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Abstract

It is well known that a 2-layer perceptron network with threshold neurons is incapable of
forming arbitrary decision regions in input space, while a 3-layer perceptron has that capability.
In this paper, the e�ect of replacing the output neuron in a 2-layer perceptron by a bithreshold
element is studied. The limitations of this modi�ed 2-layer perceptron are observed. Results on
the separating capabilities of a pair of parallel hyperplanes are obtained. Based on these, a new
2-layer neural paradigm based on increasing the dimensionality of the output of the �rst layer
is proposed and is shown to be capable of forming any arbitrary decision region in input space.
Then a t



2

The net w ork as a whole p erforms a \classi�cation" of R

n

b y mapping ev ery v ector in R

n

to a +1

or a -1. The subset of R

n

that is mapp ed to +1 is called the net w ork's de cision r e gion . In general, a

subset of R

n

is said to b e classi�able b y a net w ork if it can b e made the decision region of the net w ork

(usually b y appropriately c hanging the w eigh t v ectors).

It is kno wn that a MLP with 3-la y ers is a universal classi�er , i.e. , it can form an y arbitrary decision

region in input space. Man y studies on the limitations of a 2-la y er net w ork in this regard ha v e b een

done. W e shall �rst study the 2-la y er net w ork in some detail.

Let there b e m neurons with a �xed ordering in the �rst la y er op erating on a set of n -dimensional

inputs. Geometrically , eac h of the neurons has a h yp erplane asso ciated with it giv en b y

H

w ;t

= f x : w : x = t g :

This h yp erplane then divides R

n

in to t w o halfspaces

H

+
w ;t

= f x : w : x > t g and H

�
w ;t

= f x : w : x � t g ;

also called its p ositiv e and negativ e halfspace, resp ectiv ely . F or the rest of the pap er, w e will con tin ue

to use the ab o v e notation to denote h yp erplanes and their p ositiv e and negativ e halfspaces. The m

suc h h yp erplanes corresp onding to the m �rst la y er neurons exhaustiv ely divide R

n

in to disjoin t b asic

c onvex p olytop es . Let the pair f w

j

; t

j

g b e asso ciated with the j

th

neuron in the �rst la y er. Then eac h

basic con v ex p olytop e is giv en b y an in tersection of m halfspaces as

C

l

=

m

\

j =1

H

i j

wj ;t j
; 1 � l � 2

m

;

where i

j

= � dep ending on l and j . The index l is b ounded b y 2

m

b ecause m h yp erplanes can divide

R

n

in to at most 2

m

regions. Eac h basic con v ex p olytop e C

l

has a unique (for the ordering of neurons)

m -dimensional Bo olean represen tation giv en b y c

l

= ( c

l 1 ; : : : ; c

lm

) where c

lj

= +1 if i

j

= + ; and

c

lj

= � 1 if i

j

= � .

W e can view the outputs of the �rst la y er neurons collectiv ely as a m -dimensional v ector. Then,

c

l

forms the output v ector of the �rst la y er neurons when an input v ector falls in the region C

l

.

Let Q

m

denote the set of v ertices of the m -cub e f� 1 ; 1 g

m

. Since c

l

2 Q

m

, there is a 1-1 (but not

necessarily on to) mapping from the set of basic con v ex p olytop es f C

l

g to Q

m

giv en b y g : C

l

7! c

l

. In

e�ect, it is this mapping that is p erformed b y the �rst la y er of the net w ork. In general, the image of

this map, im ( g ), is not all of Q

m

. The v ertices of the m -cub e that lie in im ( g ) are then the p ossible

inputs to the output neuron.

No w the output neuron also has a unique h yp erplane asso ciated with it giv en b y

H

wo ;t o
= f c : w o : y = t

o

g ;

where y is a generic m -dimensional v ector. This h yp erplane divides Q

m

in to t w o sets of v ertices, one

falling in H

+
wo ;t o

and the other in H

�
wo ;t o

. Th us, if the output neuron receiv es as its input a v ertex v

in H

+
wo ;t o

, the net w ork outputs +1. If, on the other hand, the output neuron receiv es as its input a

v ertex v in H

�
wo ;t o

, the net w ork outputs � 1. The net w ork's decision region is giv en b y the union of

all the basic con v ex p olytop es whose Bo olean represen tations fall in H

+
wo ;t o

.

F rom this discussion, it is clear that a certain decision region is implemen table b y a 2-la y er net w ork

if the v ertices of Q

m

corresp onding to the individual con v ex p olytop es that comprise this region are

line arly sep ar able from their complemen t in im ( g ).

De�nition 1 L et Q

m

denote the set of vertic es of a m -cub e. A dichotomy f Q

m +
; Q

m �
g of Q

m

is

said to b e line arly sep ar able if ther e exists a p air f w ; t g such that

Q

m +
� H

+
w ;t

and Q

m �
� H

�
w ;t

:

The problem of ascertaining whether or not an arbitrary dic hotom y of Q

m

is linearly separable

is kno wn to b e hard [2]. This implies that the problem of determining whether or not an arbitrary

decision region is implemen table b y a 2-la y er net w ork is hard as w ell.
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I I. Av ailable results on 2 and 3-la y er classi�abilit y

A t �rst, it w as though t that the decision regions of 2-la y er p erceptrons could only b e con v ex p oly-

top es. Later, noncon v ex decision regions w ere sho wn to b e 2-la y er classi�able, but the condition of

connectedness w as added [6 ]. Ho w ev er, it w as demonstrated later that ev en unions of disconnected

con v ex regions could b e 2-la y er classi�able [8 ]. Subsequen tly , CoRD (Con v ex Recursiv e Deletion)

regions ha v e b een sho wn to b e 2-la y er classi�able [13 ]. The reader should not, ho w ev er, b eliev e that

there is an y c hance of traditional 2-la y er net w orks ha ving the capabilit y to form arbitrary decision

regions in input space, as is equiv alen t to sa ying that ev ery dic hotom y of Q

m

is linearly separable. W e

can �nd man y coun terexamples - for m > 1, a simple one b eing the dic hotom y f Q

m +
; Q

m �
g with

Q

m +
comprising just a pair of an tip o dal p oin ts. Ho w ev er, it is easily sho wn that an y arbitrary decision

region in input space is 3-la y er classi�able [7]. It is p erhaps this result that has led to a somewhat

diminished in terest in the problem of 2-la y er classi�abilit y . There is, ho w ev er, a result b y Cyb enk o [4 ]

that pro v es that 2-la y ers are su�cien t to appr oximate arbitrary decision regions in input space.

I I I. The bithreshold neuron mo del

While threshold mo dels for neurons are most widely used in existing literature, there has also b een

some e�ort dev oted to studying m ulti-threshold neuron mo dels. F or example, in [11 ], expressions for

the separating capacit y of a m ulti-threshold gate acting up on sev eral p oin ts whic h are assumed to b e

in general p osition ha v e b een deriv ed. F or our purp oses, these results will not b e v ery useful since the

p oin ts that w e seek to separate are not in general p osition, but are v ertices of Q

m

. W e will fo cus our

atten tion on the simplest case of a m ulti-threshold neuron, namely , the bithreshold neuron (BN). A

BN is de�ned b y a triple ( w ; t 1 ; t 2 ), where t 1 < t 2 with its output f

w ;t 1 ;t 2
giv en b y (see also Figure 1)

f

w ;t 1 ;t 2
=

�

+1 ; if t 1 < w : x � t 2 ;

� 1 ; otherwise.

Geometrically , the bithreshold neuron has t w o separating surfaces that de�ne its decision region,

as opp osed to just one separating surface that de�ned the decision region of the traditional threshold

neuron. These are in the form of t w o parallel h yp erplanes giv en b y

H

w ;t 1
= f x : w : x = t 1 g and H

w ;t 2
= f x : w : x = t 2 g :

The decision region is the in tersection of the p ositiv e halfspace H

+
w ;t 1

of the �rst h yp erplane cor-

resp onding to the lo w er threshold limit and the negativ e halfspace H

�
w ;t 2

of the second h yp erplane

corresp onding to the upp er threshold limit. W e denote this decision region b y P w ;t 1 ;t 2
where

P w ;t 1 ;t 2
= H

+
w ;t 1

\ H

�
w ;t 2

:

W e denote the complemen t of the decision region b y

N w ;t 1 ;t 2
= H

�
w ;t 1

[ H

+
w ;t 2

:

De�nition 2 L et f Q

m +
; Q

m �
g b e a dichotomy of Q

m

. It is said to b e P-sep ar able if ther e exists

a triple f w ; t 1 ; t 2 g such that Q

m +
� P w ;t 1 ;t 2

and Q

m �
� N w ;t 1 ;t 2

. It is said to b e N-sep ar able if

Q

m +
� N w ;t 1 ;t 2

and Q

m �
� P w ;t 1 ;t 2

. A dichotomy of Q

m

is said to b e bithr eshold-sep ar able if it is

either P-sep ar able or N-sep ar able (or b oth).

Prop osition 1 P-sep ar ability do es not imply N-sep ar ability and vic e versa.

Pr o of. Let Q

3+
b e the set of t w o diagonally opp osite p oin ts of the same face and Q

3�
b e its com-

plemen t. Then, the dic hotom y f Q

3+
; Q

3�
g is P-separable but not N-separable, while the dic hotom y

f Q

3�
; Q

3+
g is N-separable but not P-separable. 2
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Figure 1: The transfer function for the bithreshold neuron mo del. This t yp e of c haracteristic can b e obtained b y t ying

the outputs of t w o op en-collector ampli�ers, one of whic h compares the input with t1 and the other with t2 .
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IV. The Capabilities of a 2-la y er P erceptron with a BN Out-

put

W e no w study the capabilities of a 2-la y er p erceptron in whic h the output neuron has b een replaced

b y a bithreshold neuron. The rest of the net w ork remains as earlier. Suc h a net w ork will b e said to

ha v e a BN output and will b e referred to as a mo di�e d 2-layer p er c eptr on .

The basic theorem whic h w e use to tac kle the problem of separating sets of v ertices using t w o

h yp erplanes is stated b elo w. Ev en though w e only need the use of this theorem where S and S

0
are

kno wn to b e subsets of Q

m

, w e will pro v e it for the more general case where they are arbitrary �nite

subsets of R

m

. In what follo ws, let C ( S ) denote the con v ex p olytop e de�ned b y p oin ts in S and A ( S )

denote the a�ne subspace de�ned b y the p oin ts of S .

Theorem 1 L et S and S

0
b e �nite subsets of R

m

. If j S j � m � 1 , and S

0
\ C ( S ) = � , ther e exists a

bithr eshold neur on de�ne d by a triple f w ; t 1 ; t 2 g such that S � P w ;t 1 ;t 2
and S

0
� N w ;t 1 ;t 2

:

Pr o of. Firstly , note that if j S j < m � 1, w e could add p oin ts to S that are arbitrarily close to those

already in S to mak e j S j = m � 1. Th us, without loss of generalit y , w e assume that j S j = m � 1.

Let j S

0
j = k . There are k h yp erplanes uniquely de�ned b y the k sets of m p oin ts formed b y adding

only one of the k p oin ts in S

0
to the m -1 p oin ts in S . T ak e a p oin t p in R

m

not lying on an y of these

k h yp erplanes. No w along with the m -1 p oin ts in S it forms a set of m p oin ts. Let the h yp erplane

uniquely de�ned in R

m

b y these m p oin ts b e H

a;b

. This h yp erplane then do es not pass through an y of

the k p oin ts of S

0
, if they do not lie in A ( S ). Then t w o h yp erplanes giv en b y H

a;b ��

and H

a;b +�

, where

� is less than the p erp endicular distance from H

a;b

of the nearest p oin t in S

0
, p erform the desired

partition. All the m -1 p oin ts of S lie in P a;b +�;b ��;

while all the k p oin ts in S

0
lie in N a;b +�;b ��;

.

If an y of the p oin ts b elonging to S

0
lie in A ( S ), then H

a;b

will pass through them also. In that

case, w e can p erform the ab o v e pro cedure with S replaced b y a set S 1 that con tains m � 2 p oin ts from

S and one more p oin t not on A ( S ). W e ensure that the distance from A ( S 1 ) of the p oin t of S left

out is less than that of an y p oin t in S

0
. This is alw a ys p ossible since S

0
\ C ( S ) = � . This completes

the pro of. 2

Lemma 1 L et v 2 Q

m

and V � Q

m

with v =2 V . Then v =2 C ( V ) .

Pr o of. Since this is a geometric statemen t, w e can relab el the v ertices in Q

m

suc h that v = (1 ; : : : ; 1).

Clearly , C ( V ) � C ( Q

m

n v ). No w consider the h yp erplane H

v ;m ��

where 0 < � < 2. Then clearly ,

v 2 H

+
v ;m ��

and the en tire set of v ertices Q

m

n v lies in H

�
v ;m ��

, and therefore so do C ( Q

m

n v ) and

C ( V ). Th us the h yp erplane H

v ;m ��

has separated v from C ( V ). By the Hahn-Banac h Theorem [1 ],

the v ertex v cannot lie in C ( V ). 2

Theorem 2 The mo di�e d 2-layer p er c eptr on c an implement any de cision r e gion in R

n

that is forme d

by the union of � ( m � 1) b asic c onvex p olytop es, wher e m is the numb er of neur ons in the �rst layer.

Pr o of. F ollo ws immediately from Theorem 1 and Lemma 1 b y letting Q

m +
comprise the v ertices of

Q

m

corresp onding to the stated basic con v ex p olytop es and Q

m �
b e their complemen t. 2

Corollary 1 The mo di�e d 2-layer p er c eptr on c an classify any de cision r e gion in R

n

that is forme d by

the union of � 2

m

� ( m � 1) b asic c onvex p olytop es in R

n

, wher e m is the numb er of neur ons in the

�rst layer.

Prop osition 2 A line arly sep ar able dichotomy of Q

m

is always N and P-sep ar able.

Pr o of. Let f w ; t 1 ; t 2 g b e the triple asso ciated with the BN. The result follo ws b y making t 1 � t 2 > 2 m

and p erforming partitions of Q

m

with just one of the t w o separating h yp erplanes. This also implies

that decision regions implemen table b y a standard 2-la y er net w ork are alw a ys implemen table b y a

2-la y er net w ork with a BN output. Moreo v er, there are bithreshold-separable dic hotomies of Q

m

that

are not linearly separable, resulting in decision regions that can b e implemen ted b y a mo di�ed 2-la y er

p erceptron but not b y a traditional 2-la y er p erceptron (see also Figure 2). 2
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