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We evaluate di�eren t prediction techniques to estimate future demand of resource
usage in a computational market. Usage traces from the PlanetLab network are
used to compare the prediction accuracy of models based on histograms, normal
distribution approximation, maxim um entrop y, and autoregression theory . We
particularly study the abilit y to predict the tail of the probabilit y distribution in
order to give guarantees of upper bounds of demand. We found that the maxim um
entrop y model was particularly well suited to predict these upper bounds.

1. In tro duction

Large scale shared computational Grids allow more e�cien t usageof re-
sourcesthrough statistical multiplexing. Economic allocation of resources
in such systemsprovide a variety of bene�ts including allocating resources
to users who bene�t from them the most, encouraging organizations to
shareresources,and providing accountabilit y 12;6;1;14.

Onecritical issuefor economicallocation systemsis predictabilit y. Users
require the abilit y to predict future prices for resourcesso that they can
plan their budgets. Without predictabilit y, userswill either over-spend, sac-
ri�cing future performance, or over-save, sacri�cing current performance.
Both lead to dissatisfaction and instabilit y. Moreover, the lack of accurate
information precludesrational behavior, which would disrupt the operation
of the many allocation mechanismsthat depend on rational behavior.

There are three parts to predictabilit y: the predictabilit y provided by
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the allocation mechanism, the predictabilit y of the users'behavior, and the
predictabilit y provided by statistical algorithms usedto model the behavior.
We examine the latter two. Consequently , theseresults are not dependent
on a speci�c allocation mechanism and instead apply to many systems.

The goal of this paper is to examinethe degreeto which future demand
can be predicted from previous demand in a shared computing platform.
Ideally, we would use the pricing data from a heavily used economicgrid
system, but such systemshave not yet beenwidely deployed. Instead, we
examinePlanetLab9, a widely-distributed, sharedcomputing platform with
a highly 
exible and 
uid allocation mechanism. The PlanetLab data set
has the advantage of encompassingmany usersand hosts and having very
little friction for allocation. However, PlanetLab doesnot useeconomical-
location, sowesubstitute usageasa proxy for pricing. Sincemany economic
allocation mechanisms(e.g., Spawn11, Popcorn10, ICE4, and Tycoon7) ad-
just prices in responseto the demand, we believe that this approximation
is appropriate.

We examine this data set using four di�eren t statistical prediction al-
gorithms: histogram (Hist) approximation, maximum entropy (MaxEnt)
density estimation, an autoregression(AR) time seriesmodel, and a nor-
mal (Norm) distribution model. We evaluated thesealgorithms by feeding
them samplesof usagedata over a particular period of time and then mea-
suring the error of the generatedmodel. We then measuredthe error of
using thesemodels to predict future demand.

Our �ndings are as follows:
� MaxEnt and Norm were able to accurately model the data set over

larger time periods. Maximum entropy estimation is approximately twice
as accurate as a normal model becauseof its abilit y to capture skewness.
Both methods are an order of magnitude more accurate than histogram
approximation. The MaxEnt model is based on �tting integrals of the
distribution function to statistical moments. This �t may not yield satis-
factory approximations if the number of data samplesin the time window
investigated are too few, and we then fall back to the normal distribution
approximation.

� All of the techniques produce inaccurate predictions, when trying to
predict the cumulativ edistribution function for future demand. Autoregres-
sionhasthe additional disadvantageof requiring somuch computeoverhead
that it was not able to complete somepredictions. Furthermore, the AR
model requires more history data to be maintained in order to retrain the
prediction model to �t the current load.
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� Despite inaccurate predictions of the full cumulativ e distribution func-
tion, MaxEnt and Norm wereable to produceaccuratebounds for demand.
This is important becausebounds are su�cien t for users to budget. For
example, if a user knows that the probabilit y of hosts being less than $1
per host within the next weekis 99%,and he needs10 hosts, then he knows
he should budget $10.

2. Prediction Algorithms

The goalof the prediction algorithms is to predict the demandfor a resource
basedon historical data. In an economicsystem, the demand determines
the price, which allows usersto budget accurately. The generalprediction
model we useis summarizedhere.

P (Y �
y � µ

σ
) = �(

y � µ

σ
) (1)

y � µ + σ� −1(p) (2)

wherey is the demandwith meanµ and standard deviation σ, and � is
the cumulativ eprobabilit y density function (CDF) of a normal distribution.
Eq. 1 givesus a way to get a probabilit y of a demand given its mean and
standard deviation, and Eq. 2 allows us to �nd the demand corresponding
to level of guarantee or probabilit y.

In this work we want to remove the assumptionof a normal distribution,
and instead only assumean iid (independent identically distributed) distri-
bution, and then compare the results to those obtained using the normal
distribution assumption. More speci�cally , this meansthat we want to take
the skewnessof the distribution into consideration in our predictions. This
extensionis motivated by previous work on computational markets and us-
age behavior on the web 3 have shown that heavy-tailed distributions are
common.

Weevaluate three di�eren t approachesto tackle this generalizationhere,
histogram (Hist) approximation, maximum entropy (MaxEnt) density es-
timation, and an autoregression(AR) time seriesmodel. The results are
benchmarked against approximations usedwith the normal (Norm) distri-
bution assumption, and comparedto the real outcome.

The Hist approximation is based on placing sample data points in a
�xed number of bins with predetermineddata ranges. It therefore assumes
somea-priori knowledgeof the varianceof the data. In our benchmarks we
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used10 and 100 bins to approximate the distribution of values in a range
of about 5000distinct data values.

The MaxEnt model is basedon the concept of choosing a distribution
function which maximizes the entropy or randomness(or simply the un-
known parameters) of a function given somecharacteristics such as statis-
tical moments. This idea was �rst articulated by E.T. Jaynes in 5. Cover
and Thomas 2 then proved that all functions maximizing the entropy of a
distribution are of a general form. For example, given the following con-
straints of the three moments about the origin µ1, µ2, µ3

∞∫

−∞

f (x)dx = 1,

∞∫

−∞

xf (x)dx = µ1,

∞∫

−∞

x2f (x)dx = µ2,

∞∫

−∞

x3f (x)dx = µ3

then the distribution function that maximizesthe entropy has the form

f (x) = e� 0+ � 1x + � 2x 2+ � 3x 3

Now the problem of �nding the distribution function f reducesto �nding
the λ parameters. Cover and Thomas suggestsstarting with the parame-
ters known for a normal distribution and then "wiggle" them to �nd the
best �t. In our implementation we performed this "wiggling" by applying
the steepest descent iterativ e optimization algorithm described in 13. In
summary, we iterativ ely try to get closer to

θ = λ0, λ1, λ2, λ3

by initializing it to the values know for a normal distribution and then
assigningit subsequent valuesaccording to

θt +1 = θt � H−1B

where H is the Hessianmatrix de�ned as

Hk ;j =
∫

xk xj f (x, θt )dx, 0 � k, j � 3

and B is the di�erence vector

Bk =
∫

xk f (x, θt )dx � µk , 0 � k � 3

Note that we usethe �rst three moments to capture the skewnessof the
distribution. Using more than three moments intro ducesirregular 
uctua-
tions which could prevent the algorithm from converging, and it also more
easily runs into numerical limitations such us number over
o ws and round
o� errors.
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The AR model 8 is a standard time-seriesmodel of the following form

Xt = µ +
k∑

i =1

αi (Xt−1 � µ)

where µ is the measuredmean in the training data, and k is the order (we
usedk = 2 in our benchmarks). The model parametersαi are estimated by
�rst calculating the autocorrelation vector for the training data and then
solving the Yule-Walker equations. Note that the white-noise parameter
has beenomitted for simplicit y.

Four di�eren t evaluations are performed on time seriesdata using these
techniques. First, we look at how well the summary data, such as bin den-
sity with Hist, the �rst three moments about the origin with MaxEnt, and
the �rst two moments with Norm approximate the distribution described
in the current period. If we have an iid distribution this should also give
an indication of the possible accuracy of future predictions. Second,we
look at how well predictions based on approximations of the cumulativ e
density function in previous intervals can predict future distributions, and
compare that to AR prediction results. Third, we look at how the actual
distribution changesover time in the di�eren t intervals studied. Finally we
look at how well the 99th percentile of the cumulativ e distribution function
can be estimated in order to seehow well guaranteescan be given that the
price will not exceeda certain value.

We also look at the convergencerate of the MaxEnt estimation. If
it does not converge we, as previously mentioned, fall back to the Norm
approach.

3. Results

We study usagetime-seriesdata, basedon 5-minute snapshotsof the ag-
gregated number of PlanetLab slices allocated acrossthe whole network.
Data from two months (November-December 2005) were used. Training
and future prediction horizonscorresponding to predictions roughly from 2
hours to 3 days into the future were evaluated.

3.1. Mo del ling

In Figure 1 we can seethat the MaxEnt approximation improves the ac-
curacy of the CDF �t substantially compared to the normal distribution
technique. SSE is the sum of the squaresof the errors when plotting the
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Figure 1. PlanetLab Density Approximation

CDF with a granularit y of 100 data points. The windows correspond to
number of 5-minute snapshotsusedto predict the samenumber of 5-minute
snapshotsinto the future.

We can seethat the MaxEnt approximation does not converge in the
caseof the window size 50 in more than 35% of the cases.We wanted to
investigate why, and performed a correlation test on the range of the data
valuesin the window, the standard deviation of the data, and the likelihood
of convergence.We obtained correlation coe�cien ts 0.56, and 0.55 for data
range and standard deviation respectively which are signi�cant at the 1%-
level according to a t-Student test. Intuitiv ely this may be causedby the
integral calculations used in the MaxEnt �t being too short to �nd the
underlying entropy maximizing distribution. As a clari�cation, convergence
of the MaxEnt approximation is de�ned by the error when �tting to the
moments expected is lessthen a certain value ε. With the PlanetLab data
we saw that an ε of 100worked best, but there is always a tradeo� between
accuracyand convergencerate.

3.2. Pr edicting the Cumumlative Distribution

Figure 2 shows an exampleof an interval estimation and how the di�eren t
CDF functions compare. The window size in this casewas two hours. We
can seethat the entropy model gives a much better �t to the non-normal
behavior of the curve. The histogram estimation (with 100 bins) is quite



May 21, 2007 21:8 Pro ceedings Trim Size: 9in x 6in GECON2006

7

 0

 0.2

 0.4

 0.6

 0.8

 1
 2

18
00

 2
20

00

 2
22

00

 2
24

00

 2
26

00

 2
28

00

 2
30

00

 2
32

00

 2
34

00

 2
36

00

C
D

F

#Slices

Measured
MaxEnt Approx
Normal Approx

Histogram Approx

Figure 2. PlanetLab Density Approximation CDF

a coarsegrained estimation, and requires more state to be maintained as
opposedto just three running moments as in the entropy case.

3.3. Pr edicting Bounds
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Figure 3. PlanetLab Density Prediction
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A bit surprisingly we seein Figure 3 that the MaxEnt model doesnot
producebetter prediction results over time than the normal approximation.
The AR curve is provided for reference. It does not make senseto use
the AR model unless it predicts better than predicting the outcome of
the previous period since it also requires all the data points to be kept
in history. Since this is not the casefor these long-interval predictions it
provides no added value in this situation. Another severe limitation of AR
is that it numerically due to large Matrix computations is not feasible to
predict more than roughly 300data points into the future. Note that in the
graph this is shown by the AR SSEbeing set to 0 for window sizesgreater
than 300.
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Figure 4. PlanetLab Density Variance

An explanation to why the MaxEnt model cannot bene�t from its more
accurate density approximations when predicting future densities can be
seenin Figure 4. Each CDF in the Figure is taken in a subsequent interval
sothe t1 curve contains the distribution of all the data points from the start
of the measurement to time t1, the t2 curve hasall the data points between
t1 and t2, etc. The mean point of the density moves back and forth in
an unpredictable manner. Another indicator of this is the high SSE value
of the benchmark prediction (predicting last periods CDF for the next) in
Figure 3 (around 11) compareto the values in 1 (around 0.2).

It is then more encouraging to see that the 99th percentile MaxEnt
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Figure 5. PlanetLab Tail Prediction

estimates in Figure 5 are more accurate than with Norm. We should also
note here that the training was done on the maximum amount of history
data available and not just the previous period to do more of a worst case
estimation of the tail as opposed to an overall accurate one. The error
presented in Figure 5 is calculated as the di�erence betweenthe measured
value and the approximation divided by the measuredvalue.

4. Conclusions

Although the statistical prediction algorithms that we examine here were
not able to accurately predict future demandin the PlanetLab data set, we
found that the MaxEnt algorithm wasable to accurately predict boundson
future demand.

Someareasfor future work are to examinethe performanceof MaxEnt in
a live systemand for systemswith di�eren t applications and userbehaviors
than PlanetLab. Ultimately we hope to examine the performance of the
algorithms in a live economicGrid system.

Given the 
uidit y of PlanetLab usageand the lack of a pricing mech-
anism to moderate usage, the accuracy of the MaxEnt algorithm gives
us optimism that prediction algorithms will be accurate in real economic
systems. We believe that this will ultimately lead to more stable, more
economicallye�cien t systems.
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