Adaptive Online Learning of BayesianNetwork

Parameters
Ira Cohen Alexandre Bronstein
Beckmanlnstitute Hewlett-PackardLaboratories
Universityof lllinois at UrbanaChampaign 1501 PageMill Road
405N. Mathewns Ave Urbana,lL 61801 Palo-Alto, CA 94304

Fabio G. Cozman
EscolaPolitecnica
Universidadale SaoPaulo
Av. Prof. Mello Moraes2231- 05508-900
SaoPaulo,SP- Brazil

Abstract

The paperintroducesvoting EM, an adaptie online learningalgorithm
of Bayesiametwork parametersVoting EM is anextensionof theEM(n)
algorithmsuggestedby [1]. We shown convergencepropertieof the Vot-
ing EM thatusesa constantearningrate.We usethe corvergenceprop-
ertiesto formulateanerrordrivenschemdor adaptingthe learningrate.
The resultantalgorithm corvergeswith the optimal rate of 1/¢ neara
maximumwhile retainingthe ability to increasehe learningratein the
vicinity of alocal maximumor dueto changesn the modelledenviron-
ment.

1 Intr oduction

The parameter®f a Bayesiannetwork(BN) are determinedby the useof expertopinion
or by learningfrom data[2, 3]. The former hasthe benefitof the life experienceof the
expert, but oftenis eithertoo expensve or not accurateenoughto setthe probabilitiesof
thenetwork. Thelatter, thatis learningfrom data,is problematidn thatdataarenotalways
availableat the time the BN is constructed.This lack of dataat the time of construction
canbe addresseeitherby waiting for a batchof data,andperformingoffline learningon
the datasetpr by learningthe parameterérom dataasthey aregenerateéndcontinually
adaptingnamelyonlinelearning.A challengeor bothapproachedrequentlyencountered
in real systemsariseswhenthe ervironmentbeingmodelledby the BN changesgither
slowly or abruptly in time or in characteristic.

Online learningof BN parameterfiasbeendiscussedy [4, 5, 6] andin thework of [1].
Following the generalapproachintroducedin [1], we developedan online learningalgo-
rithm which we namedvoting EM [7]. Theupdateof theBN parameterss governedby a
learningratewhich canbe keptconstanbr adaptve.

With a constantiearningrate, we shav that Voting EM corverges,with non-zeroerror,



to the true parameters.We proposea dynamiclearningrate, exploiting the corvergence
propertiesof the constaniearningrateversionof Voting EM. We show thatthe resultant
annealingschedulés proportionalto 1/¢ whenthe errorsbetweerthecurrentandprevious
estimatesare small, thus achieving the optimal corvergencerateto the maximumof the
likelihoodfunction[8, 9]. Allowing thelearningrateto increasebasedon theerrorallows
fastadaptatiorto changesn the modelledervironmentandavoidslocal maximatraps.We
baseourargumentson known resultsfrom similar paradigmgor adaptingthelearningrate
that have beensuggestedn the Neural network context [10, 11]. In the Neuralnetwork
referenceslik e the dynamiclearningrateVoting EM, the algorithmsbalancethe tradeoff
betweerfast,but potentiallyonly local corvergenceandaccurateglobal corvergence.

Therestof thispapelis organizedasfollows: in Section2, we definenotationsanddescribe
Voting EM. We shaow the corvergencepropertiesof Voting EM usinga constantearning
rate. In Section3 we presenthe adaptatiorschedulefor the learningrateand prove that
it bothfollows the optimalannealingate 1/t andretainsthe ability to adaptquickly given
new contradictoryevidenceto thepreviousestimatesWe furtherdemonstratéhealgorithm
in Section4 usingthe ICU Alarm network. Finally we summarizeour contributionsand
discusdirectionsfor future work.

2 Voting EM

2.1 Description

The generaltaskis to learnthe parametersf the network from a setof data. This imple-
mentationassumes fixed structureS of the network andthat the variablesare discrete
valued. The learningis thenthe estimationof the conditional probability tables(CPT)
entriesof the network.

We first describethe generalsettingof the problem, following the notationin [1]. Let
Z; beanodein the network thattakesary valuefrom the set{z},...,z]*}. Let Pa, be
the setof parentsof Z; in the network that takes one of the configurationsdenotedby
{pa;',...,pa;%}. An entryin the CPT of the variable Z; is givenby 0;;, = P(Z; =
zF|Pa; = pal). We aregivena setof datacasesD = {y,...,yr, ...}, andwe have a
currentsetof parameterss, thatdefinethe network. The dataareeithercomplete thatis
all valuesof thevariablesaregiven,or incomplete.

Theupdatingof the network parameterss achiezed by thefollowing maximization:
é = aTgmafe[WLD(a) - d(aa é)]a (1)

where L (0) is the normalizedlog likelihood of the datagiven the network, d(6, 0) is a
distancebetweerthetwo modelsand is thelearningrate. Thedistancethatwe usein our
implementations the Chi squaredlistance Solvingthe maximizationunderthe constraint
that) ", 0;;x = 1 for Vi, j, Baueretal. [1] derivedanalgorithmwhich they namedEM(7).

Adaptingthe EM(n) algorithmto the onlinelearningcases straightforvard. Theevidence
becomes singleinstanceof the network andfor eachnew evidencevector, the network’s
parameterareall updatedaccordingto therule:
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We call the online updatemethodof Eq. 2 the Voting EM algorithm. Suchonline update
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muchwe rely on the past. As n approached, the pastis weightedless,andthe update
of the parameterss basedmore on the presentdata. As n approachegero,the network

parametershangeslowly from thepreviousmodel. Thelearningratecaneitherbeconstant
or adaptve. In the next sectionswe discussboth, and presentan adaptve errordriven

learningrate.

2.2 Convergencepropertiesusing a constantlearning rate

Given the sequencef full evidencedatafrom the network D = {y1,...,yr,...} anda
constantlearningraten, the following theoremcharacterizeshe asymptoticbehaior of

the online updaterule. With no lossof generality assumahatP(pa{\yt, 6*) = 1 for all
t ={1,.,T,...}, thatis the parentsare alwaysobsenedin their j’ th configuration. For
easeof notation,we denotef;;, asX; andrewrite Eq.2 as:

Xi=(1-mXe1+n-1p, ©)]

wherel; is anindicatorfunction, makingthe process{ I; } anindependenidentically dis-
tributed(i.i.d) Bernoullirandomprocessgivenas:

| 1 with probability 6;,, = c*
I = { 0 with probability 1 — ¢* )

wherec* = P(X; = z¥|Pa; = pal) is thetrue CPTentryof the Bayesiametwork.

Theorem1 Givena discrete BayesianNetworkS, a sequence®f full observatiorvectos
D, theupdaterule givenin Eq. 3 andthe constaint 0 < n < 1, the following properties
hold:

1. X, is aconsistenestimateof c*, i.e.,
EX)]=0-n)'Xo+(1-1-n)"-c t>0 = lim_oE[X:] =c*, (5)
whee X is theinitial valueatt = 0.

2. Thevarianceof the estimateX; is finite andfollows:

valy) - LD aoqogre) - @
limi_oVar[X;] = 5 i ; (1 —¢") (7

3. Fort — oo thefollowinginequalityholds: P(| X; —c¢*| > ¢qo) < qig whereg >0

The proof is givenin [7]. From the theoremwe seethatin the mean,the online update
rule approacheshe true CPT values. The parameter controlsthe rate of corvergence.
Eq.5 and6 imply thatn = 1 yieldsthefastestornvergenceput with thelargestvariance.
For smallern’s the corvergenceis slower, but the varianceis alsosmall. The varianceis

proportionalto n, and remainsfinite in the limit, thusthe estimatewill always oscillate
aroundthe true parametern canalsobe understoodasa for gettingbias’ of the learning
algorithm. The systemforgetsthe pastat an exponentialrate, proportionalto n. This is

similarto thefadingfactorintroducedby Oleseretal. [6].

The third propertystatedin the theoremgivesthe confidenceintervals of the estimated
CPT’s with respectto the varianceof the estimate. We usethis propertyin the adaptie
learningratealgorithmof the next section.

Whenthereare missingdata,the updatedprobabilitieschangelessthanin the complete
case.For sufiiciently long sequencesf data,missingdatahave diminishinginfluenceon



the estimate,andthe propertiesgenerallystill apply. For the caseof hiddennodes(that
is nodesthat are never obsened), thesetheoremsdo not hold. Neverthelessthe update
rule canbe usedwith hiddenvariablesaswell. SpiggelhalterandCowell [5] discussvari-
ouscasesf onlinelearningin BN with hiddenvariableswith regardto the Spiegelhalter
Lauritzen(SL)algorithm[4]. They shav thatmeaningfulresultsareachievedif thehidden
variablehasdescendantandparentghatareobsenable.Similar resultsareexpectedrom
Voting EM aswell despitethe differencebetweerthe algorithms;Voting EM takinga fre-
guentistapproactandthe SL usinga Bayesiarapproactto parameteestimation.

3 Adding adaptivenesgo Voting EM

Various studiesdiscussconstantlearning ratesand different scheduledor adaptingthe
learningrate. As discussedn the previous section,constantiearningrate corvergesin
the meanto the global maximum, but with non-zeroerror Adapting the learningrate
canachieve corvergencewith zero-error Severaldifferentadaptatiorschedulehave been
suggestedh the stochastidearningliterature guaranteeinglifferenttypesof corvergence.
The annealingrate 1/t yields the fastestasymptoticcorvergenceto a local maximawith
zero mean-squarerror.  In the context of BN, incrementalmaximum-likelihood(ML)
countingandthe incrementalEM of Neal andHinton [12] canbe formulatedassucha
schedulén the caseof full andmissingdata(see[7] for a detaileddiscussion).lt is also
known thatfor n proportionalto 1/log(t), escapdrom local maximatrapsis assuredbut
convergenceao the globalmaximumis very slow [13]. Onedisadwantageof bothschedules
is the dependeng on an absolutetime origin, making themlesssensitve to changesas
time passes.Otherschedulesuggesusinga constantearningrateduring the early part
of training (a searchphase)ollowed by a switch to anannealingrateof 1/¢ whenin the
vicinity of thefunction’s maximum[8]. This scheduleattemptso overcomeocal maxima
trapsby switchingbackto a constantearningratewhenthetrajectoryof the estimatede-
cometoo smooth.Error drivenadaptatiorschedulegliminatethe dependengon absolute
origin of time andyield fastcorvergencewhenin the vicinity of a globalmaximumwhile
retainingthe ability to escapdocal maxima[10]. We usea similar errordrivenapproach
which follows from the propertiesof Voting EM with a constantearningrate.

Fromthe first and secondpropertiesstatedin Theoreml, the learningrate shouldbe re-
ducedwhen corvergenceis reached.On the other hand, the learningrate shouldbe in-
creasedvhenthereis alargeerrorbetweerthe estimatecparameteandits meanvalue. A
largeerrorcanoccurarounda local maximumor whenthe modelledenvironmentchanges.
The inequality statedin the third propertyof Theoreml defineswhatis a large error. In
the following schedulewe assigna differentlearningrate for eachsetof parametersn

the network, thatis, for eachnodeZ; with parentspa; andparents configurationpa?, the
learningrateis denotedasr;;. Lettingl" denotethe total numberof data,t the numberof

times Pa; = pa’ anddt the numberof times Pa; = pa! sincethelasttime 7;; changed,
theproposedscheduldor adaptingthelearningrateis asfollows:

For eadh Pa; = pa{, thej'th configumtion of the parentsof node: do thefollowing steps:

e Initialize thefollowing:
— SetP[X; = 2| Pa; = pa;’] = 01, to someinitial valuefor k = 1, .., 7;
— Setr;; to somevaluebetweerD andl. A highvaluecanbeinitially set.
— Sett, 6t = 0.

e Givenanobsenationvectoryr, if Pa; = pa{ dothefollowing:
1. Estimateﬁjfj*k1 usingtheupdaterule of Eq. 3, wherer, is replacedoy 7;;.

2. |0 — E0;51] > q- o)  then \\ ¢ >0



increase);;: ni; < nij - m, \\m >1

setdt =0

Elseif (1 — ;) <« \W\a<<1
decrease);;: 1;; < nij - m™!
setét = 0

Elsesetét = ot + 1

3. Getthenext obsenationandrepeatstepsl-2.

¢, m and « are adjustableparameters.q determineghe confidencein the decisionto

increase); fromtheChebychg inequalitythisconfidences equalto 1— q% aisathreshold
reflectingthe acceptableonvergenceof the parameters E[6'] ando] " arethe mean
andvarianceof the estimatecparameterThe meancanbe estimatedy a runningaverage
(to be resetevery time 7;; is increased).Althoughit is not an unbiasedestimateof the
mean,t is aconsistenbne. Thevariancecanbe estimatedisingtheanalyticalclosedform

of Eq. 6, with ¢ replacedby 4t andc* = 0.5 (which givesthe worst caseestimateof the
variance).

We now show thattherateof decreasef 7;; is proportionato 1 /¢,,, wheret,, isthenumber

of timesPa; = pag' until the n’th reductionof n. This rateis consistentvith the optimal
annealingatel/t. For purposeof the following analysis assumehatr;; is notincreased
atary pointin time. If »;; is increased is resetto zeroandthe analysisstill holds.

Theorem2 Usingthe reductionrule outlinedabove, with n;;(0) = n andfor ¢, <t <
tnt1, thelearningraten;; (t) is boundedby thefollowing:

log(a™?! 1 log(a™?! 1
(a™) <) < (a™) ’
m—1 t,+ K +logla=)n m—1 t,—n+K

(8)

whee K = 57‘;525;';:30 <a<l,neNandm > 1.

Proofof thebound<ollowsfrom therecursion)(t,,) = no-m =" wheret,, = >, §t; and

% <t < % + 1. Usingtheapproximation—== < log(1 — z) <
—z (for 0 < z < 1) andmanipulation®n ¢,, theboundsarederived. We do notgive a full
lengthprooffor lack of space As ¢,, increasesheboundsbecoméighter. 7;; is reducedat
discretestepsthatincreasen lengthast increasesT hereforey;; will havelongerintervals

atwhichit remainsconstantput attheendof theintenal, it reducesas1/t.

As long asthe error betweerthe currentestimateandits meanremainssmall, 7;; reduces
with theoptimalscheduleandatthelimit theestimatedCPT’'scorvergeto thetargetCPT'’s
with zero-error However, if the error becomedarge, r;; increasesincreasinghe ability
to adaptfasterto changesn the modelledervironmentor breakout of local maxima.Fur-
thermorethetime origin is effectively shiftedforwardevery time n;; is increasedmaking
thealgorithminsensitve to anabsolutetime origin.

4 Experimental results

We demonstrateéhe adaptve learningrate Voting EM usingthe Alarm network for ICU
ventilatormanagemenl4]. To demonstratehe ability of Voting EM to adaptto abrupt
changesn themodelledenvironmentswe draw 2000i.i.d samplesisingthe original CPT
settings,and 2000 more samplesafter changingthe CPTsof two nodesin the network;
HISTORY andHR. In addition,we sampletwo testsets,onefor eachof the two different
BN setting. We samplea secondsetto demonstratéhe adaptabilityto slow changesof






