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Abstract

Quantum generalizations of conventional gamesbroaden the range of
available strategies, which can help improve outcomesfor the participan ts.
With many players, such quantum gamescan involve entanglement among
many states which is di±cult to implement, especially if the states must
be communicated over some distance. This paper describes a quantum
approach to the economically signi¯can t n-player public goods game that
requires only two-particle entanglement and is thus much easier to im-
plement than more general quantum mechanisms. In spite of the large
temptation to free ride on the e®orts of others in the original game, two-
particle entanglement is su±cient to give near optimal expected payo®
when players use a simple mixed strategy for which no player can ben-
e¯t by making di®erent choices. This mechanism can also address some
heterogeneouspreferencesamong the players.
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1 In tro duction

Quantum information processingprovides a variety of new capabilities with
potentially signi¯cant performanceimprovements over conventional techniques.
One example is quantum computation with its abilit y to rapidly solve prob-
lems, such as factoring [1], which appear to be otherwise intractable. However,
implementing machines with enough bits and coherencetime to solve prob-
lems di±cult enough to be of practical interest is a major challenge. Another
application, quantum cryptography, is feasible today for exchanging keys over
distancesof tens of kilometers. A third area, which potentially can come into
practical use soon, is quantum economic mechanisms and games. Extending
classicalgamesinto the quantum realm broadensthe rangeof strategies[2], and
has beenexamined in the context of the Prisoner's dilemma [3, 4, 5, 6] and the
n-player minorit y game [7]. Quantum gamesdo not require long sequencesof
coherent operations and henceare likely to be easierto realize than large-scale
quantum computations.

In this paper, we present a quantum versionof an important social dilemma:
public goods. Provisioning for public goods is a well-studied social choiceprob-
lem. A typical exampleis a group deciding whether to provide a commongood,
such as a park, in the face of potential free riders. The free rider problem [8]
cannot be solved with traditional meanswithout either a third party to enforce
agreements or a repeated game scenario in which participants can self-police.
Government is one typical solution. While government is a good solution to
public goods involving a large population such as national defense,it is ine±-
cient for public goods in smaller groups such as neighborhood watch. Provision
of these smaller scale public goods often relies on altruism and other weaker
incentiv es. Invariably, contributions to these public goods are not at e±cient
levels.

Quantum mechanicso®ersthe abilit y to addressthe free-rider problem in the
absenceof a third party enforcer in a single shot game,i.e., without repetition.
With suitable design,simple mixed strategiesalmost entirely avoid the freerider
problem in the context of the public goods gameand give expectedperformance
close to the Pareto e±cient value when the size of the group is large. In our
case,the power of the quantum mechanism comesfrom entanglement. Quantum
entanglement allows individuals to pre-commit to agreements where otherwise
it would be individually rational to renege.

Three di®erent quantum mechanismswith di®erent degreesof entanglement
are reported in this paper. Thesedi®er in their performancecharacteristics and
easeof implementation. The results provide information about how one can
best designa quantum mechanism to achieve an e±cient outcome in the public
good game.

Beyond their economicproperties, an important issuefor proposedquantum
mechanismsis whether they can be built. In particular, creating and communi-
cating highly-entangled statesamongn playersposessigni¯cant implementation
challenges. We addressthis issueby restricting attention to quantum systems
that can be practically implemented by technologieslikely to soon be available,
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namely those that only require entanglement among pairs of states. Thus an
interesting practical question for applying quantum information processingto
economically-relevant gamesis whether quantum mechanisms limited to using
two-particle entangled states can signi¯cantly improve performance compared
to the original game. For a speci¯c example of the public goods game, we
present a such mechanism and evaluate its performance. This mechanism could
be feasibleto implement in the near future even for playersat di®erent locations.

The paper is organizedas follows. Sec.2 describes the generalapproach to
\quantize" a classicalgame. Sec.3 discussesthe economicsof the public goods
game. Sec.4 describes the quantum version of the public goods game and its
solutions. Sec.5 concludeswith possibleextensionsto our mechanism.

2 Quan tum Games

This section describes one approach to generalizeconventional gamesto make
useof entangled quantum states. We then discussissuesinvolved in their imple-
mentation, particularly the signi¯cant bene¯t for gamesrestricted to use only
two-particle entanglement.

2.1 Creating Quan tum Games

A gameconsistsof a set S of choicesavailable to the players and an associated
payo® to each player basedon those choices. With sk 2 S denoting the choice
made by player k and s = (s1; : : : ; sn ). A gameis de¯ned by the payo®sto the
players depending on thesechoices,i.e., Pk (s).

One approach [3, 7] for generalizingthesegamesto quantum operators con-
siders superpositions of all possiblechoices

P
s Ãs jsi summing over all choices

in S for each player. The quantum version of the game starts by creating an
initial superposition. Subsequently each player is allowed to operate only on
their corresponding part of the state. In the last stage, the ¯nal superposition
is usedto produce a de¯nite choice for each player via a further joint operation
followed by a measurement. The initial and ¯nal operations, acting on the full
superposition, are ¯xed and known to the players.

To give a direct generalization of the original game, the player's operations
should include choices that correspond to the original choices. That is, the
initial and ¯nal operations on the state should reproduce the payo® structure
for the original game if all players restrict their individual operations to just
those corresponding to the actions allowed in the original game.

More precisely, the gameproceedsas follows:

² Starting with a particular initial superposition v, create the entangled
state J v, where J is an entanglement operator that commutes with the
classicalsingle-player operators.

² Players select an operation to apply to their part of the superposition,
giving v0 = (U1 ­ : : : ­ Un )J v where Uk is operator usedby player k.
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² Finally undo the initial entanglement, giving Ã = J yv0. For a given game,
i.e., choicesfor v and J , the ¯nal superposition is a function of the players'
choices,i.e., Ã(U1; : : : ; Un ).

² Measure the state, giving a speci¯c value for each player's choice. The
probabilit y to produce choicess (i.e., a particular assignment, 0 or 1, to
each bit) is jÃs j2.

The choice of J determines the type and amount of entanglement among
the players. The commutation condition on J ensuresthat if each player selects
the operator corresponding to one of the choicesin the original game, the ¯nal
result of the quantum gamewill, with probabilit y 1, reproduce those choices.

2.2 Implemen ting Entanglemen t for Man y Pla yers

Ideally, we would like our schemeto rely on the distribution of entangled states
betweendistant players, implying that the qubits areencoded in the polarization
states of photons transmitted throughout a ¯b er-optic network. Given a bright
sourceof polarization-entangled photon pairs [9], thesequbits can be delivered
by propagation through optical ¯b ers, and puri¯ed using high-quality linear
optical elements [10]. In principle, maximally entangled n-photon states can
be constructed from entangled two-photon states [11, 12], and thesestates can
be further manipulated using linear optical elements to perform universal gate
operations [13].

However, scaling a fully entangled gamefrom 2 to n players can be nontriv-
ial even when linear optics is used. Suppose a trial between any two players
succeedswith probabilit y ¯ (incorporating the net e±ciency with which entan-
glement can be created, distributed, puri¯ed, manipulated, and detected), so
the mean number of trials neededto successfullyregister a mutual choice be-
tween two players is 1=¯ . Becausean accidental (or deliberately disruptiv e)
measurement of a single qubit in the n-particle maximally entangled state de-
stroys the entire state, we expect the number of trials neededto complete a
maximally-entangled gamefor n playerswill scaleno better than ¯ ¡ n . Suppose
instead we implement the gameby distributing entangled two-particle statesbe-
tweeneither all enumerated pairs of players or nearestneighbors, as described
in Sec.4.3 and Sec.4.4, respectively. In these cases,we expect that the mean
number of trials neededto complete the gamewill scaleas either n(n ¡ 1)=2¯
or n=¯ , and are therefore relatively easierto implement for gameswith a large
number of players.

For example,in the simplestnear-term implementation, a singlegamesystem
can be constructed at a central location, and players can travel to the game
and individually specify the operators to be applied to their qubits. As the
technology evolves,the necessaryhardware for speci¯cation of qubit operations
can be distributed to distant players, who then can apply their operators to
photonic qubits transported to them over an optical network. In either case,
entangled pairs can be generatedand distributed consecutively until all players
have successfullyregistereda choice for each pair in which they are a member.
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Although great strides continue to be made in multi-particle experiments [11,
12], it is clear that | until ¯ ¡ ! 1 | two-particle gamesare far more feasible,
and could allow tests of quantum game theory to be performed in the near
future.

Given somesingle-trial successprobabilit y ¯ , the number of trials is limited
by the rate at which two-particle entangled qubits can be provided. A bright
sourceof entangled photon pairs has beenconstructed using an argon-ion laser
and parametric down-conversion in BBO crystals, capableof producing 140de-
tected two-photon coincidencesper secondper milliw att of Ar + pump power [9].
In principle, given an electrically-driven sourceof singlephotons [14], entangled
photon pairs also could be generated in a compact all-solid-state system us-
ing down-conversion in periodically-poled lithium niobate waveguides[15, 16].
However, in the future it is possible that up to 109 pairs per secondcould be
producedusing a single quantum dot embeddedin a p-i -n junction surrounded
by a microcavit y [17].

3 Public Go ods Economics

3.1 Overview

A pure market economy fails to provide e±cient levels of public goods for two
key reasons. By de¯nition, a public good is non-excludable. Once the good is
provided, there is no meansof charging for it or restricting accessto it. This
creates the free rider problem in which people are tempted to use the public
good without paying for it. The prisoner's dilemma is a perfect illustration of
this free-rider problem. In this two-person game, each player has the choice
to \cooperate" and \defect". Payo®sfor both players are higher when both of
them chooseto cooperate instead of defect. However, each individual is better
o®by defecting.

Furthermore, even if there exists a third party (usually the government) to
enforcecontribution to the public goods, individuals have the incentiv e to hide
their preferenceson how much they value the public good. This information
asymmetry makes it di±cult to determine the e±ciency of public goods distri-
bution.

Someof these issueshave been addressedin economicsliterature. For ex-
ample, if the public good can be provisioned through a government, there exist
mechanisms to reveal preferencesof individuals [18]. Also, experimental work
on public goods [19] comparespeople's actual behaviors to the predictions of
gametheory.

The free rider aspect of the problem, however, is more di±cult to overcome.
In the absenceof a benevolent dictator, self-motivation becomesthe dominant
factor. Luckily, two phenomenamitigate the e®ectsof free riding. The ¯rst is
the folk theorem [20, 21]. If the game is played repeatedly within a relatively
small group, the folk theorem suggestsan e±cient outcome may be enforceable
through the strategy of punishing a defector. It is arguable whether this will
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work in practice becausegame theory rationalit y places a strong burden on
the individuals to determine the correct strategies. The secondphenomenonis
individuals' motivations may not be completely sel¯sh: experimental evidence
suggestspeople may be altruistic, at least in relatively small groups [19]. The
sameempirical evidencealso suggestthat although thesetwo phenomenahelps
raise the levels of contributions, they are far from optimal.

3.2 A General Framew ork

For simplicit y in discussing the public goods game, we assumethere is only
one public good and one private good which players can use to contribute to
producing the public good. It is possibleto generalizeto multiple goods.

There are n players indexed by k. We make the following de¯nitions:

x amount of public good

yk initial endowment of private good of player k, i.e., player k's initial wealth

ck contribution of player k

Qk (x; y) utilit y of player k when consumingx units of public good and y units
of private good. Q is assumedto be continuously di®erentiable, concave
and non-decreasingin both x and y.

g(C) production function of the public good asa function of total contributions
C =

P
k ck . g is assumedto be continuously di®erentiable and strictly

increasing.

If contribution is voluntary and continuous, each individual would want to
choosea contribution to maximize:

max
ck

Qk (g(C); yk ¡ ck ) (1)

which leadsto
1

dg=dC
=

dQk =dx
dQk =dy

(2)

for all k when evaluated at the maximizing choices with x = g(C) and y =
yk ¡ ck . Thesegive n equations for the n contribution valuesf ck g.

This condition says each person will contribute up to the point where the
marginal rate of substitution is equal to the marginal bene¯t of his contribution
in providing the public good.

We use the standard economice±ciency measureof Pareto optimalit y [22].
That is, there exists no other allocation such that one player is strictly better
o® while all others are at least as well o® as before. In our context, Pareto
e±ciency requires [22]

1
dg=dC

=
X

k

dQk =dx
dQk =dy

(3)
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This criterion can be generalizedto multiple public and private goods [22].
Let C be the Pareto e±cient level of total contribution and C0 be the

equilibrium level of total contribution. The above two conditions mean that
dg(C )

dC < dg(C 0)
dC .

Therefore, the equilibrium level of total contribution doesnot always guar-
antee a Pareto e±cient outcome. For g with diminishing rate of return, C > C0.
Thus the equilibrium level of contribution is less than the e±cient level. For
other g, there may be multiple equilibria as well as contribution levels at the
e±cient levels.

3.3 A Public Go ods Game

For simplicit y, we consider the special casewhen g is linear. In this case,both
the e±cient allocation and the equilibrium have contributions that are either
all or nothing. This choice illustrates the core issueof the free-rider problem.
Speci¯cally, we take

Qk (x; y) = x + y (4)

g(C) = aC=n

for all k. Here a is a parameter characterizing the public good production and
C =

P
k ck is the total contribution level.

A direct comparison of a player's utilit y for all and no contribution shows
the unique Nash equilibrium is given as follows:

² If a · 1, C = 0 and this is the Pareto e±cient outcome. Note, when a = 1
total contribution is equivalent to no contribution. Thus, either caseis
e±cient.

² If 1 < a < n, C = 0, but is an ine±cient outcome. One e±cient outcome
in this caseis ck = yk but this is not an equilibrium since each player
increasespayo®by defecting, i.e., switching to ck = 0.

² If n · a, ck = yk is the e±cient outcome and also the equilibrium. When
n = a, total contribution is a weak equilibrium in which each player is
indi®erent betweencontributing or not.

This analysiscan be interpreted as follows. The production function g mul-
tiplies the total contribution by a. The result is then equally divided back to
the players. If a is lessthan 1, there is no gain to produce the public good and
so the e±cient outcome is not to produce any. If a is greater than n, then for
each unit the player receivesback more than the contribution, thus it is advan-
tageous to contribute, no matter what other players do, and the equilibrium
will be e±cient.

The interesting case,giving a social dilemma, is when a is between 1 and
n. In this case,the public good per person increaseswith contribution. How-
ever, the marginal bene¯t of each contribution is still smaller than 1. Thus a
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player receives only a=n in bene¯t for a unit of additional contribution, which
is a net loss. Therefore, it is rational not to contribute. However, failure to
contribute is an ine±cient outcome. Thus we have a social dilemma in that the
group as a whole is better o® if all contribute, but each person prefers not to
contribute and hencetheir rational choiceslead to no public good production.
Moreover, this casehas multiple Pareto e±cient outcomes. For example, both
total contribution and total contribution from all but one person are e±cient
outcomes.

3.4 Heterogeneit y and Asymmetric Information

When individuals have substantial wealth di®erences,it is possiblefor total con-
tribution from all players to make someof them worseo®than if there were no
contributions at all. In such a situation, the e±cient outcomeof total contribu-
tion may not be desirable. More generally, in addition to achieving an e±cient
outcome, a mechanism should ideally also satisfy voluntary participation con-
straints (i.e., all players should want to play the gamesince they recognizethe
outcome will be better for them than if they do not play at all).

To address this issue, we focus our attention on a smaller set of e±cient
outcomes that also satisfy the voluntary participation constraints. Thus, in
addition to Pareto e±ciency, we also require Qk (g(C); yk ¡ ck ) ¸ Qk (g(0); yk )
for all k, i.e., each personis better o®in this e±cient outcome then they would
be if none contribute. For our example, this implies

a
n

nX

j =1

cj ¸ ck (5)

for all k. An outcomethat is both Pareto e±cient and satis¯es Eq. (5) is de¯ned
as an individual ly rational Pareto e±cient outcome.

The following contribution pro¯le is an individually rational Pareto e±cient
outcome:

ck =
½

yk if yk < C¤

C¤ if yk ¸ C¤ (6)

where

C¤ =
a

n ¡ an + am

mX

j =1

yj (7)

the yk are taken to be sorted in ascendingorder and m is the largest integer
lessthan n for which C¤ ¸ yk holds for all k = 1: : : m.

Under this additional constraint, if the distribution of wealth is narrow
(speci¯cally, a¹y ¸ yk for all k where ¹y = 1

n

P
k yk is the mean value of the

private goods), then everyone should contribute everything. If there is a wider
distribution of wealth, then there is a cut-o® point C¤. Everyone should con-
tribute everything if their wealth yk · C¤ and contribute only up to C¤ if their
wealth is more than C¤. Thus to maintain voluntary participation the rich
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should contribute more in absolute terms than the poor, but lessin percentage
terms.

If wealth is distributed narrowly, (satisfying Eq. (5) if individual contributes
everything) then there is no needfor asymmetric contribution. Therefore, it is
su±cient to treat the problem as if wealth is equal.

However, if condition Eq. (5) is not satis¯ed, a new incentiv e issuearises. To
be able to solicit the \correct" amount of contribution from every individual,
we not only needto solve the free-rider problem, but also correctly identify the
wealth level of every individual. Furthermore, individuals have incentiv es to
pretend to be poorer than they are to minimize their contributions.

4 A Quan tum Mec hanism for Public Go ods Pro-
visioning

We¯rst characterizeequilibria of the quantum gameof the homogeneousversion
of the public goods game. This allows us to study several con¯gurations, such as
di®erent entanglement and interpretation of the qubits, of the quantum game.
Subsequently , the results in the simple homogeneouscasewill be extended to
the heterogeneouscase.

For the quantum mechanism, each player can choose either to contribute
nothing (ck = 0, \defect") or everything (ck = y, \cooperate"). We can also
consideran intermediate casein which players can select from a discrete range
of contribution values,0; y=K; 2y=K; : : : ; y for various choicesof K , but in our
caseallowing such intermediate contributions giveslower averagepayo®sfor the
strategieswe present below.

Here is an example of the intermediate case. For n = 3 players and using
3 bits to specify discrete choices: either contribute fully (ck = y, \cooperate")
or contribute nothing (ck = 0, \defect"), there are 8 states. Supposewe let the
value 0 correspond to \cooperate". Then the payo®sto the three players are
(using y = 1)

000 a a a
001 2a=3 2a=3 2a=3 + 1
010 2a=3 2a=3 + 1 2a=3
011 a=3 a=3 + 1 a=3 + 1
100 2a=3 + 1 2a=3 2a=3
101 a=3 + 1 a=3 a=3 + 1
110 a=3 + 1 a=3 + 1 a=3
111 1 1 1

(8)

The quantum version of the gameis set up as follows: ¯rst create entangled
qubits (with 0 and 1 representing cooperate and defect, respectively), allow the
individuals to operate on their individual qubit, then combine the result (by
undoing the initial entangling operation). To preserve the correspondencewith
the original game,the entanglement operator should commute with thosequan-
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tum operations corresponding to the classicalchoices. The ¯nal measurement
givesa de¯nite value for each qubit, which then corresponds to the individuals'
choices.

In general, players are allowed to apply any operator to their qubit(s). We
considergeneralsingle-qubit operators, given by

U(µ; Á;®) =
µ

e¡ iÁ cosµ
2 ei® sin µ

2
¡ e¡ i® sin µ

2 eiÁ cosµ
2

¶
(9)

up to an irrelevant overall phasefactor. (A further generalization would allow
measurements on the single qubit. This givesno advantage in at least in some
cases[7].)

For n = 2, this reducesto the Prisoner's dilemma, which hasa nice interpre-
tation in terms of conventional mechanisms. Entangled states allow player 1 to
a®ectthe ¯nal outcome produced by the action of player 2 and vice versa. In a
way, it allows for pre-commitment. Consider the following argument. Player 1
would love to tell player 2 that if player 2 commits to cooperate, then he would
also cooperate. However, without playing a repeated version of the game, the
abilit y to punish the other player or without a 3rd party to enforcethe commit-
ment, both players will realize immediately they are better o® reneging their
commitments. Entanglement allows the parties to commit without a third party
to enforcethe commitments.

The expected payo®scan be viewed as functions of the players' choicesand
gamede¯nition: Pk (U1; : : : ; Un ; J; a) (where we take y = 1 without lossof gen-
erality since it just rescalesthe payo®s).

4.1 Equilibria for the Quan tum Public Go ods Game

In this section, we characterize equilibria for three schemesof entanglement of
the public goods quantum mechanism. If players are allowed to useany single
qubit operators given by Eq. (9), there is no single pure strategy equilibrium.
However, we found mixed strategy equilibria, with expected payo®sdepending
on the degreeof entanglement provided in the initial state. In each case,we ¯nd
multiple equilibria. Thesepayo®sare superior to that producedby the classical
gamein which all players defect so no public good is produced.

Weassumeall individuals arerisk-neutral expectedutilit y maximizers. Player
k's expected payo® function is given by Pk (Ã) =

P
s Pk (s)jÃ(s)j2 where Pk (s)

is the payo®for player k given the choicesspeci¯ed by state s.
We usethe BayesianNash equilibrium as the solution concept for the quan-

tum game. Each individual will play a strategy (pure or mixed) such that they
are mutually maximizing their expectedpayo®. None has the incentiv e to make
a unilateral changeto their strategy.

A single-player operator û forms a symmetric Nash equilibrium if for any
other choice u 6= û

Pk (Ã(û; : : : ; û)) ¸ Pk (Ã(û; : : : ; û; u; û; : : : ; û)) (10)
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entanglement expected performance
full (1 + a)=2
all pairs a ¡ 2¡ (n ¡ 1) (a ¡ 1)
neighbor pairs (1 + 3a)=4

Table 1: Expected payo®sof mixed strategy equilibrium for various arrange-
ments of entanglement and using the all-or-none contribution rule. For compar-
ison, the original game, corresponding to no use of entanglement, has payo® 1
at the equilibrium. In all cases,the e±cient outcome has payo®a > 1, which is
larger than the expected payo®of all thesecases.

for all players k, with u substituted for the k th player's choice on the right-
hand side. For homogeneouspreferences,it is su±cient that this hold for just
one player. More generally, asymmetric equilibria involve possibly di®erent
operations for each player.

Whether such an equilibrium exists, and if so whether it is unique and gives
the optimum payo®sfor the players, dependson the set of allowed operations,
the amount and type of entanglement (speci¯ed by the choice of J ) and the
nature of the payo®s.

Our analysis includes mixed strategy equilibria since in many cases,partic-
ularly with respect to the quantum version of the public goods game, there is
no pure strategy equilibria. The strategic spacefor quantum gamesare in¯nite.
We limit our attention to ¯nite mixed strategies. That is, we only allow indi-
viduals to randomly (with any probabilities assignment) choosewithin a ¯nite
set of operators. We also make the standard assumption that individuals have
accessto a perfect randomization process.

In the next three subsections,we report three di®erent schemesof entan-
glement and their corresponding mixed-strategy Nash equilibrium. Table 1
summariesthe resulting performances.

4.2 Full Entanglemen t

A conceptually simple approach allows arbitrary entanglement amongthe play-
ers' qubits. As one example, consider fully entangled states. The initial entan-
gled state is (j00:::0i + i j11:::1i )=

p
2, using the 2n £ 2n entanglement matrix

Jn =
1

p
2

(I + i¾x ­ : : : ­ ¾x ) (11)

where the product in the secondterm consistsof n factors of ¾x , the 2£ 2 Pauli

matrix
µ

0 1
1 0

¶
.

Allowing general single-bit operators of Eq. (9), we ¯nd no pure strategy
Nashequilibrium for the players. However, there are a variety of mixed strategy
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Figure 1: Six qubits giving two-particle entanglement amongthree players. The
¯rst player operates on bits 1 and 3, which are entangled with bits 2 and 4,
respectively owned by the secondand third players.

equilibria. As one example, let

u(0) ´ U(0; 0; 0) =
µ

1 0
0 1

¶
(12)

u(1) ´ U(0; ¼=2; 0) =
µ

i 0
0 ¡ i

¶

Note u(0) corresponds to the classical \cooperate" option. A mixed strategy
consisting of each player randomly selectingu(0) or u(1), each with probabilit y
1=2, givesexpectedpayo®of (1+ a)=2. This is an equilibrium: if any oneplayer
switches to using a di®erent operator, or di®erent mixture of operators, the
expected payo® for that player remains equal to (1 + a)=2. While this payo®
is less than the e±cient outcome, it is substantially better than the classical
outcome with payo®of 1 sinceall chooseto defect.

Although this scheme is not practical with respect to implementation due
to its use of highly entangled states, we include it as a comparison to other
schemes.

4.3 Tw o-particle Entanglemen t

Full entanglement is di±cult to implement asn increases,particularly for qubits
communicated over long distances. Thus we consider restricting entanglement
to only pairs of qubits. In this case, we suppose each pair of players has a
maximally entangled pair, so each player has n ¡ 1 qubits.

The entanglement matrix for a caseconsisting of N =
¡ n

2

¢
pairs is

Jpair (N ) = J2 ­ : : : ­ J2 (13)

with the product consistingof N factors of the entanglement operator of Eq. (11)
for the caseof n = 2, i.e., full entanglement among two qubits.

With multiple bits per player, we also need to specify how the ¯nal mea-
sured state is to be interpreted. One approach is to allow various amounts of
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contribution rather than all or none. That is, if z of the n ¡ 1 bits for player
k are 0, player k's contribution is ck = yz=(n ¡ 1), ranging from 0 to y. So
instead of two choices, the player has a range of possiblecontributions. This
choice gives the sameresult as the fully entangled case: the mixed strategies
have expected payo®of (1 + a)=2 and remain weak equilibria.

For example, n = 3 usessix qubits corresponding to the pairs of players
(1; 2), (1; 3) and (2; 3), as shown in Fig. 1. Thus, for example, the ¯rst player
operates on the ¯rst and third qubit in this ordering of the bits. The state
j0; 0; 0; 1; 1; 1i has 0; 0 for the ¯rst and third qubit, so the ¯rst player has z = 2
and contributes y. The secondplayer, using the secondand ¯fth bits, has 0; 1
with z = 1 and contributes y=2.

An alternate interpretation of the bits provides higher payo®swhile main-
taining the samemixed strategy equilibria. Speci¯cally, we again supposecon-
tributions are all or nothing but now consider the player to contribute if any
of the n ¡ 1 bits equals0. This simple change in the construction of the game
givesexpected payo®equal to

a ¡ 2¡ (n ¡ 1) (a ¡ 1) (14)

which, since1 < a < n, is only slightly lessthan the highest possiblepayo®,a.
As examples,the expected payo®sfor n = 3 and 4 are, respectively, (1 + 3a)=4
and (1 + 7a)=8. As n increases,the expected payo® approaches the optimal
value.

We could also considerother interpretations, e.g., full contribution if a ma-
jorit y of the bits are 0, and otherwise no contribution.

Signi¯cantly , the mixed strategy remains an equilibrium even if a player
applies di®erent operators to each of the n ¡ 1 bits.

4.4 Tw o-particle Entanglemen t with Neigh bors

Two-particle entanglement amongall possiblepairs of playersrequiresn(n¡ 1)=2
entangled pairs. While signi¯cantly easier to implement than entanglement
among n-players, we can also consider behavior with even less entanglement.
Speci¯cally, consider the players in somearbitrary order and only provide an
entangled pair betweensuccessive players in that order (with an additional pair
betweenthe ¯rst and last). This entanglement requires only 2n qubits.

This casemaintains the sameequilibrium mixed strategies. If we interpret
the two bits of each player asallowing partial contributions, the expectedpayo®
remains (1 + a)=2. Using the all-or-none method, where a player contributes
everything if at least oneof the two bits equals0, the payo®is (1 + 3a)=4 for all
n. Note this is the sameas the payo®of the full two-particle case,Eq. (14), for
n = 3 (as expected: for n = 3 the neighbor pairs are the sameas a two-particle
entanglement betweenall pairs of players).

Again, the payo®is superior to the classicalgameNash equilibrium. Unlike
entanglement among all pairs, the payo®doesnot improve with larger n. Thus
this result illustrates a tradeo®: lower performancewhen using fewer pairs.
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Based on the two casesof all pairs and just neighbors, one would expect
intermediate numbers of pairs to give intermediate performance. A full inves-
tigation of this tradeo® remains for future work. In particular, to the extent
that producing, storing and manipulating entangled states is costly, a key eco-
nomic issueis how the bene¯t of higher expected payo® from using additional
entanglement compareswith its implementation cost.

4.5 Robustness of the Results

All our results are basedon very strict assumptionson initial wealth levels (yk ),
the public goods production function (g), and individuals' utilit y function (Qk ).
A natural question is how far these results can be generalizedwith respect of
thesethree assumptions.

As discussedin Sec.3.4, when the distribution of wealth is narrow, e±cient
contribution levels requires no or total contributions. The incentiv e tradeo®
also remains the samesincethe di®erent levelsof wealth only o®setindividuals'
utilit y by constant amounts. Thus the quantum solution still applies.

However, the results are more sensitive to the assumptions on the public
goods production function (g) and individuals' utilit y function (Qk ). In partic-
ular, the quantum mixed strategy equilibrium dependson a ¯ne balanceof the
probabilities of the possibleoutcomesso that individuals will weakly preferred
(or indi®erent to) staying with the equilibrium strategy. This balance will be
destroyed if either g or Qk is changed. However, intuitiv ely we expect similar
quantum equilibria to exist that will be superior (in the Pareto sense)to equi-
libria of the classicalgame. Sincethe outcome spaceis probabilistic and hence
continuous,a small changein either g or Qk may induce equilibria that are close
to the solution we reported here. This issueis oneof the directions of our future
work.

5 Conclusion

Quantum mechanics can be used to develop new formulations of classicaleco-
nomics gameswhich give arise to new solutions. In this paper, we have shown
how a quantum mechanism can be constructed to addressthe free-rider aspect
of the public goods problem, without the need of third party enforcement nor
repeated play. Implementation issuesare also explored and addressed.

Most of the power of this new mechanism comes from entangled states,
which in theory allow individuals to co-ordinate and commit in environments
when classicalmeansdo not. Incidentally , entanglement is also the major issue
determining whether a quantum mechanism is practical or not.

Three di®erent schemesof entanglement are explored. We found that two-
particle entanglement, which is feasiblefor the near future, can addressthe free-
rider problem and achieve nearly e±cient outcomes. Furthermore, we have also
arguedthat the mechanism is robust with respect to a limited amount of hetero-
geneity in the systemif there is no adverseselection. If the distribution of wealth

14



is narrow (as de¯ned in Sec.3.4), an e±cient quantum solution that assumes
homogeneouswealth will also satisfy the voluntary participation/individually
rational constraints making heterogeneity a non-issue.

Furthermore, if the issueof adverseselection(incentiv e to hide information)
is addressedby someother method, then the quantum mechanism can be used
in tandem to addressthe generalcase.Speci¯cally, in the caseof heterogenous
wealth, if every individual's wealth is revealedto the mechanism, then the mech-
anism can be modi¯ed slightly to yield the desirableoutcome as follows. First
calculate the optimal contribution for every individual based on the revealed
wealth levels as described in Sec.3.4. Then the players play the quantum game
with the knowledgethat the ¯nal qubits are interpreted as follows: an individ-
ual contributes the optimal amount, not his total wealth, if one or more of his
qubits are zero. Essentially , all the contribution levels are pre-determined and
the issuesreduceto just the free-rider problem.

The particular form of the equilibria we found dependson the simple func-
tional forms for utilities and production functions of Eq. (4). Thusan interesting
direction for further investigation is the e®ectof other economically-reasonable
functional forms. Sincewe found a variety of weak equilibria, with identical ex-
pectedpayo®s,somechangesin the utilities may shift theseequilibria di®erently
thereby distinguishing their payo®s.

Our quantum mechanism generalizesthe conventional public goods gameby
providing additional options for the players. As such, it can also be simulated
classically by allowing each player to send a choice of operator (i.e., the three
parametersof Eq. (9)) to a central location. This observation, which alsoapplies
to other studies of quantum games[23], means the practical bene¯t of such
quantum mechanismsdependson the context of the game,e.g., the di®erences
in security and communication costs as well as the level of trust assumedfor
the central institution. For instance, the quantum version allows only a single
measurement of the outcome rather than revealing individual operator choices,
and hencecan provide additional privacy. Such privacy can alsobe achieved via
conventional cryptographic methods but with security basedon the apparent
di±cult y of solving certain problems, e.g., factoring, rather than inherent in
quantum physics.

Gametheoretic solutions (such as the BayesianNash equilibrium we discuss
in this paper) are at best approximations of real human behavior. In this case,
rationalit y dictates that each individual has a full understanding of the quan-
tum mechanical implications of his choices. How well this describes the actual
behavior of people involved in quantum gamesis an interesting direction for
future work with laborabory experiments involving human subjects.

There are many natural extensionsof this research. First, people may use
criteria other than expected payo®, e.g., to minimize variance in payo® if they
are risk adverse. Second,the caseof heterogeneousplayers and adverseselec-
tion requires further analysis. This work also suggestsexperimental research,
exploring the issuesof practicalit y of implementation and human behavior with
respect to manipulating quantum states.

15



Ac knowledgmen ts

We thank Bernardo Huberman, Alan Karp, Phil Kuekes, Sandu Popescuand
Wim van Dam for helpful discussions.

A Deriv ation of Mixed Strategy Payo®

This appendix derives Eq. (14) and shows the mixed strategy is indeed an
equilibrium: no single player can bene¯t from deviating from the mixture. A
similar derivation applies to the other caseswith di®erent entanglement (i.e.,
full or two-particle only among neighbors) and interpreting multiple bits per
player as indicating partial contributions. For simplicit y, we take the private
good value to be y = 1.

Supposeplayer 1 selectsoperators u(2) ; : : : ; u(n ) while all others selecteither
u(0) or u(1) of Eq. (12) with equalprobabilit y for all their bits. The initial state
Jpair (N )(1; 0; : : : ; 0) is

O 1
p

2
(1; 0; 0; i )

with one factor for each pair. Subsequent operations on each pair are inde-
pendent. Consider the pair between players j ; k, who use operators A and B
respectively, so the ¯nal state of their pair is

Ãpair (A; B ) = J y
2 (A ­ B )

1
p

2
(1; 0; 0; i ) (15)

Players other than the ¯rst useeither u(0) or u(1). Evaluating Eq. (15) for
thesecasesgives

Ãpair (u(0); u(0)) = (1; 0; 0; 0) (16)

Ãpair (u(0); u(1)) = (0; 0; 0; 1)

Ãpair (u(1); u(0)) = (0; 0; 0; 1)

Ãpair (u(1); u(1)) = (¡ 1; 0; 0; 0)

so players making the same choice produce a pair equal to §j 00i (i.e., both
cooperate), while those making opposite choicesgive j11i (i.e., both defect).

For a given instance of this mixed strategy, let tk 2 f 0; 1g indicate the
operator choice of player k = 2; : : : ; n: u(tk ). Then the ¯nal state for the pair
j ; k is Ãpair (u(t j ); u(tk )) . Thus the portion of the ¯nal state corresponding to
pairs not involving player 1 is

Ãother =
O

j ;k

Ãpair (u(t j ); u(tk ))

with the tensor product over all pairs 2 · j < k · n. The nonzero compo-
nents of this vector are all § 1, which have unit magnitude so do not a®ectthe
probabilities of the ¯nal measurement.
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The pair involving players 1 and k gives v(k ) (tk ) = Ãpair (u(k ) ; u(tk )) . For
any choice of operator u(k ) , evaluating Eq. (15) using Eq. (12) gives

v(k )
0;0 (1) = ¡ v(k )

1;1 (0) (17)

v(k )
0;1 (1) = v(k )

1;0 (0)

v(k )
1;0 (1) = ¡ v(k )

0;1 (0)

v(k )
1;1 (1) = v(k )

0;0 (0)

so, apart from somesign changes,player k switching from u(0) to u(1) simply
reversesthe result of the two-particle interaction betweenplayers 1 and k.

The overall ¯nal state vector is the product of these results for the indi-
vidual pairs. The values for the bits involving player 1 determine its nonzero
components. That is, the ¯nal state has the form

nO

k=2

Ã
X

x k ;y k

v(k )
x k ;y k

(tk )jxk ; yk i

!

­ Ãother

with the xk ; yk each summedover 0 and 1.
Measuring this ¯nal state producesde¯nite valuesfor the xk ; yk , with prob-

abilit y Pr(x; y; t) =
Q n

k=2 jv(k )
x k ;y k (tk )j2. For this state, we determine the payo®

to player 1 as follows.
First, the all-or-none interpretation of the bits meansplayer 1 contributes 1

if any of the xk = 0. De¯ning the indicator function Â(p) to equal 1 when the
proposition p is true and 0 otherwise, this contribution is 1 ¡

Q
k Â(xk = 1).

The contribution for player k > 1 is 1 if it has a 0 bit in its pair with player
1 (i.e., yk = 0) or at least oneplayer (other than players1 or k) makesthe same
choice of operator as player k (since then Eq. (16) shows that pair of players
will have value j0; 0i so, in particular, player k will have at least one of its bits
equal to zero). Let nb be the number of players 2; : : : ; n that select operator
u(b), for b = 0; 1. Note nb is the number of values in t2; : : : ; tn equal to b,
and n0 + n1 = n ¡ 1. With these de¯nitions, the contribution of player k is
Â(yk = 0 ^ nt k = 1) + Â(nt k > 1).

Combining the contributions from all players, the payo®P1(x; y; t) to player
1 for this measuredstate has the form a

n (1 + A) + (1 ¡ a
n )B with

A =
X

k

(Â(yk = 0 ^ nt k = 1) + Â(nt k > 1))

B =
Y

k

Â(xk = 1)

In this expression,
P

k Â(nt k > 1) can be written as
P

t nt Â(nt > 1).
The expectedpayo®for player 1 for the choicesof the other players(speci¯ed

by the tk values) is
P

x;y Pr(x; y; t)P1(x; y; t).
Finally, the mixed strategy usedby the other playersmeanseach of the 2n ¡ 1

choicesfor the values of the tk is equally likely, and must be summed over to
get the expected payo®of player 1: hP1i = 2¡ (n ¡ 1) P

x;y ;t Pr(x; y; t)P1(x; y; t).
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In the sum over x; y, only the factor jv(k )
x k ;y k (tk )j2 in Pr(x; y; t) depends on

xk ; yk . Thus for terms involving player k, the remaining factors in Pr(x; y; t)
sum to 1 sincethe v(k ) (tk ) are normalized vectors.

Thus hP1i is a sum of three terms. The ¯rst is

2¡ (n ¡ 1) a
n

X

t

(1 + n0Â(n0 > 1) + n1Â(n1 > 1))

or a
n

(1 + (n ¡ 1)(1 ¡ 22¡ n ))

The secondterm is

2¡ (n ¡ 1) a
n

X

k ;t;x k ;y k

jv(k )
x k ;y k

(tk )j2Â(yk = 0 ^ nt k = 1)

For nt k = 1, the only terms contributing to the sum over t are those for which
t j 6= tk , for all j 6= k, i.e., there are just two cases:tk = 0 and the rest are 1,
and vice versa. So this term becomes

2¡ (n ¡ 1) a
n

X

k

1X

t =0

X

x k

jv(k )
x k ;0(t)j2

The inner two sums give jv(k )
0;0 (0)j2 + jv(k )

1;0 (0)j2 + jv(k )
0;0 (1)j2 + jv(k )

1;0 (1)j2 which,

from Eq. (17), equals
P

x;y jv(k )
x;y (0)j2 = 1 since the v(k ) vectors are normalized.

Thus this term is 2¡ (n ¡ 1) a
n (n ¡ 1).

Similarly, Eq. (17) gives the third term equal to 2¡ (n ¡ 1)
¡
1 ¡ a

n

¢
.

Combining theseresults, hP1i is a¡ 2¡ (n ¡ 1) (a¡ 1). This result is independent
of the operators selectedby player 1, i.e., the valuesof the v(k ) .

Other choices for the mixed strategy operators u(0); u(1) are possible as
well. They need only satisfy Eq. (16) (up to an overall phasefactor) and also
compensatefor any choicesmade by the ¯rst player via Eq. (17), again up to
overall phasefactors.
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