





allocations, and as a result, the problem of computing R has
finite dimension.

Theorem 1:Any point in the achievable rate region
R defined in (4) can be obtained with M power al-
locations that are piecewise constant in the intervals
[0 Wl) [W]_,Wg) [WZM 1,W], where w; < Wi+1,i =
1,...,2M — 2, for some choice of {w;}2M 1

Note that once we fix the choice of mtervals to obtain a
point in R, the M power allocations are constant in the same
intervals.

For the special case of channels satisfying a pairwise high
interference condition (which is satisfied with the choice of
parameters in scenarios (a), (b) and (c)), it turns out that
the optimal power allocations are orthogonal, and hence the
characterization of R is further simplified.

Theorem 2:Let (Ry,...,Ras) be a Pareto efficient rate

vector achieved with power allocations {p;(f)}i=1,.. .M
which are piece-wise constant in the intervals
[O,Wl),[Wl,Wz),...,[szu 1,W]. If % > 1 then
the power allocations p;(f) and p;(f) are orthogonal i.e.
pi(f )p; () = 0 for f < [0, W].
The condition z”c“ > 1 means that for systems i and j,
the product of the channel cross gains c; ;C;; is greater than
the product of the channel direct gains c; ;c; ;. Note that the
condition can be satisfied even if one of the cross gains is
small, by having the other cross gain large enough. Also,
note that the condition is independent of the power constraints
{P;,P;} and noise variance No. In our three examples, we
chose ¢11 = ¢ 2 = 1, so to check whether the condition of
Theorem 2 is satisfied, we only need to check that ¢; 5Cp 1 > 1.
In scenario (a) we have ¢ 2C; 1 = 10-0.5 = 5, in scenario (b)
we have ¢;2C1 = 1.1-1.1 = 1.21, and in scenario (c) we
have ¢; 2C2,1 = 0.5-10 = 5, so in the three cases the condition
is met.

In particular, if °”;“ > 1foranyi #j,j =1,...,M,
we can achieve any Paréto efficient rate vector with frequency
division multiplexing (FDM). In this case, the the maximiza-

tion of any weighted sum of rates reduces to the optimization
problem:

M

. cii s
Maximize Wil 1 :
=1 ¢ Og + W7NO
M
subject to: W,=W [Ml; =0,i=1,...,M (6)

=1

which, as can be easily verified, is a concave optimization
problem and can be efficiently solved. It can also be verified
that the maximization of Upr = 1 log(R;) is a concave
problem as well. These results allow to easily compute the
rates in Figure 3.

Note that since the Pareto efficient rates are obtained with
orthogonal allocations when ¢, »c,1 > 1 (for direct gains
equal to 1), the actual values of the cross gains ¢;» and C; 1
have no influence on the achievable region. This explains why
scenarios (b) and (c) result in the same achievable region and
optimal rates.

When the conditions of Theorem 2 are not satisfied, we
can use techniques such as Lagrangian methods to solve
the problem of maximizing U(Rgy,...,Ras) with tractable
complexity.

Throughout this section we have implicitly assumed that the
M systems cooperate to maximize a global utility function by
choosing appropriate power allocations. This assumption may
be realistic when the different systems are jointly designed
with a common goal, are complying with some standard or
regulation, or are in fact transmitter-receiver pairs of a single
global system.

However, in a spectrum sharing scenario where regulations
may be lax and systems may be competing with one another to
gain access to the shared medium, assuming selfish behavior
may be more realistic. In the next section we analyze how
the lack of cooperation among systems may affect the set of
achievable rates.

1V. NON-COOPERATIVE SCENARIOS

We will consider the same model introduced in Section
Il under the assumption that the different systems behave
selfishly and rationally. We associate to each system i a utility
function U;(R;), which we assume concave and increasing
in R;. The systems are selfish in the sense that they only
try to maximize their own utility. The rationality assumption
means that each system will never choose a strictly dominated
strategy?®.

We analyze the set of achievable rates in this non-
cooperative scenario using non-cooperative game theory. We
first consider a static game of complete and perfect infor-
mation, usually referred to in the literature as the Gaussian
Interference Game [4].

The game has M players, the M systems. The strategy
space S; of system i is the set of power allocations p;(f ),
f € [0,W] that are continuous almost everywhere and that
satisfy the power constraint (3). A strategy s; for user i is the
choice of power allocation p;(f ). For a given strategy profile
(s1,...,Swm) the rate of user i is given by (2). For concreteness
will consider U;(R;) = R;, but we note that all the results
of this section apply to any choice of concave and increasing
utilities. The players play simultaneously, and know the utility
functions of all the other players (No, {ci ;}i . {Pi}M,, W

are common knowledge). A strategy profile {s; }2£, is a Nash
Equilibrium (N.E.) of the game if
Ri(Sqy---,Spy) = Ri(Sq,-+-4S; 1,SiySja1r---1Snr)
foralls; eS;, i=1,...,M @)

A direct consequence of the flat-fading and white noise
assumption is the following fact:

SA  strategy s; for player 4 s strictly  dominated
by strategy s; if Ui(sl,.‘.,si_l,s;,si_'_l,.‘.,sM) <
Ui(815- - 8i—158i5Sit1, -+ 5M)) for each
(S1,.--,8i—1,8i+1,...,5p) that can be constructed from the other

players’ strategy spaces.



Fact 1: The frequency-flat allocations p;(f ) = P,/W,f ¢
[0,W] for i = 1,...,M form a Nash Equilibrium of the
Gaussian Interference Game.

This means that the best possible strategy for a given system
is to spread its available power over the total bandwidth when-
ever all the interfering systems are spreading their signals.
Fact 1 can be understood by noting that the best response of a
system to a strategy profile of the other systems is to waterfill*
the available power over the noise+interference seen. When
all the other systems use flat allocation, the waterfilling power
allocation is flat, and it follows that flat allocations are best
responses to each other.

If the players randomize their actions, the (mixed) strategy
of each player is the choice of probability distribution used
for the randomization. The utility that each user gets is the
expected utility, averaged over the random choices of actions
of all the players. Taking into account these changes in the
definition of the strategies and the utilities, the concept of a
mixed strategy Nash equilibrium can be defined exactly as
before.

When studying the set of N.E., one needs to consider
both pure and mixed strategies. However, in the case of the
Gaussian Interference Game it turns out that we need only
consider pure strategies.

Theorem 3:The Gaussian Interference Game can only have
pure strategy Nash equilibria. That is, every mixed strategy
N.E. of the game must consist of atomic distributions with a
single atom, and therefore is a pure strategy N.E.

If the channel gains across systems are sufficiently small
the full-spread N.E. is the only N.E. of the Gaussian game.
The following theorem gives a sufficient condition for the
uniqueness of the spread spectrum N.E.

Theorem 4:1f %, 2t < 1 fori = 1,...,M then
the spread spectrum N.E. is the only N.E. of the Gaussian
Interference Game.

Theorem 4 does not give us any information about the
unijalueness of the Nash equilibrium when the condition

=1 277 < 1 is not met.

I]nzmany cases, the vector of rates that results from the
spread spectrum N.E. is not Pareto efficient (i.e. is not in
‘R ) so there may be a significant performance loss if the M
systems operate in this point due to lack of cooperation. And
in many cases this inefficient outcome is the only possible
outcome of the game. Consider for example a two system
scenario (call it (d)) with c11 =C2=1,C1 =C2 = 1/4,
W =1, Ng =1 and P; = P, = P. Note that in this case the
condition of Theorem 4 is satisfied. If both users spread their
signals, they obtain rates

RYS =R5% =1log 1+ [bits/s/Hz]  (8)
1 2

P
1+P/4

4The waterfilling power allocation consists of distributing the available
power as if pouring water in a container whose bottom is given by the
noise+interference level. This power allocation maximizes the rate of the
system for a given Gaussian noise+interference power spectral density [5].

which tends to log(5)[bits/s/Hz] as P — oco. However, if the
systems orthogonalize their power allocations using half of the
bandwidth each, the resulting rates are:

Ry =R, = %log(l + 2P) [bits/s/Hz] ©)

which tends to oo as P — oo. The regime in which P > Ny
corresponds to the high signal to noise ratio (SNR) regime.
In this regime, when the systems orthogonalize their power
allocations they can communicate with an interference free
channel, and achieve large data rates. If on the contrary
both systems spread their signals, the signal to interference
plus noise ratio becomes limited by interference, resulting
in a reduced communication rate. This example shows that
the inefficiency resulting from choosing the spread spectrum
equilibrium can be arbitrarily large.

Scenario (d) shows that there are situations in which the
only possible outcome of the game is very inefficient, and as
a result, there is a large performance degradation due to lack
of cooperation. This negative result can be attributed to the
static nature of the game that we defined.

Many wireless systems operate and co-exist with the same
set of competing systems over a long period of time (days,
months, years). In this context, it may be more reasonable
to model the scenario as a repeated (or dynamic) game
where systems play multiple rounds, remembering the past
experience in the choice of the power allocation in the next
round. We will consider an infinite horizon repeated game,
where the Gaussian Interference Game is repeated forever. The
utility of each player is defined by

U=(1-)
=0

Ri(t) (10)
where R;(t) is the utility of user i in the stage game at time
t, and € (0,1) is a discount factor that accounts for the
delay sensitivity of the systems. At the end of each stage, all
the players can observe the outcome of the stage-game and
can use the complete history of play to decide on the future
action. A strategy in the repeated game is a complete plan of
action, that defines what the player will do in every possible
contingency in which he may need to act.

One property of this repeated game is that sequences of
strategy profiles that form a N.E. in the stage game, form a
N.E. in the dynamic game®. Furthermore, the dynamic game
allows for a much richer set of N.E. This is an advantage from
the point of view of policy making or standardization. The
systems can agree through a standardization process to operate
in any N.E. of the dynamic game. Having many equilibrium
points to choose from gives more flexibility in obtaining a fair
and efficient resource allocation. A natural question that arises
is what set of rate vectors can be supported as a N.E. of the
repeated game. The following theorem, a general version of
which is due to Friedman [6], [7], gives a sufficient condition

5For the reader familiar with game theory, these equilibria are in fact sub-
game perfect Nash equilibria.



for the rate vector (Rj,...,Rjs) to be achievable as the
resulting utilities in a N.E. of the repeated game.

Theorem 5:Let RS be the rate of system i when all
the systems spread their power over the bandwidth W, i.e.
the rate obtained in the spread spectrum N.E. There exists a
sub-game perfect N.E.® of the dynamic Gaussian Interference
Game with utilities (Uy,...,Uy) = (R1,...,Ras) whenever
(Ry,...,Ry) € Rand R; > RS fori =1,...,M for a
discount factor sufficiently close to 1.

Theorem C of [8] states that any utility vector that Pareto
dominates the payoffs of a Nash equilibrium of the stage
game can be supported by a sub-game perfect N.E. of the
repeated game for a discount factor sufficiently close to 1.
This Folk theorem is due to Friedman [6], [7], although he
considered only Nash equilibria instead of perfect equilibria
in his work. In the Gaussian Interference Game the spread-
spectrum allocations form a N.E. (see Fact 1), and we can use
(RFS,...,R7%) as the payoff vector of the N.E. of the stage
game in the Theorem above.

Let {p:(f)}}, be the power allocations that result in
the rate vector (Ri,...,Ras) (which always exist since
(Rq1,...,Rar) € R). The strategy that each system follows
to obtain the rate vector (R1,...,Ras) in Theorem 5 is the
following trigger strategy:

at t = 1: use power allocation p;(f ).

att = to: if at time t = tog — 1 every user | €
{1,...,M } used the power allocation p;(f) then use
p;(f ). Otherwise use the power allocation P,/W for
f e[0,W]

The idea behind this strategy, is to "cooperate” by using
the required power allocation as long as all the other systems
cooperated in the previous stages. As soon as at least one
system deviates from the ”good” behavior, a punishment is
triggered where all the other systems spread their powers
forever. Since the rates obtained by the systems once the
punishment is triggered are lower than those obtained with
cooperation, it is in the system’s own interest to cooperate.
Friedman’s analysis shows that if is not too small, the above
set of strategies forms a sub-game perfect N.E.. The sub-game
perfection property of the N.E. guarantees that each system
will indeed apply the punishment once the punishing situation
arises. This property makes the threats believable.

Applying these ideas to scenario (d), we can define a trigger
strategy where system 1 uses the first half of the bandwidth,
and system 2 uses the second half, as long as in all the previous
stages both systems complied with this frequency allocation.
If at some stage any of the systems stops complying, a
punishment is triggered where the systems spread their powers
forever. For large enough P this pair of strategies forms a
N.E. where each system obtains a utility 1/2log(1 + 2P).
This shows how the punishment strategies within the dynamic
game formulation allow us to overcome the inefficiency that
we observed in the static game.

6The sub-game perfect N.E. is a refined and stronger version of the N.E.
concept defined before. It guarantees that the N.E. does not arise due to
unbelievable threats.

Theorem 5 gives us a sufficient condition for a rate vector
(R1,...,Rar) to be achievable through a N.E. But if the
condition of the theorem is not met we may still have hope
to find some other N.E. to support the desired vector of
rates. A natural question to ask is if there are other N.E.
that result in utilities (Ry,...,Rys) with some R; < R ?5.
The following theorem answers this question negatively and
provides a converse to Theorem 5.

Theorem 6:The rate R is the reservation utility of player
i in the Gaussian Interference Game. That is, player i can
obtain a utility at least as large as R by using the power
allocation p;(f ) = P;/W , f € [0, W] regardless of the power
allocations used by the other players. Therefore, the rate R;
obtained by user i in any N.E. of the Gaussian Interference
Game must satisfy R; > RS, The same statement holds for
the repeated Gaussian Interference Game.

The proof of Theorem 6 shows that for a white Gaussian
input, the worst possible Gaussian interference of given power
is white. Since the power of each system is bounded to P;,
the total interference power seen by system i is bounded to

j=iCjiP;. If system i uses a white input, the worst case
interference is obtained when all the other systems spread their
powers, and it follows that a rate at least as large as RS is
always achieved. Therefore, there is no incentive for player i
to play any strategy that results in a utility smaller than R,

An immediate consequence of Theorems 5 and 6 is that if
the desired operating point (Ry,...,Ras) (i.e. the maximizer
of a desired global utility) is component-wise greater than the
spreading rate vector (R7°, ..., R5?) there is no performance
loss due to lack of cooperation. However, when this condition
is not satisfied, the best that one can do is to find the point in
R that is component-wise greater than (R7{”,...,R%7) and
that maximizes the desired utility.

Referring to Figure 4 we see that in scenario (b) the optimal
sum rate point lies within the achievable region in the non-
cooperative setting. However, the optimal proportional fair
point lies outside of this set and cannot be supported without
cooperation. The best that one can do in the non-cooperative
setting is to operate in the point indicated in the figure. In
scenario (c) both the optimal sum rate and optimal proportional
fair rates are achievable in the non-cooperative setting. Note
that while in the cooperative case the specific values of the
cross gains had no influence on the achievable region (as long
as the strong interference condition is satisfied) this is not true
in the non-cooperative setting. This is because large cross gains
enable the systems to apply punishments, and hence achieve a
good N.E. through believable threats. In scenario (c) the large
value of ¢, allows system 2 to punish system 1 whenever it
departs from the proportional fair allocation.

To further illustrate the concepts introduced in this and the
previous section, consider a two user scenario and assume that
we use the proportional fair utility Up to measure the global
performance. Without loss of generality we assume that ¢; 1 =
C2 =1, W =1and Ng = 1. Also we take P; = P, =P
and analyze the results in terms of the SNR = P/N o. At a
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Fig. 4. Achievable rates with no cooperation for scenarios (b) and (c).

given SNR we can control the asymmetry between the two
systems by varying the cross gains ¢; » and Cp 1.

For a fixed set of parameters, using the results of Section
Il we optimize the power allocations to maximize the pro-
portional fair metric, obtaining R; and R, as the resulting
rates. In the non-cooperative scenario, R, and R, can only
be supported by a N.E. if R; > Ry and R, > R5%.
If these inequalities are not satisfied, we obtain the best
possible solution for the non-cooperative case by maximizing
log(R1) + log(R3) subject to the constraint R; > R,
i = 1,2, being R; and R, the corresponding optimal rates.
If R, = R, for i = 1,2 we conclude that there is no
loss due to lack of cooperation. If R, > R, fori =1 or
i = 2 we measure the loss due to lack of cooperation using
max; 1 100(R; — Iii)/R ,» 1.e. the percentage loss in rate
for one of the systems. Note that the other system will have
a rate larger than the one obtained with cooperation.

In Figure 5 we see that for low SNR, the region of rate pairs
(€1,2,C2,1) for which there is a loss due to lack of cooperation
is large, but this loss is quite small (about 5% in the worst case
seen in the figure). As the SNR increases, this region becomes
progressively smaller, but the corresponding performance loss
is more significant. For SNR = 10dB this performance loss
can be as large as 50% of the proportional fair rates, but this
only occurs in very asymmetric situations.

At low SNR performance is limited by noise not inter-
ference, so whether the systems cooperate or not does not
have much influence in performance. At larger SNRs, inter-
ference becomes the dominant performance limiter. In very
asymmetric situations the spread spectrum point (R, R5®)
is such that R or R5 is large. In either of these cases, one
system obtains a large enough rate with the spread spectrum
allocations, and a threat of the other system to apply the
spreading punishment is not effective to modify its behavior.
Using Theorem 6 we see that if R{® or R5® is large, the set

0 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

c2‘1
SNR = 10dB
1 T T T
=) -
6 | o =)
| @
0.97 ¥ J
0.8 4
>
S
0.7 —
0.6 ~
=)
S =
o
5051 o
oaf | ]
20
0.3 ~
10
0.2 o
40 10 10—
0.1 0
J 30
0 1 1 1 /v I 130 I 40 1 e
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 5. Contour plots of (R} — Ei) / R} (%) (percentage of rate loss with
respect to the cooperative solution) as a function of the cross gains c1,2 and
¢a,1, for SNR = —10, 10dB.

of rates achievable in the non-cooperative situation is quite
limited, and often it does not include the optimal cooperative
point. Fortunately, the level of asymmetry required to reach
this unfair situation increases with SNR. The same qualitative
behavior should be observed with other performance metrics
and larger number of users.

The plots of Figure 5 illustrate the performance loss due
to lack of cooperation when there is asymmetry in the cross
gains between the systems. One can do a similar analysis for
the case when the source of asymmetry is the transmission
power instead of the cross gains.

V. CONCLUSIONS

For a situation where all the systems cooperate to achieve a
common goal, we showed that any Pareto efficient rate vector
can be achieved with piece-wise constant power allocations.



This allows to significantly reduce the complexity of the under-
lying optimization problem. If in addition a strong interference
condition among all the systems is satisfied, frequency division
multiplexing allows to achieve any Pareto efficient allocation.

Our game theoretic analysis showed that the use of punish-
ment strategies can significantly enlarge the set of rates achiev-
able in a non-cooperative situation. The converse theorem that
we presented shows that the rates that can be obtained with
our punishment strategies are essentially the best that one can
hope for in a non-cooperative setting. Therefore our results are
tight and quantify the best achievable performance with lack
of cooperation. The two system example that we presented
shows that in most situations the performance loss due to lack
of cooperation is small, and vanishes with increasing SNR.

We note that we assumed games of perfect and complete
information. In practice, some communication may be needed
between the systems to exchange parameters, such as channel
gains, transmission powers, etc. This parameter exchange
may be explicit through a specific communication protocol,
or implicit through a learning process. In a non-cooperative
environment systems may misrepresent information to increase
their utilities. This brings the issue of trust, and opens a whole
new set of interesting problems to investigate.

The solution to the optimization problem studied in Section
Il requires a centralized processor with access to all the
systems’ parameters. In practice, the systems should be able to
optimize their power allocations in a distributed way with only
local information about their neighbors. Our future research
involves designing distributed algorithms that approximate
the solutions obtained from the centralized optimization. The
resource allocations resulting from these algorithms may not
be optimal, but in many cases can be achieved as a N.E. in a
dynamic game. Therefore, in a non-cooperative setting, the
distributed resource allocation algorithms should determine
the desired N.E. point and the corresponding punishment
strategies that achieve it.
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