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We presert a method that allows for the discovery of communities within graphs of arbitrary
sizein times that scalelinearly with their size. This method avoids edge cutting and is based on
notions of voltage drops acrossnetworks that are both intuitiv e and easyto solve regardlessof the
complexity of the graph involved. We additionally show how this algorithm allows for the swift
discovery of the community surrounding a given node without having to extract all the communities

out of a graph.

I. INTR ODUCTION

The possibility of automatically discovering communi-
tiesin large network systemsopensa promising setof new
researd areasin a number of knowledgedomains. From
informal social networks that can be discovered through
their communication patterns [5] to genetic clusters that
lie hidden in the biological literature [4] the unveiling
of community structures within these networks allows
for the investigation of information ow within organi-
zations, the discovery of causal e ects in complex gene
networks and the dynamics of virus propagation in com-
puter networks.

A central issuein the automatic discovery of comnmu-
nities is the type of algorithms to be usedwith very large
graphs, many of which display a scalefree structure. Not
only are there problemswith the de nition of communi-
ties per se, but also with the speed with which these
algorithms can uncover these comnmunities.

By nding community structure within a network we
mean that a graph can be divided into groups so that
edgesappearwithin a group much more often than across
two groups. But this apparertly natural de nition of
community is problematic if a node connectstwo clus-
ters that have about the samenumber of edges.In this
caseif becomeshard to tell to which cluster the node
belongs. Furthermore, large graphs often possess hier-
archical community structure and hencethe number of
communities in a graph depends on the level at which
the graph is being partitioned.

Concerningthe type of algorithms that have beenused
to discover community structure, a recert one that has
beenusedis basedon the idea of betweennessertralit vy,
or betweenness,rst proposedby Freeman[1]. The be-
tweennesf an edgeis de ned asthe number of shortest
paths that traverseit. This property distinguishesinter-
community edges,which link many vertices in di erent
communities and have high betweennessfrom intra-com-
munity edgeswhosebetweennesss low. The original al-
gorithm, deweloped by Girvan and Newman [3], was also
extendedto genecommunity discovery by Wilkinson and
Huberman|[4, 5], who partition agraphinto discretecom-
munities of nodesusing random sampling techniques. In
thesecasesthe time involved to discover the community
structure of the graph scalesas O(n?).

More recertly, Newman and Girvan [2] proposeda dif-
ferent technique, which focuseson currents owing on
edgesof a network in order to discover comnmunities.In
this edgecutting algorithm the time involved, is of order
O(n%), with n the number of nodesin the graph. This
is becauseit rst calculatesa matrix inverse,which usu-
ally takes O(n®) time and then it computesthe voltage
vector, V, for ead possiblesource/sink pair resistor net-
works. Thesepolynomial scalingsmake thesealgorithms
hard to usewhen computing the community structure of
very large graphs.

In the computer scienceliterature, there are a num-
ber of fast heuristics, such as \FM-Mincut"[6, 7] that
can cluster a graph in linear time. Howewer, since their
approadc consistsin breaking up a graph by recursively
cutting it so asto end up with the desired number of
partitions, they are ine cien t when trying to nd out
the community around a given node.

In this paper we present a dierent method that al-
lows for the discovery of communities within graphs of
arbitrary sizein times that scalelinearly with their size
(O(V + E)). This method avoids edge cutting and is
basedon notions of voltage drops acrossnetworks that
are both intuitiv e and easyto solve regardlessof the com-
plexity of the graph involved. We additionally shaov how
this algorithm allows for the discovery of a community
surrounding a given node without having to extract all
the communities out of a graph.

In what follows we preser the algorithm in the context
of a very simple problem, and then extend it to the gen-
eral case. We then apply it to problemsthat have been
consideredearlier using much slower algorithms, suc as
menbership in Karate clubs and the discovery of confer-
enceswithin US collegefootball data. Finally we exhibit
the power of our method in the discovery of communi-
ties around given nodes without having to compute the
full community structure of the graph, and we test it on
email data collectedfrom HP laboratories. A nal section
discussegheseresults and outlines possibleapplications.

. A GRAPH AS AN ELECTRIC CIR CUIT

Westart by exhibiting the workings of this algorithm in
the simplest problem, i.e, how to divide a graph into two
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FIG. 1: Current ows from left to right, thereby building a
voltage di erence. Physically thinking, becausenodes inside
a community are densely connected, their voltagestend to be
close. A big voltage gap happens about halfway betweenthe
two communities, where the edgesare sparse and the local
resistanceis large.

communities. We then extend our method to more gen-
eral n-community graphs. Considera graph G = (V; E).
Supposewe already know that node A and B belongto
di erent communities, which we call G; and G, (we will
talk later what if we do not have this information be-
forehand). The ideais that we imagine ead edgeto be
a resistor with the same resistance, and we connect a
battery between A and B so that they have xed volt-
ages,s& 1 and 0. Having made these assumptionsthe
graph can be viewed as an electric circuit with current
o wing through ead edge (resistor). By solving Kirc h-
ho equations we can obtain the voltage value of eah
node, which of course should lie between0 and 1. We
claim that, from a node's voltage value we are able to
judge whether it belongsto G; or G,. More speci cally,
we can s& a node belongsto G; if its voltage is greater
than a certain threshold, say 0.5, and it belongsto G if
its voltage is lessthan that threshold.

A. Why it works

First let us considerthe simplest casethat node C has
only one neighbor D, sologically C should belongto the
samecommunity asD (Fig. 2). Our idea indeed applies
to this case. Becauseno current can ow through the
edgeCD, the two endpoints must have the samevoltage,
thus they belongto the samecommunity.

Next we considerthe casethat node C connectsto two
neighbors D and E. Becausethe edgesCD and CE have
the sameresistance,we must have Vc = (Vp + Vg)=2.
Henceif D and E belong to the same community, i.e.,
Vp and Ve both lie above or below the threshold, then
Vc lying betweenVp and Vg should be above or below

FIG. 2: A node with degreel.

the threshold as well, therefore belonging to the same
community as D and E, which makes sense. On the
other hand, if D and E belongto di erent communities,
then it is comparatively hard to tell which community C
belongsto (V¢ might be near the threshold), but this is
exactly where ambiguity arises- a node has connections
with more than one communities.

Last we considerthe most generalcase:C connectsto

the total current owing into C should sum up to zero,
ie.,

X ‘_X‘ Vo, Ve
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wherel; is the current owing from D; to C. Thus

Ve = — Vp.:
c=5h D

@)

That is, the voltage of a node is the averageof its neigh-
bors. If the majority of C's neighbors belongsto a com-
munity which has voltage greater than the threshold,
then V¢ tendsto exceedthe threshold aswell, henceour
method tends to classify C into that community.

Our method canbe easilyextendedto weighted graphs.
All we needto do is to set eadh edge'sconductivity pro-
portional to its weight:

Rj = w; L 3)

The averageappearing in Eq. (2) becomesweighted av-
erageaccordingly.



Il.  KIR CHHOFF EQUA TIONS
GENERAL FORM

IN THE

Following Eq. (2), the Kirchho equationsof a n-node
circuit can be written as:

Vi =1 (4)

Vo = 0 (5)
1 X 1 X

Vi=k— Vj:E V; a; fori= 3;:::;n;(6)
' (i )eE 'jec

wherek; is the degreeof node i and &; is the adjacency
matrix of the graph. Without lossof generality, we have
labelled the nodesin suc a way that the battery is at-
tached to node 1 and 2, which we call poles accordingly
Eq. (4) and (5). Eg. (6) is a set of linear equations of
n 2 variables Vs;:::;V, that can be put into a more
symmetrical form:
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=3 i
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then the Kirchho equations can be further put into a
matrix form

V = BV + C; 9)
which hasthe unique solution
v=( B)lC (10)

In generalit takes O(n®) time to solve a set of equa-
tions like Eq. (10). Howewer, we can actually cut the
time down to O(V + E), asdescribed in the next section.

Before closing we point out that if we de ne

0 1 0 1
ks  ass asn a1
an3 an4 kn an1

then the Kirchho equationscan also be written as

LV = D; (12)
which hasthe unique solution
V =L"D: (13)

Interestingly enough, L is the Laplacian matrix of the
subgraphof G containing nodes3;:::;n. The well-known
spectral partitioning method partltlons the graph based
on the eigervector of the secondsmallest eigervalue of
G's Laplacian matrix [8{10]. We point out howewver that
our method doesnot compute the eigervectors of G.

IV.  SOLVING KIR CHHOFF EQUA TIONS IN
LINEAR TIME

We rst setV; = 1,V = =V, = 0in O(V) time.
Starting from node 3, we consecutiely update a node's
voltage to the averagevoltage of its neighbors, according
to Eq. (2). The updating processendswhen we get to
the last node n. We call this a round. Becauseany
node i has k; neighbors, one has to spend an amount
of O(k;) time calculating its nelgrbobaverage thus the
total time spert in oneround is O( ,_; ki) = O(E).
After repeating the updating processfor a nite number
of rounds, one reachesan approximate solution within a
certain precision,which doesnot depend on the graph size
n but only deendson the number of iteration rounds In
other words, to obtain a certain precision, say 0.01, one
only needsto repeat, say, 100 rounds, no matter how
large the graph is, so the total running time is always
Oo(V + E).

To show conceptually the fast corvergenceof the algo-
rithm, we expand Eq. (10) into a series:

xo
V = BM™C (14)
m=0
Now if we de ne
f(V)=BV+C (15)
then
1
f (V)= B™C+ B'C: (16)
m=0
As r ! 0 the remainder! 0, sowe seethe iteration

algorithm amounts to a simple cuto of the power series.
The convergencespeedis determined by the matrix norm
jiBjj which is usually insensitive to dim(B) = O(V).

V. A TW O-COMMUNITY EXAMPLE:
ZA CHAR Y'S KARA TE CLUB

Wetested our algorithm againstthe friendship network
data from Zachary's karate club study [12]. The graph
includes two communites of roughly equal size (Fig. 3).
The results of our linear time algorithm are shown in
Fig. 4.

In the gures, a node is represetted as a vertical line
at the abscissaequal to its voltage, and is painted either
red if it belongsto the rst community, or blue if it be-
longsto the second,basedon Zachary's real data. If our
algorithm works, the red lines and the blue lines should
separateat the two ends. This is indeed the casefor the
rst three examples,when the external voltage is added
between a pair of nodeslying in dierent communities.
We also shaw in the last panel how the algorithm fails
when the poleslie in the samecommunity.

After obtaining the complete voltage spectrum two
critical questionsremain to be answered:



FIG. 3: Zachary's karate club. This gure is from Newman
and Girvan [2].

How to pick the two polessothat they lie in dier-
ert communities?

What threshold should be usedto separatethe two
communities?

The rst questionis hard becausewe do not have any
prior information about the graph and the problem has
to be solved in linear time. We rst describe a heuristic
that works although inconsistertly, and then presen a
better statistical method in the next section.

Becausenodesare denselyconnectedinside a commu-
nity, the averagedistance betweentwo nodeschosenfrom
one community is generally shorter than the averagedis-
tance between two nodes chosenfrom di erent commu-
nities. Thus, there is a high probability that two far
apart nodes sit in di erent communities, qualifying for
the poles.

To nd afar apart pair of nodesonecan usethe follow-
ing linear-time method. First randomly pick a node, then
nd the node farthest from it, using a simple breadth-
rst seard which takestime O(V + E). If more than
one node quali es, pick any of them. Next, use another
breadth- rst seart to nd the node farthest from the
secondnode, and soon. After a few stepsthis procedure
would identify a pair of nodesvery far away.

The diameter of the graph is de ned by the largest
distance of all pairs. The graph of the karate club has
diameter 5. All pairs of nodeswith this distance apart
indeed belong to dierent communities. One example
(16; 17) is shown in Fig. 4(b).

The secondquestion, i.e. what threshold to usein or-
der to separatethe two communities, is easierto answer.
Becauseedgesare sparserbetweentwo communities, the
local resistivity should be large compared to the local
resistivity within the two communities. Thus the volt-
agedrops primarily at the junction (seeFig. 1) between
communities. This suggestsplacing the threshold at the
largest voltage gap near the middle. Note that the global
largest gap often appearsat the two ends of the voltage
spectrum (see e.g. Fig. 4(b) and (c)), but it does not
make senseto cut there at all, which would divide the
graph into two extremely asymmetrical communities, one

of which hasonly one or two nodes. Of coursethis is not
what we want.

To be more de nitiv e, we now de ne rigorously the
term \near the middle". We distinguish two cases:

1. Dividing the graph into exactly two equal-sizedcom-
munities.

We simply cut at the right middle gap. The median-
selection problem can be donein O(V) time by a good
selectionalgorithm [11].

2. Finding communities of roughly the samesize, which
for the karate club exampleimplies 34=2 = 17 nodes
ead.

We de ne a tolerance to describe the range of allowed
community sizes. A tolerance 0.2 meanswe only seard
for communities of the size17 20%, which is (14; 21).
First we sort the voltage values. Then we nd the the
largest gap among the middle 21 14 = 7 gapsand cut
there. Note that the sort can be donein O(V) time by
using a standard linear time sort, e.g. courting sort [11],
which appliesto our problem sincethe voltage can only
take a nite number of values (101 choicesfor precision
0.01). The greendashedlines in Fig. 4 were found this
way.

We emphasizethat this method doesnot always work,
asillustrated in Fig. 5.

VI. CHOOSING POLES RANDOML Y

A statistical method can be usedto avoid the \p oles
problem" instead of solving it. The idea is to randomly
pick two poles, apply the algorithm to divide the graph
into two communities, and repeat it for many times (the
total time is still O(V + E)). About one half of the re-
sults would give correct results, for the poleswould hap-
pento lie in di erent communities, while the other half
would give incorrect results. If we now improve our pole-
picking method by only choosingtwo nodesthat are not
neighbors (i.e., there is no edgebetweenthem), then the
probability that our randomly chosenpoleslie in di erent
communities becomeshigher than a half, suggestingthe
majorit y of the resultsis correct. Thuswe should be able
to usea majority vote to determine the communities.

We tested our method against the karate club data.
Each time we randomly picked two nodeswhosedistance

2, and then ran the algorithm to nd two communities.
We repeated the process50 times to obtain 100 groups
altogether, among which 50 groups contained node 16
(16 has no special meaning - we arbitrarily choseit). We
counted, for ead node, how many times it appearedin
the samegroup as node 16, the maximal possiblevalue
being 50 and the minimal value 0. The result is shavn
asa bar graph in Fig. 6. Comparing the graph with the
real data we seethat thosenodesin node 16'scommunity
indeed all have high votings (above the greenhorizontal
line in Fig. 6).
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FIG. 4: Voltage spectrum for the two community example. In the four panels the battery is hooked up to nodes(a) 1 and 34;
(b) 16 and 17; (c) 12 and 26; and (d) 32 and 33. The algorithm runs 100 iteration rounds to reach the precision < 0:01. Red
lines and blue lines distinguish di erent communities (based on real data). Each graph is cut into two halves at the biggest
gap near the middle (tolerance = 0:2), which we marked out with a greendashedline. As can be seen,the algorithm correctly

recognizesthe two communities when the two poles are in di erent communities ((a){(c)),

same community.
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FIG. 5: (a) The largest distance happensacrosstwo commu-
nites. (b) The largest distance can happen inside a commu-
nity sometimes.

VI1. GRAPHS WITH MORE THAN ONE
COMMUNITIES

We now extend our method to n-community graphs.
We test our algorithm against the US college football
data studied by Girvan and Newman [3]. A total of
115 teams are divided into 13 \conferences" containing
around 8 to 12 teamsead. Our task isto nd all those

and fails when they belong to the
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FIG. 6: The number of times a node appears in the same
group as node 16. There are altogether 50 groups containing
node 16.

conferencegcommunities).

As we proceededin the karate club case,we rst ran-
domly pick two poleswhosedistance 2, then apply our
algorithm to get the voltage spectrum. (Note that the



probability that two polesbelongto the samecommunity
decreasessthe number of commuties increasesroughly
in the manner 1=m, wherem is the number of communi-
ties.) We set the tolerance to be 0.5, which meansthat
we only seard for communties whosesizeis in the range
(115=13) 50%, or between4 and 13, roughly.
To be more precise, we sort all 115 voltage valuesin
an increasing order and label them as0 = V; \,
V115 = 1. We then measurethe gapsVes Vs; V7
V13 one by oneto pick out the largest one,
Vg, which indicates a group of nodes having

at the V115 end. The two groups thus found are both
candidates for the 13 communities we are looking for.
An exampleis shown in Fig. 7.

We repeated the process50 times to collect 100 can-
didates. We then found out all the groups cortaining a
speci ¢ node to apply a majority vote, just like what we
did beforeto 2-community graphs. The speci ¢ node can
be chosenrather freely, but to use most information, we
chosethe one that appears most frequertly in the 100
groups (frequency test takesO(V) time). An example of
such a majority vote is shovn in Fig. 8. After we found
the rst community this way, we again picked a node
in the rest of the graph which appears most frequertly,
and applied a majorit y vote to all groups containing that
node in order to nd the secondcommunity. Repeating
this procedure 13 times, we were ableto nd out all 13
communities.

VI II. FINDING THE COMMUNITY

GIVEN NODE

OF A

We can further save time if we are only required to
nd the community of a given node instead of all com-
munities. To this end, instead of randomly picking two
nodesat a time, we x the given node as one pole, and
choosethe secondpole to be another random node that
is at least a distance 2 away from the rst one. The rest
steps(setting the tolerance, calculating voltages, cutting
through the biggestgap, etc.) remain the same. By do-
ing so ead round we are guaranteed to acquire a group
cortaining the given node, so we can further reducethe
total number of rounds from 50 to, say, 20, which gives
us 20 candidates, su cien t for the majority vote.

We also tested our method against the HP labs email
data, which was collected from a roughly power-law net-
work consisting of 396 nodes. We joined two nodeswith
an edge if the they exchanged more than 30 emails a
month. As an example, we tried to nd out the closest
colleaguesof the node \Jaap". Our results shaw a total
number of 20 nodesto lie above the threshold. Compar-
ing this result with the communities extracted from the
email data, we discovered that all these nodesbelongto
the samelaboratory asdoesthe node Jaap, aswasindeed
the case.

Remark: Distance information is not su cien t to detect

the community of a given node. One cannot simply pick
out the nodeswithin a radius d from the given node and
s&y they form a community, because

1. Two nodesseparatedby a short distance need not
to be in the samecommunity. In our last exam-
ple, 57 nodes have distance 2 from Jaap, among
which only 27 belongsto Jaap's lab.

2. For a small-world network, even the number of sec-
ond neighbors or third neighbors can be very large.
In our last example Jaap has 157 neighbors within
a distance 3, which is already about 40% of the
total size.

3. Two nodeswith a large distance apart can still be
in the samecommunity. For example,\JShan" is
among one of the 20 nodesfound by our algorithm
but hasa distance 3 away from Jaap, which is quite
large.

IX. OTHER INTERPRET ATIONS OF VOLTAGE

In our 2-commnunity example the voltage is regarded
as an index indicating which community a node belongs
to. Its absolute value has no special meaning, for we can
freely changeits range from [0; 1] to any other range.

Despite its clear physical meaning, we can reinterpret
the voltage asa weight function measuringto what extent
the node belongsto a community. For example, if we
set the voltage rangeto [ 1; 1], we can then say a node
\strongly" belongsto the 1 community if its voltage is

0:9, or a node \w eakly" belongsto the 1 community if
its voltage is 0:2, etc.

This secondinterpretation of voltage inspiresusto try
other possible choicesof weight functions. The voltage,
being a scalar, can only separatetwo communities be-
causethe real line only hastwo directions. If we general-
ize however our weight function to a vector, we can then
achieve extra dimensionsto separatemore communities.

For example, considerthe 3-comrunity graph in Fig.
9. Supposewe have already found three polesdispersed
in three communities. We assignead pole a unit-length
vector weight in suc a way that the angle betweenany
two of the them is exactly 120 degrees,shown in Fig. 9
asA, B and C. Those vectors have the nice properties
A+B= C,A+C= BandB+C = A. Thus,ifa
node is strongly connectedto, say, communities A and B
but not to C, then there is a strong signal to separatethe
node from community C (becauseA + B = C). Also,
if a node connectsto all three communities, we seethat
the relation A + B + C = 0 indeedre ects the obscurity
of the node's belonging.

After we have xed the vector weights of the three
poles,we can corntin uewith our method to solve Kirc hho
equations. We only needto replacethe sumsin Eq. (6)
by vector sums. Once we solve out the vector weights of
all nodes, we can tell a node belongswhich community
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FIG. 7: The voltage spectrum when the battery is hooked up to node 51 (Washington) and node 88 (Tulsa). Two groups are

identied at the ends by green dashedlines.
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FIG. 8: The number of times a node appearsin the same group as node 0 (Brigham Young). There are altogether 15 groups
containing node 0. In the gure, eight nodeslie above the greenthreshold, namely node 0 (Brigham Young), 4 (New Mexico),
9 (San Diego State), 16 (Wy oming), 23 (Utah), 41 (Colorado State), 93 (Air Force), and 104 (Nevada Las Vegas). They are

exactly the members of the Mountain West conference.

according to its pointing direction in the 2-dimensional
plane. For example,if a node's vector weight is pointing
basically upward then we can say it belongsto comnu-
nity A. Hencevector weights allow us to separatethree
communities at a time.

While onemight wish to further extend the method to
higher dimensional spacesto separatemore communities

at a time, we point out that we have not yet succeeded
in nding a symmetrical set of vectorsin three or higher
dimensional spaces.

There is one more interesting probabilistic interpre-
tation of voltage [13]: When a unit voltage is applied
betweena and z, making V, = 1 and V, = 0, the voltage
Vi at any point x 6 a;z represetts the probability that
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FIG. 9: A graph made of three communities. The three
sourceslie in dierent communities. The angle between any
two of the weight vectors A, B and C is 120 degree.

a walker starting from x will return to a beforereacing
z. There is also a probabilistic interpretation of current.

X. DISCUSSION

In this paper we preserted a method that allows for the
discovery of communities within graph of arbitrary sizein
times that scalelinearly with its size. The method avoids
edgecutting altogether and is basedon notions of voltage
drops acrossnetworks that are both intuitiv e and easyto
solve regardlessof the complexity of the graph involved.
Additionally , this method allows for the discovery of a
community surrounding a given node without having to
extract all the communities out of a graph.

We then tested the algorithm by applying it to sewral
problems such as membership in karate clubs and the
discovery of conferenceswithin US collegefootball data.
We alsoshaw how it canbe usedto discover of communi-
ties around given nodesby working with a graph of email
data collected from HP laboratories.

The reasonbehind the speedof this method lies in its
focus on communities themselves and not on their hier-
archical structures. In contrast, Newman's betweenness
method [3] detectsnot only the communities but alsothe
complete hierarchy tree using much longer times. While
our method lacks the ability to nd the hierarchy tree,
it alsosavesa lot of time sinceit doesnot needto nd
out all the big communities before looking for the small
ones. In fact, it canidentify the community of any given
node, without knowing the full structure of the graph or
the composition of other communities.

A possible defect of our method is that we have to
specify the number of communities we wish to divide the
graph into, a pieceof information which one doesnot of-
ten have beforehand. A natural solution would beto rst
divide the graphinto two big communities and then break
them down into smaller onesby recursively applying the
method described before. Unfortunately, the statistical
method of attaching the battery to random sites over
the graph works poorly whenthe graph is not \divisible"
enough, and this will happen wheneer the graph itself
is a big community, and thus not divisible, or when the
graph can be divided into two parts in many ways (\to o
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FIG. 10: Graph not divisible. (a) A graph that is densely
connected everywhere; (b) A graph made of four communi-
ties that are about the samesize (inter-community edgesnot
shown).

divisible™), ead having about the same contribution to
the majority vote (Fig. 10).

In order to explain why our statistical method works
poorly in the secondcase,considerthe graph shown in
Fig. 10(b), which is composed of four communities, A,
B, C and D. SupposeAB, AC, BD and CD are loosely
connectedby someinter community edgesbut not AD
and BC. If we happento choosetwo polesseparatelyin
A and B, then our algorithm would tend to divide the
graph into two parts: AC and BD. Howewer, we have
a roughly equal chanceto choosetwo polesin A and C,
which would imply the division AB and CD. Thus our
statistical method becomespuzzled asto whereto cut.

We emphasizethat, the reasonour statistical method
would fail sometimesis due to the ambiguity of the graph
itself. In our previous example,any algorithm would and
should hesitate whether to cut the graph into AB =CD
or AC=BD. A good algorithm should be able to yield
at least one reasonableresult. In fact, if we are just
interested in nding one solution, no matter which, we
could always apply the quick-and-dirty method by choos-
ing two polesfar away. This would lead to a reasonable
solution. In this sensepur method might better be taken
asa graph partitioning method rather than a community
detecting method.

In closing we point out a number of possible exten-
sions of our method that could make it even more e ec-
tive when dealing with complex graphs. The rst oneis
a better statistical method that still works well whenthe
graphis\to odivisible". Second,onecould alsoseard for
better weight functions and a better de nition of average
other than the onein Eq. (6). Third, there is informa-
tion in the complete voltage spectrum that has not yet
beenfully exploited. For example,nodesbelongingto the
samecommunity usually concertrate closelyin the spec-
trum, and yet the voltages betweenthe two greenlines
in Fig. 7 were simply discarded. Finally, one could use
the result of a majority vote to evaluate the correctness
of the partition.

In spite of lack of these extensionswe believe that the
algorithm we have presened is fast and useful when try-
ing to nd communities within large graphs or around a
single node.
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