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Abstract

We show that when agerts cooperate in a distributed seard problem, they can solveit faster than any
agert working in isolation. This is accomplishedby having agerts exchange hints within a computational
ecosystem. We presert a quantitativ e assessmeh of the value of cooperation for solving constraint
satisfaction problems through a seriesof experiments. Our results suggestan alternativ e methodology
to existing techniques for solving constraint satisfaction problems in computer scienceand distributed
arti cial intelligence.

1 Intro duction

The dewelopmen of parallelism in computation allows a number of agerts to share the work required to
solve computational problems. The potential speedup o®eredby this approac has led to a large e®ort
dewted to the design of parallel algorithms and architectures. In spite of its obvious advantages howewer,
the e®ective use of concurrency is fraught with ditculties. Most of them stem from the fact that the
experience gained from programming single processormaciines cannot be simply extrapolated to large
number of computational agens. This is becauseparallel computing involvesa number of new issues: how
tasks can be usefully divided among many agerts, how one program can exploit the knowledge generated
by another, and how the agerts can communicate etciently with ead other. Theseissuesare particularly

important for large scaledistributed processingin which individual agerts operate largely without certral

cortrols. If the task to be performed is easily decompsedinto fairly independen subtasks, requiring little

communication, a parallel implementation is relatively easy However, this is not always possible,and also
missesthe potential of using communication to signi cantly help with individual subtasks.

Someinsights into how theseissuescan be e®ectiely addressedor more complexcasescan be gainedfrom
studying the way human societies go about solving problems of collective interest. Although the individuals
di®er from these computational agerts in many important aspects, they newerthelessface the samegeneral
problems of coordination and communication described above. In human sccieties, the bene't of cooperation
underlies the existenceof rms, scierti ¢ and professionalcommunities, and the use of committees charged
with solving particular problems. It is often obsened that groups of people can solve a problem more
e®ectiely than any singleindividual acting alone. This suggestsmplementing those mecanismsthat seem
to work among humansin a computational context.

The existenceof computational ecologieg10] provides a natural framework for using these methods be-
causethey share a number of key featuresin common with human sccieties. These include asyndronous
independert agerts that solve problems from their local perspective involving uncertain and delayed infor-
mation that they can retrieve from the system. A number of attempts at collective problem solving from
this perspective have beenmade. Theseinclude work by seweral authors who have pointed out the bene cial
e®ectsof cooperation on hard problems by constructing models in which agerts cooperate to accomplisha
task [2, 5, 8, 14, 19].

It is important to understand what is meart by cooperation in a computational context. Cooperation
involves a collection of agerts that interact by communicating information, or hints, to ead other while
solving a problem. The most natural way to think of cooperation is asa collection of independert processes,
possibly running on separate processors. Howewer, it is always possibleto have a single computational
processthat, in e®ect,multiplexes among the proceduresfollowed by this diverseset of agens. In this way,
a single agert could also obtain the benet of cooperation discussedhere. This ability of one computational



processto emulate a collection of other processess quite distinct from other casesof cooperation, e.g.,
human sacieties, where individuals have di®ering skills that are not easily transferred to others. What is
most important to the increasein performanceis the diversity of approacesavailable by having many agert
processes.

The information exchangedbetweenthe agerts may be incorrect at times, and should alter the behavior
of the agerts receivingit. An example of cooperative problem solving is the use of a genetic algorithm [6]
to nd states of high value in somespaceof possibilities. In a genetic algorithm members of a population of
states exchange piecesof themselves or mutate to create a new population, often containing states of high
value. Another example is a neural network, where the output of one neuron a®ectsthe behavior of the
neuron receiving it.

In what follows we will concerrate on a particular type of computational task, that of seart. This is
an important generaltask which arisesfor problemsin which no algorithmic method is known for directly
constructing a solution. Instead one must examine a large number of alternative candidate statesin order
to identify a satisfactory solution. Typically, the number of statesto considergrows exponertially aslarger
problems are considered, making these problems considerably more ditcult than, say, many numerical
operations such as linear algebra or solution of di®ererial equations whose computational cost generally
grows as a fairly low-degreepolynomial as problems scale up. Becauseof the huge number of states to
considerin a seard, many heuristic methods have beendeweloped to guide the selectionof statesto consider.
While not always correct, by guiding the seard toward statesthat are more likely to lead to solutions, they
can considerablyreducethe time requiredto nd a solution. Most heuristics are meart to improve individual
seardes. By cortrast, the casesthat we will discusshighlight the potential of cooperative methods which
can be thought of as heuristics in which information obtained by one agert is usedto guide the seard of
another. We also presert a number of more practical issuesthat arise in applying cooperation to problems
in computer scienceand distributed arti cial intelligence [5].

As a concreteillustration of the value of cooperation for seard, we solve discrete constraint satisfaction
problems. Theseare problemsin which valuesfrom a "nite set must be assignedto a nite set of variables
such that a number of conditions (the constraints) are satis ed. Constraint satisfaction problems lie at the
heart of human and computer problem solving [13, 16, 18]. Examples are scheduling, navigating through a
maze, and crossvord puzzles,to name a few. A complete state in the seard is a set of assignmers for all
the variables and a partial state hasonly someof variables assigned.

To ewvaluate the usefulnessof cooperation in computational problems, we examine its behavior for two
speci ¢ problems. At one extreme, cryptarithmetic with a simple individual seart method, shows how even
very simple methods can bene t from an exchange of information. By cortrast, our secondexample, graph
coloring, a computationally hard problem, illustrates how simple hints can be usedin conjunction with an
e®ectie heuristic searh method.

2 Cooperativ e Searches

A simple explanation of the succes®f cooperation is given by observingthat hints changethe way di®eren
agerts nd the solution by combining them with their own current state. Although not always successful,
those casesin which hints do commbine well allow the agen to proceedto a solution by searding in a reduced
space of possibilities. Even if many of the hints are not successful,this results in a larger variation of
performanceand hencecan still improve the performance of the group when measuredby the time for the
“rst agert to nish.

The speedat which an agert can solve the problem dependson the initial conditions and the particular
sequenceof actions it choosesasit movesthrough a seart space. This sequenceaelies on the knowledge, or
heuristics, that an agert has about which state should be examined next. The better the agen is able to
utilize the heuristics, the quicker it will be able to solve the problem. When many agerts work on the same
problem, this knowledge can include hints from other agerts suggestingwhere solutions are likely to be.

Cooperative searth methods are based on modifying individual seard methods. A useful distinction
is whether a method is complete or incomplete Complete methods systematically examine states and are
guaranteedto either evertually 'nd a solution or terminate when no solution exists. By contrast, incomplete
methods explore more opportunistically and may miss somestatesin the seard space;hencethey can never



guarartee a solution doesnot exist. For parallel seartes,a further issueis whether to split the seard space
amongthe agens. In the simplestcase,eat agert examinesthe entire seard space. However, this can mean
a single state is examined by more than one agen during the seard. This can be avoided by partitioning

the seart spaceinto disjoint parts and assigningoneto ead agert. In this partitioned seard, agerts only
examine states in their assignedpart of the spacethus avoiding unnecessaryduplicate examination of the
states. Restricting ead agert to examine a state at most once, as well as partitioning the seard spaceso
that a state is not examined by more than one agert, improve performancesomewhat, but far lessthan the
enhancemeh due to cooperation [3].

2.1 The use of hints

There are a number of seard methods an individual agen can useto solve a problem, aswell as a variety of
methods for combining the partial information obtained from other agerts. These choicesdetermine if hints
build on ead other and if so, how doesthe seard improves.

2.11 searching with complete states

The most straightforward seard method is generateand test. In this case,at ead step an agen generates
a complete state and tests whether it is a solution. This generation can be done in a simple pre-speci ed

order or new states can be generatedrandomly. In random generation, states can be selectedcompletely at

random (which we refer to as random selectionwith replacemen) or the selection can be made only from

statesthat have not yet beenexamined. The latter caseavoids someunnecessaryseard and guaranteesthe

seard will terminate after all seard states are examined, but doesintroduce an additional requiremert of

storing previously examined states and the cost of cheding that they are not subsequetly generated.

Other restrictions on the generation of new states are possibleas well. For instance, the assignmeits to
all the variables can be replacedin one step (which we refer to as \jumping" around the seard space)or
someassignmeis can remain unchanged,with the extreme casebeing a changeto only a single assignmen
(\w alking"). Walking rather than jumping through the spacepresenesthe property that an agert near or
far from a solution is still fairly near or far after one step.

There are more sophisticated methods that sharethe samebasic strategy, i.e., start from somerandomly
selectedinitial state make a seriesof small adjustmernts to the state attempting to satisfy all the constraints.
If these adjustments do not produce a solution, a new initial state is selected. Examples of this strategy
include simulated annealing [12], heuristic repair [17], aswell as simple hill climbing. By cortrast, generate
and test makesno adjustmernts, and simply tests the initial state itself.

With this seard strategy, if hints are only usedto guide the selectionof the initial state and each new
hint completely overwrites the old state, there will be no build up of progressfrom one hint to another.
Alternativ ely, if the new hint modi es just part of the state, then successie hints could correspond to a kind
of random walk in the state spacein which there is (at least for the lucky agerts) an overall bias to move
successie initial states closerto a solution which is evertually found by the local adjustments.

2.1.2  constructing solutions from partial states

Other seard methods rely on a more systematic exploration of the space,attempting to construct a complete
solution by incrementally extending partial solutions. Suc a hierarchical construction of a solution, combined
with somebacdcktrack scheme when further progressis impossible, allows for pruning regions of the seard
spacethat would be unproductive. With this depth-Trst seardq method, some ordering of the variables
is selected(e.qg., either "xed in advance or chosenrandomly) and partial states are constructed using this
ordering until a full solution is found or enough assignmems are made to violate one of the constraints,
indicating that there is no solution corresponding to this partial state. Where these constraint violations
occur well beforeall assignmers have beenmade, bactracking avoids a considerableamourt of unnecessary
seard.

A simple illustration of the resulting tree structured seard is showvn in Fig. 1a. Speci cally this is for
a constraint problem with three variables, vi, v,, and vz, ead of which can take on the values 1 or 2.
The nodesin the tree represen the variables, and the links from a node represen the two choicesfor the
valuesto assignto that node's variable (corresponding to the value 1 for the left branch and 2 for the right



Figure 1: a) lllustration of the tree structured seard spaceresulting from three variables, vi, vz, and vs, (corre-
sponding to the nodesin the tree) eac with two possible values (corresponding to the branches). Seardes generally
start at the top of the tree and examine successie branches until a complete state (corresponding to a leaf, at the
bottom of the tree) that satis es the constraints is found. b) The pruning of the seard tree for the constraint problem
fvi 6 vo;v2 6 vag. The crossesindicate those states that violate one or more of the constraints. The arrows point
to the leavescorresponding to solutions, i.e., fvas = 1;vo = 2;v3 = 1gand fvy = 2;vo = 1;v3 = 2g.

branch). The leavesof the tree correspond to complete seard statesin which ead variable hasa value. For
example, the leftmost leaf corresponds to the assignmets fv; = 1;v, = 1;v3 = 1g. Partial states, in which
somevariables are not assigned,are found higher in the tree (in the ordering illustrated here, variable v,
is assigned rst, v, next and v3 last). Adding consideration of these partial states meansthat these seard
methods could potentially examine more statesthan the those that useonly complete states. Howeer, this
increasein total statesis usually more than o®setby the ability to prune many states at one time high in
the tree. This pruning is illustrated in Fig. 1b for the constraints fv, 6 v,;v, 6 v3g, i.e., the valuesfor the
“rst two variables, and the last two, are required to be di®erern. For example, the leftmost pruned node is
due to the partial state fv; = 1;v, = 1g which already violates the rst constraint so there is no needto
consider possiblevaluesfor the third variable.

These basic methods can be improved with the use of heuristics to guide the selection of states. An
important classof heuristics usesinformation obtained in prior stepsof the seart. Such heuristics are fairly
readily modi ed for cooperative seard allow us to directly evaluate the e®ectof cooperation. Speci cally,
in a noncooperative seard, an agern using suc a method could only useinformation that it had previously
found itself, while cooperative seart allows the agert to useinformation found by others as well.

Hints can naturally be usedto guide the ordering of badtrack choices,which can be viewed as moving
in a tree structure. When a hint givesthe correct choice for an agert, the remaining choicesare, in e®ect,
pruned. More generally, these hints can give large partial solutions from other regions of the seard space.
This is the case, for example, when putting together a puzzle by working on di®erert regions and then
combining them. Genetic algorithms are another instance of this generalstrategy.

2.1.3  diversity

A more interesting possibility is to have a group of agens use di®erent searth methods. Sudh diverse
communities are particularly well-suited for the use of cooperation sincea particular agert may not be able
to utilize all the information it generateswhereasanother ager, using a di®eren strategy, can. For example,
a systematic backtrack seard method may rapidly nd promising regionsof the seard spacebut take a long
time to nally read a solution when this requires somechangesto choicesmade early in the bactracking.
This could be quickly "xed by other methods that make adjustments opportunistically with no prespeci ed
ordering. Thus the exchange of information among methods can improve performancebeyond that possible
without cooperation.

The e®ectienessof these hints will depend on the seart choices made by the agens. For example,
as the seard progressesagerts may nd better partial solutions so that hint quality increasesover time.



Conversely as agerts get near the solution, hints becomelessimportant sincethey will tend to duplicate
partial solutions already found, or in fact incorrect hints may even becomemore detrimental.

2.2 Implemen tation issues

From this generaldiscussionof using hints with various seard methods, we now turn to a number of imple-

mentation issuesand how they wereresolhvedin our experiments. While there are many ways to addressthese
issues,we made fairly simple choices. We can expect further improvemerts from more sophisticated use of

hints, but the choicesmadehereillustrate the potential of this method and have many direct corresppondences
with a wide range of constraint satisfaction problems. As a note of caution in developing more sophisticated

strategies, the choicesmade should tend to promote high diversity amongthe agerts [7, 9] so there will be

many opportunities to try hints in di®erent promising contexts. This meansthat somechoicesthat appear

reasonablewhen viewed from the perspective of a single agert, could result in lowered performancefor the

group as a whole.

2.2.1 cooperativ e search

There are two basic stepsin implemerting a cooperative seard basedon individual algorithms. First, the
algorithms themselves must be modi ed to enablethem to produce and incorporate information from other
agerts, i.e., read and write hints. We should note that the rst step may, in itself, changethe performance
of the initial algorithm or its characteristics (e.g., changing a complete seard method into an incomplete
one). Sincethis may changethe absolute performance of the individual algorithm, a proper evaluation of
the benet of cooperation should compare the behavior of multiple agens, exchanging hints, to that of a
single one running the same, modi ed, algorithm, but unable to communicate with other agerts. In that
way, the e®ectof cooperation, due to obtaining hints from other agens, will be highlighted.

The secondstep concernsdecisionsasto exactly what information to useashints, whento readthem, etc.
must be made. The hints consist of any useful information concerningregions of the seart spaceto avoid
or likely to contain solutions. A simple choicefor constraint satisfaction problemsis to usepartial solutions,
i.e., partial stateswhoseassignmeis do not violate any constraint. We must also specify the organizational
structure, i.e., which agents communicate with ead other. In our experimerts, all hints were written to
a certral blackboard, so eat agert could accessthe results of any other agert. Hierarchical organizations
more suitable to larger populations have also beenstudied [3].

The next major question is when during its seard should an agert produce a hint. Generally, agerts
should tend to write hints that are likely to be usefulin other parts of the seart space. Possiblemethods to
useinclude only writing the largest partial solutions an agert "nds (i.e., at the point it is forcedto backtrack)
or only if the hint is comparablein sizeto those already on the blackboard.

Another set of complemenary questionshasto do with the time at which an agen decidesto read a
hint from the blackboard, which one should it chooseand how should it make use of the information for
its subsequeh seard. Once again, there are a number of reasonablechoiceswhich have di®eren bene'ts
in avoiding seard and costsin their evaluation, aswell as more global consequence$or the diversity of the
agert population. For instance agerts could select hints whenewer a suxciently good hint is available, or
whene\er the agert is about to make a random choicein its seard method (i.e., usethe hint to break ties),
or whenewer the agert is in some sensestuck, e.g., needingto badtrack, or at a local optimum of a hill
climbing seart method. For deciding which available hint to use, methods range from random selection[2]
to picking onethat is a good match, in somesenseo the agert's current state.

A "nal issueconcernsthe memory requiremerts for the hints. To avoid the potential of an unbounded
growth in the size of the blackboard, one can limit the number of hints it could store. Once this limit is
reached, somehints have to be discarded. For our experimerts, the oldest (i.e., added to the blackboard
before any others) of the smallest (i.e., involving the fewest assignmems) hints were overwritten with new
hints. We found that relatively small blackboards were suzcient to obtain signi cantly better performance
than the independen seardes.



2.2.2 performance measures

Before turning to our experimental comparisonof cooperating and non-cooperating agerts, we must specify
how the performanceof a group of agerts is to be measured. The appropriate performancemeasuredepends
on the nature of the problem [3]. In many casesoneis interestedin "nding a single solution to the problem
and eadh agen isindividually capableof nding a completesolution. This meansthat the seart is completed
as soon as one agert nds a solution. The appropriate overall performance measureis then just the time
required until someagert in the group nds a solution.

As a simple performance criterion we use the number of seard steps required for the rst agen to
‘nd a solution. However, we should note that this ignores the additional overhead involved in selecting
and incorporating hints. Including such costs doesn't change the qualitative obsenation of cooperative
improvemernt in simple cases[3]. Whether this remains true for the more sophisticated searcr methods
remains open and is ultimately best addressedby comparing execution times of careful implementations
of the algorithms. Moreover, an actual parallel implementation would also face possible communication
bottlenecks at the certral blackboard though this is unlikely to be a major problem with the small blackboards
consideredhere due to the relatively low reading rate and the possibility of caching multiple copiesof the
blackboard which are only slowly updated with new hints. Nevertheless,the improvemert in the number of
seard stepsreported below, aswell as comparisonsof the execution time of our unoptimized code, suggest
the cooperative methods are likely to be bene cial for large, hard problems.

3  Cryptarithmetic

For our rst example, we consider a very simple seard&y method, usedin the familiar problem of solving
cryptarithmetic codes. These problems require "nding a unique digit assignmen to ead of the letters of
a word addition sothat the numbers represened by the words add up correctly. An exampleis the sum;
DONALD + GERALD = ROBERT, which has one solution, givenby A = 4, B = 3, D = 5, E = 9,
G=1L=8N=60=2R=7T=0. Ingeneralif there are n letters then there are 10" possible
states. However, the requiremert of a unique digit for eac letter meansthat there are °" ways to choose
the vgluesand n! ways to assignthem to the letters, which reducesthe total number of seard states to
n! 1n° = 10=(10j n)!. Thusthe above example, which has 10 letters has 10! statesin its seard space.

Solving a cryptarithmetic problem involves performing a seard. Although clever heuristics can be used
to rapidly solve the particular caseof cryptarithmetic [15], our purposeis to addressthe generalissue of
cooperation in parallel seard using cryptarithmetic as a simple example. Thus we focus on simple seart
methods, without clever heuristics that can lead to quick solutions by a single agert. This is precisely
the situation facedwith more complex constraint problems where seardiesremain long even with the best
available heuristics.

The basicseard paradigm we have usedin the cryptarithmetic problem is random generateand test with
replacemen. We usedhints consisting of letter-digit assignmeits in columnsthat add correctly. Thesehints
were postedto a blackboard. Agents usedthe available hints to selecttheir next state. In a noncooperative
seard, an agert using this method could only use hints that it had previously found sothat ead agert had
a separateblackboard. Cooperative seard allowed the agert to use hints found by others as well, using a
single blackboard.

For eadh seart step, an agert choosesa hint randomly from the blackboard and replacesassignmets
in its current state with those speci ed by the hint. If there are no hints, it choosesa random letter-
digit assignmen using random generateand test. Once the agert obtains the new state it generatesand
posts all possiblehints from its state, if any. Thus, assignmens that work for more than one column are
posted as se\eral di®erert hints. When random states are generatedby jumping, rather than single letter
replacemetts, there is a greater possibility of generating more hints faster but at the expenseof frequertly
overwriting partially correct states.

As an example of this seardy method consider an agert solving the problem AB + AC = DE. This
problem has 10=5! = 30240 possible states and 144 solutions (determined by exhaustive seard). In the
“rst step, eath agen selectsa random set of letter-digit assignmeits such that no digit is assignedto more
than one letter. Supposethe letter-digit assignmetts, or state, of the rst agert are: A= 4,B =2,C = 7,
D = 3, E = 9. In this casethe assignmets do not correspond to a solution since 42+ 47 does not equal



39. Howewer, the rightmost column, B + C = E (2+ 7= 9), doesadd up correctly sothat the agert's state
is partial ly (or locally) correct. Partial correctnessincludes caseswhere a carry has beenbrought over from
the previous column or may be sert to the next column. Note that although a particular column may be
locally correct, it may not lead to a solution. In this example, the agent has one column correct (3 letters:
B, C and E). If theseletter assignmens do lead to a solution then there are only two letters that needto be
assignedfrom 7 possiblechoices. Thus the agernt went from a seard spaceof size 30240to one of 7!=5! = 42
states, a reduction by a factor of nearly 1000. In a cooperative seard, this reduction could also be used by
other agens, perhapsin other regionsof the seart spacewhere this hint is more successfullyused.

3.1 Results

As a speci ¢ case,we examinethe e®ectof cooperation for groups of 100agerts solving the problem WOW +
HOT = TEA. This problem, with 6 distinct letters, has 151200seard states and 82 di®eren solutions. The
comparative performanceof cooperation is illustrated in Table 1.

seard method relativetime  relative
deviation
cooperative 1 .87
independert, with memory 7.5 49
independert, no memory 23.9 1

Table 1: Averageperformanceof 10 trials of 100 agerts solving WOW + HOT = TEA for di®erern seard
methods. The relative time is the averagetime required for the rst agert of the group to nd a solution,
divided by the averagetime required for the cooperative case. The relative deviation is the standard deviation
in the time to “rst solution divided by the averagetime for each method. The bene't of cooperation, i.e.,
sharing hints amongthe agerts, is shovn by the comparisonbetweenthe cooperative caseand that wherethe
agerts usedthe samemethod, i.e., had memory, but did not shareit. The last row shaws, for comparison,
the theoretical performanceof the unmodi ed random generate-and-testmethod.

It alsoworthwhile to note the e®ectof cooperation as the problems becomemore dizcult. One way of
measuring the ditcult y of problems is by the ratio of the number of statesin the seart space, T, to the
number of solutions, S. Table 2 belov shows the relative speedfor the “rst "nisher of 100 agerts for four
problems of vastly di®erert complexities. The data for the cooperative casecame from experiments while
the behavior of the noncooperative casewas obtained theoretically [3] by noting that ead random generate
and test step has probability S=T to nd a solution. Note that asthe problem becomesmore ditcult the
importance of cooperation and use of memory in speedupis increased. The relative increasebecomeseven
more startling when one considersthat the fraction of hints posted on the blackboard that are subsetsof
any of the solutions (not necessarilythe one found rst) decreasesasthe problems becomemore complex.
Thus the high performanceis due to someagerts nding combinations of hints that lead to solutions even
though the full hints are rarely part of a solution.

Another way of studying the e®ectof cooperation vs. problem complexity is to vary the e®ectivenessof
the seard performed by the agern itself, i.e., the self-work without utilizing the hints from the other agerts.
For example, supposethat when the agerts are not using hints they perform a depth-rst bactrack seard,
ead using a randomly selectedordering of the variables. During the depth-rst seard the agerts have the
opportunity to prune partial states which do not lead to any solution. For example, if some columns do
not add up correctly there is no point in considering assignmeits to uninstantiated letters for this state.
Whenewer a hint is used it overwrites the current partial state, in the same manner as for the agerts
using simple generate and test, so that there may be very large jumps through the seard spaceand the
resulting seard is no longer complete. We can simulate the e®ectof this pruning by probabilistically pruning
partially assignedstates that are known not to lead to a solution. (We can do this with cryptarithmetic
by generating all the solutions ahead of time.) When the probability of pruning is small this corresponds
to dixcult problems becausethe agerts must instantiate nearly all the letters of an incorrect assignmen
before pruning. The results of this study, which are shown in Fig. 2, shav the greater relative importance
of cooperation for harder problems.



problem ratio of T=S fraction of hints that
speeds are subsetsof solutions
AB + AC = DE 7 210 0.9{1.0
WOW + HOT = TEA 45 1844 0.5{0.6
CLEAR + WATER = SCOTT 145 181440 0.1{0.2
DONALD + GERALD = ROBERT 315 3628880 0.004

Table 2: Scaling of cooperative performance for cryptarithmetic problems of increasing dixcult y for 100
agerts. The secondcolumn is the ratio of speedsbetweenthe cooperative seart and that of independert
agerts with no memory, and represerts an averageover about 100trials for the rst three cases,and a few
trials for the last case. (Note that the entry for the secondproblem is 45, comparedto 23.9 of Table 1,
since this was from a separaterun of the experiment and indicates the degreeof statistical °uctuation in
the cooperative seard.) The fourth column shows the rangein the fraction of hints on the nal blackboard
that were subsetsof somesolution for some of these cooperative seardes. Typically these were added just
before the end of the seart by the agert that found the “rst solution.

\
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Figure 2: Cooperation works best for harder problems. Time to st solution as a function of decreasingproblem
hardness. Speci cally, the plot shows the averagetime to rst solution for 100 agerts solving AB + AC = DE as
a function of the probability of pruning, P(bt), a state that is known not to lead to a solution. The left side of
the plot corresponds to \hard" problems where pruning of the seard spaceis very poor, and the right side of the
plot corresponds to \easy" problems where pruning is very e®ective. The light line is for the caseof noncooperating
agerts, in this casea depth-rst searc. The dark line is for the casewhere the agerts spend 80% of their time doing
depth-rst self-work and 20% cooperating, i.e., using hints from the blackboard. The lines show the best linear “ts
to the data. The data points correspond to the average solution time from 50{100 runs. The error bars are the error
of the mean.

In summary, theseresults show the value of cooperation in solving a relatively easyconstraint satisfaction
problem using very simple seardqy methods. There remains the question of how this methodology can be
usedin solving harder problems.

4  Graph Coloring

The distinction betweeneasyand hard problemsis important in determining the feasibility of computations,
and a great deal of researd hasbeendewoted to it [4]. An important distinction amongproblemsis basedon
how rapidly the number of elemenary operations required to solve them grows asthe problemsare scaledup
to larger instances. Particularly whether the scalingis dominated by polynomial or exponertial growth. An
elemenary operation could typically be an arithmetic operation for a numerical problem or the examination
of a single state in a seard problem.

A surprising result is that sometimesthe di®erencebetweentheseclassef problemsis extremely subtle.



For instance, considertwo given nodes of a graph, which consistsof a humber of nodesand links between
them. The problem of deciding whether there is a path betweenthem, i.e., a seriesof distinct linked nodes
that connectthe two given nodes,whosetotal length is lessthan a givenbound M canbe solvedin polynomial
time with respect to the number of nodesin the graph. On the other hand, the similar problem of whether
there is a path with length greater than M has no known solution in polynomial time. Howewer, if oneis
given a path whoselength is claimed to be larger than M sothat sud a path exists, there is an algorithm
that will quickly verify that the answer is correct, namely to court the links in the path and ched that the
length is indeed larger than M. This procedure operatesin time which is linear in the length of the path
which in turn is no more than the total number of nodesin the graph. This is an example of a simple yes
or no problem in which an atrmativ e answer can be veri ed in polynomial time, even though there may be
no way to actually construct the answer readily.

Sud problemsare said to belongto the classNP (for nondeterministic polynomial). Conceptually, these
problems can be rapidly solved by a nondeterministic algorithm, i.e., one which can somehav guessthe
correct answer, and then rapidly verify it. Actual implementations, however, are deterministic and appear
to be unable to solve the problem in polynomial time. Note that NP includesall problemsin P, the classof
problems for which there is a deterministic polynomial time algorithm. Whether NP is in fact the sameas
P remains an open question.

Although the classNP is basedon the ability to easily verify solutions, it can also be shawn to include
many optimization problemswhosesolutions would seemmore ditcult to ched. For instance, corresponding
to the path problemsmentioned above are the optimization problems of determining the shortest and longest
paths betweenthe vertices, respectively. The shortest path can be found in polynomial time, but there is
no known rapid solution (i.e., short of cheding all possiblepaths) for determining the longestone. In the
latter case,being given a path which is claimed to be the longestis ditcult to directly verify sincenot only
must its length be determined but it must also be comparedto all other possiblepaths. However, this latter
problem doesin fact belongto NP becausdt canbe transformed into a seriesof veri able problemsinvolving
speci ed bounds on the lengths suc that the total time to verify all the subproblemsis still polynomial.
Another example of such a problem is the travelling salesmanproblem, in which a collection of cities and
distances betweenthem is given, and the task is to nd the shortest path which visits ead city. Among
the problems in the class NP, someare known to be at least as hard, up to a polynomial factor, as any
other problem in the class. In this sensethese so-calledNP-complete problems constitute the most ditcult
problemsin NP. As far as currently known, the solution cost grows exponertially in the worst caseas the
size of the problem increases.

As our secondexample of cooperative seard, we considersuch an NP-complete problem, that of graph
coloring. The problem consistsof coloring the nodesin a graph, from a limited set of colors, in suc a way
that no two adjacert nodes(i.e., nodeslinked by an edgein the graph) have the samecolor. An example of
such a colored graph is shown in Fig. 3. Graph coloring has received considerableattention and a number of
seard methods have beendeveloped [11]. Paradoxically, although their are somegraphsthat are very hard
to color, among graphs of a given size there is considerablevariation in the ditcult y of nding a solution,
and most of them can be colored (or determined to have no coloring) quite rapidly with existing heuristic
methods.

For this problem, the average degreeof the graph ° (i.e., the average number of edgescoming from a
node in the graph) distinguishesrelatively easyfrom harder problems, on average. For the caseof 3-coloring,
(i.e., when 3 di®erert colorsare available) which we focuson in this paper, the region of hardest problemsis
empirically obsened to occur near [1] °© = 5. We usedthe Brelaz seart heuristic [11] which e®ectively nds
colorings by assigning most constrained nodes rst (i.e., those with the most distinct colored neighbors),
breaking ties by choosing nodes with the most uncolored neighbors (ties that remain after applying this
criterion are broken randomly). For the chosennode, the smallest available color is examined rst, with
successie colors consideredwhen the seard is forced to badktrack. As an example, for the graph shown in
Fig. 3, this heuristic would rst color the certral node with four neighbors, then randomly selectone of those
neighbors to color (since after the rst node is colored, ead of its neighbors will have the samenumber of
uncolored neighbors), etc; cortinuing until a complete coloring is found or the seardt is forced to badtrack
becauseno consistert coloring is possible for the next node selected. By focusing attention on the most
constrained nodes rst, this will generally rapidly determine if a proposedpartial coloring is inconsistert,
thus pruning unproductive seartes high in the tree and avoiding substartial wasted e®ort. This heuristic
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Figure 3. A graph with nine nodes colored with three colors (black, gray, and white) such that no two adjacent
nodes have the same color.

is considerably more excient than simple generate-and-testor badktracking with a random ordering of the
nodes.

To generatea collection of hard problems we examined a large number of random graphs. Trivial cases
with underconstrained nodes were remaoved by ensuring eady node had at least three edges. Notice that
nodeswith fewer edgesare underconstrainedin that they can always be colored di®ererly from the nodes
they are linked to when there are three available colors. The resulting graphs were searthed repeatedly
with the Brelaz heuristic, and only those with high seart cost were retained. Moreover, to correspond with
the cooperative methods usedfor the cryptarithmetic example and simplify the use of hints, we considered
only graphsthat did in fact have solutions. In addition to high average cost for solution with the Brelaz
heuristic, these graphs also had a large variance in the cost of repeated seartes due to di®erert choices
made at tie points. This variance givesrise to improved performanceof using multiple independert searhes
in parallel, stopping when the ‘rst one nishes. The experiments reported here show the additional bene t
from exdchanging hints.

At any point in a badtracking seard, the current partial state is a consistert coloring of somesubset
of the graph's nodes. When writing a hint to the blackboard, the Brelaz agerts simply wrote their current
state. Speci cally, eat agert independertly wrote its current state at ead step with a xed probability .

Eacdh time the agert wasabout to expanda node in its backtrack seard, it would instead, with probability
p, attempt to read a compatible hint from the blackboard, i.e., a hint whoseassignmers were: 1) consistert
with those of the agert (up to a permutation of the colorst) and 2) specied at least one node not already
assignedin the agert's current state. Frequertly, there was no such compatible hint (especially when the
agert was deepin the tree and hencehad already made assignmerts to many of the nodes), in which case
the agert corntinued with its own seard.

When a compatible hint was found, its overlap with the agen's current state was usedto determine
a permutation of the hint's colors that made it consistert with the state. This permutation was applied
to the remaining colorings of the hint and then usedto extend the agent's current state as far as possible

1we thus used the fact that, for graph coloring, any permutation of the color assignmerts for a consistent set of assignmernts
is also consistent.



(ordering the new nodes as determined by the Brelaz heuristic), and retaining necessarybadtrack points
sothat the overall searty remained complete. In e®ect,this hint simply replaced decisionsthat the Brelaz
heuristic would have made regarding the initial colorsto try for a number of nodes. Thus, this amounts to a
fairly consenative useof hints, comparedto the bactrack seard for cryptarithmetic in Fig. 2; where hints
overwrote the agen's state without retaining backtrack points.

41 Results

The experimental results show the bene't of cooperation for graph coloring using a variety of seardh meth-
ods [8]. In Fig. 4, we compare the performance of a group of 10 independert and 10 cooperative agerts,
all using the same Brelaz seard algorithm described above. We generated a set of graphs whose searth
cost was one to three orders of magnitude more than the minimum possible. To highlight the bene't of
cooperation, beyond that achieved with multiple runs of independen agens, we compare the cooperative
casewith the same number of agerts running independertly. Note that in both cases,cooperation gives
better performancethan simply taking the best of 10 independert agerts. Moreover, cooperation appears
to be more bene cial as problem hardness(measuredby the performanceof a group of independert agerts)
increases.We obtained a few graphs of signi cantly greater hardnessthan those shawvn here which con'rm
this trend.

o #%°
o

o

Figure 4: Performance of groups of 10 cooperating agerts using the Brelaz search method on a range of graphs
vs. the performance of a group of 10 independert agerts using the same method. The performance values used for
ead graph are the median, over 10 trials, of the sear stepsrequired for the rst agert in the group to nd a solution.
For comparison, the line shows the performance of the independert agerts. In these experiments, the blackboard was
limited to hold 100 hints, and we usedp = 0:5, q= 0:1 and graphs with 100 nodes.

example independen  T=S avg. hint  fraction of hints that
seard cost size are subsetsof solutions
A 3614 9f 10% 64.2 0.02
B 985 7£ 101 42.3 0.05

Table 3: Extreme casesfrom Fig. 4. Note that the seard spacefor this problem has 3!%° ¥, 5¢10*" states,
giving much larger valuesof T=S than for the cryptarithmetic problems. The number of solutions was found
by exhaustive seart. The fourth column shows the averagesize(i.e., number of colored nodes) of the hints
on the blackboard at the time the solution was found. The fth shows the fraction that are subsetsof a
solution.

As with cryptarithmetic, most hints on the blackboard are not subsetsof solutions. As an example, for
two of the casesshawn in Fig. 4, Table 3 shaws the number of hints on the "nal blackboard (for a single
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relative time relative deviation

seard method A B A B

cooperative 1 1 0.03 0.14
independert, with memory 1.6 2.7 0.03 0.05
independert, no memory 1.8 3.1 0.06 0.11

Table 4: Performance for the examples, A and B, given in Table 3 for di®eren seardht methods. The
relative time is the median time required for the "rst agern of the group to 'nd a solution, divided by the
median for the cooperative case. The relative deviation is the standard deviation in the time to "rst solution
divided by the median time for each method. The bene't of cooperation, i.e., sharing hints among the
agerts, is shawvn by the comparisonbetweenthe cooperative caseand that where the agens usedthe same
method, i.e., had memory, but did not shareit. The last row shows, for comparison,the performanceof the
unmodi ed badktrack using the Brelaz heuristic. Note that the deviations for this badctrack seard method
are considerably smaller than for the generateand test seard usedfor the cryptarithmetic example.

run) that are subsetsof solutions. Note that unlike the cryptarithmetic case,herethe blackboard is limited
to 100 hints. Finally, Table 4 shaws the speedup obtained for someof the graph coloring cases. These are
considerablylessthan obtained starting from the simple generateand test seard with cryptarithmetic, but
are comparableto the speedupobtained with a badtrack seard shown in Fig. 2.

Similar cooperative improvemerts are obtained for other seardy methods [8], including heuristic re-
pair [17], in which changesare madeto complete coloringsthat minimize the number of violated constraints,
and a mixed group of agerts in which someusethe Brelaz heuristic with backtracking as described above
while others use heuristic repair.

5 Discussion

We have showvn how cooperating agers working towards the solution of a constraint satisfaction problem
canlead to a marked increasein the speedwith which they solve it comparedto their working in isolation.
A summary of the casesstudied is showvn in Table 5.

seard problem | cryptarithmetic graph coloring

individual method random generateand test badtracking using Brelaz heuristic

blackboard size unlimited 100 hints, old onesoverwritten with new ones

hints digits for some letters that consisten colorsfor somenodes
added correctly

when to write a hint | whenewer some columns added randomly with probability q= 0:1 at ead step
correctly

whento read a hint | every step when hint was avail- randomly with probability p = 0:5 at ead step
able a compatible hint was available

how to usea hint overwrite current state extend current state

Table 5: Comparisonof cooperative searh methods usedfor cryptarithmetic and graph coloring, exceptthat
the cryptarithmetic results showvn in Fig. 2 use simple backtrack and only use hints on someof the seard
steps.

In our implementation we de ned hints in terms of information that moved the agens toward a region
of the spacethat could have a solution. Another possibility is for hints to contain information that tends
to move them away from regionsthat can have no solutions. More generally any seard algorithm that
agerts may use will have parametersthat will a®ectthe benet of cooperation. Another consideration is
when are the hints most useful for problem solving. At the beginning of a problem the hints provide crucial
information for starting the agerts o®on a plausible course,but will usually be fairly nonspeci c. Near the
end of the problem howeer, there are likely to be many detailed hints but also of lessrelevanceto the agerts
sincethey may have already discovered that information themselhes. This suggeststhat typical cooperative
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searheswill both start and end with agerts primarily working on their own and that the main benet of
exchanging hints will occur in the middle of the seard.

This work suggestsan alternativ e to the current mode of constructing task-speci ¢ computer programs
that dealwith constraint satisfaction problems. Rather than spendingall the e®ortin developing a monolithic
program or perfect heuristic, it may be better to have a set of relatively simple cooperating processesvork
concurrertly on the problem while communicating their partial results. This would imply the use of \hin t
engineers" for coupling previously disjoint programs into interacting systemsthat are able to make use of
ead others (imp erfect) knowledge.

This new methodology may be particularly usefulin areasof arti cial intelligence such asdesign,qualita-
tive reasoning,truth maintenancesystemsand machine learning. Researtersin theseareasare just starting
to considerthe benets brought about by massiwe parallelism and concurrency and our work suggestthe
additional benets that could be obtained from cooperation.

In closing, we have seenhow computational ecosystemscan be used to solve complex problems by
exploiting the benet of cooperation in a distributed context. We believe this is just the beginning; one can
ervision systemswhere the demandsof a particular task will dynamically spavn new processeso work on
promising avenues while deleting those agerts that are not making much progress. This will require new
programming methodologiesfor resourceallocation in these systems. The spread of these ecosystemswill
make it easierto program them in order to usecooperative methods for the solution of even harder problems.
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