and o > 1, the approximation given in
(35), shown at the bottom of the page, is asymptotically tight in
the sense that the difference between Cy, and the approxima-
tion goes to zero as SNR, INR go to in nity with o xed.

IV. WITHIN ONE BIT OF THE GENERAL CAPACITY REGION

In the previous section, we showed that a simple Han
Kobayashi scheme can achieve to within one bit of the sym-
metric rate of the symmetric Gaussian interference channel.
We will show that this is also true for the whole capacity region
of the general two-user Gaussian interference channel (not
necessarily symmetric). Depending on the parameters of the
Gaussian interference channel (SNRy,SNR3, INRy, and INRy),
we can divide the analysis of the Gaussian interference channel
into the following three cases.

1) Weak interference channel:

In this case, the parameters of the Gaussian interference
channel satisfy INR; < SNRy and INRy < SNRj.

o 3).
log INR,

log VINR,
log SNR,

Csym =

210gSNR < log INR < 21ogSNR < £ < o < 2
logSNR < logINR < 2logSNR « 1 < a < 2
log INR > 21logSNR < « > 2

logINR < 1logSNR - 0 < a < 2

(35)
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