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Abstract

In this paper, the ability of a Binary Neural Network comprising only
neurons with zero thresholds and binary weights to map given samples of a
Boolean function is studied. A mathematical model describing a network
with such restrictions is developed. It is shown that this model is quite
amenable to algebraic manipulation. A key feature of the model is that
it replaces the two input and output variables with a single \normalized"
variable. The model is then used to provide apriori criteria, stated in terms
of the new variable, that a given Boolean function must satisfy in order to
be mapped by a network having one or two layers. These criteria provide
necessary, and in the case of a 1-layer network, suÆcient conditions for
samples of a Boolean function to be mapped by a Binary Neural Network
with zero thresholds. It is shown that the necessary conditions imposed
by the 2-layer network are, in some sense, minimal.
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1 Preliminaries

The classical fe e dforwar d neural net w ork arc hitecture comprises la y ers of neu-

rons. Eac h neuron has a pair ( w ; t ) asso ciated to it, where w and t are called

its w eigh t v ector and threshold, resp ectiv ely . The output of the neuron for an
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input x is giv en b y sg n ( w �x � t ) whic h is +1 when w �x > t and �1 otherwise.

The quan tit y w � x is called the activation of the neuron.

In this pap er, w e will examine the particular case of a feedforw ard arc hi-

tecture where the threshold, t , asso ciated with ev ery neuron is zero, and the

w eigh t v ectors are binary , with eac h comp onen t c hosen from f�1 ; 1 g. W e

will study the p erformance of suc h net w orks in mapping Bo olean functions

f : f�1 ; 1 gn ! f�1 ; 1 gm ; where n and m are in tegers greater than or equal

to one. Net w orks with binary w eigh ts ha v e b een studied in literature [1, 2 , 4 , 6],

for ob vious reasons. Firstly , it is a matter of theoretical curiosit y whether net-

w orks comprising neurons with suc h restrictions on their w eigh ts ha v e reasonable

function mapping capabilities. Secondly , as is noted in [1, 2 , 4, 6 ], suc h net w orks

w ould ha v e considerably simpler implemen tations, esp ecially in hardw are, and

th us w ould b e implemen tations of c hoice in cases where their p erformance pro v es

satisfactory .

Our added restriction - that the thresholds all b e zero - in some sense reduces

these to the \simplest" class of net w orks. It is therefore of in terest to kno w what

p erformance they can o�er. In this pap er, w e demonstrate that these restrictions

on the w eigh ts and thresholds can b e exploited fully to dev elop a mo del for

the net w ork that is v ery amenable to algebraic manipulation. The k ey feature

of the mo del that enables comparisons b et w een 1 and 2-la y er net w orks is the

replacemen t of the t w o input and output v ariables with a single \normalized"

v ariable. W e then deriv e constrain ts placed up on this normalized v ariable b y

1 and 2-la y er net w orks, thereb y comparing their function mapping capabilities.

W e then pro vide apriori criteria, stated in terms of the new v ariable, that a

giv en Bo olean function m ust satisfy in order to b e mapp ed b y a net w ork ha ving

one or t w o la y ers. These criteria pro vide necessary , and in the case of a 1-la y er

net w ork, su�cien t conditions for samples of a Bo olean function to b e mapp ed

b y a Binary Neural Net w ork. W e stress that our mo del relies crucially on the

thresholds b eing zero. Th us this added restriction pa ys o� w ell in facilitating

analysis.

In general, the net w ork will ha v e L la y ers, with the l

th
la y er, 1 � l � L;

comprising of m l neurons. W e will assume, for reasons explained b elo w, that for

1 � l � L � 1, m l is o dd. The net w ork input is fed to its �rst la y er neurons. F or

2 � l � L � 1, eac h neuron in the l

th
la y er receiv es as input the outputs of all

the neurons in the ( l � 1)

st
la y er and it feeds its output to ev ery neuron in the

( l + 1)

st
la y er, and so on. The net w ork output is tak en from the L

th
la y er. There

are no in terconnections b et w een neurons within a la y er. The w eigh t v ector of

the i

th
neuron, 1 � i � m l , in the l

th
la y er is denoted wl

i .

Let there b e K samples of the Bo olean function that are to b e mapp ed,

giv en b y

Xk = ( X k1 : : : X kn ) 7! Yk = ( Y k1 : : : Y km ) ; 1 � k � K ;

where Xk 2 f�1 ; 1 gn and Yk 2 f�1 ; 1 gm . When the input to the net w ork is

Xk , denote the output of the i

th
neuron of the l

th
la y er b y y

l
ki and the collectiv e

outputs of the l

th
la y er neurons b y ylk = ( y

l
k1 : : : y

l
kml

). F or the net w ork to map
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the k

th
sample correctly , w e m ust ha v e that yLk = Yk . This, of course, implies

that m L = m .

A brief explanation ab out the notation ab o v e and throughout the pap er. W e

will use b oldfaced letters to denote v ector quan tities. The scalar comp onen ts

of these v ector quan tities will b e denoted using the same letters in plain script,

with an extra subscript. Sup erscripts on these quan tities will alw a ys denote

the la y er of the net w ork that the quan tit y p ertains to. The �rst subscript will

index the sample of the Bo olean function, and the second will index the neuron

under consideration within a particular la y er. The exception is w eigh t v ectors,

whic h ha v e no subscript indexing the sample since w e assume them �xed for all

samples.

Proposition 1.1 A fe e dforwar d neur al network with e ach neur on using a sg n

tr ansfer function, op er ating on a domain of o dd dimension, and thr eshold set to

zer o, c an map only o dd functions, i.e., functions f that satisfy f ( �X) = �f ( X) .

Proof. Since sg n itself is an o dd function, and the thresholds are all zero,

it follo ws that the output of an individual neuron in the �rst la y er is an o dd

function of its input since

sg n ( w � �X) = �sg n ( w �X) :

The case w �X = 0 is precluded b y the condition that the dimension of the space

b e o dd. F urthermore, m l is o dd for 1 � l � L � 1 precluding zero activ ation to

neurons in higher la y ers. No w, since the comp osition of o dd functions remains

o dd, the net w ork as a whole will ha v e an o dd transfer function. 2

The conditions of the ab o v e prop osition should not b e considered v ery con-

straining if w e are willing to w ork with extended functions as explained b elo w.

Lemma 1.2 A ny function f de�ne d on f�1 ; 1 gn c an b e uniquely extende d to an

o dd function, f o , de�ne d on a domain of o dd dimension such that the r estriction

of f o to f�1 ; 1 gn agr e es with f .

Proof. If n is ev en, w e can em b ed f�1 ; 1 gn in to f�1 ; 1 gn+1 b y the follo wing

relation

i : f�1 ; 1 gn ,! f�1 ; 1 gn+1

( v ) 7! ( v ; 1)

No w w e can extend f to f o as follo ws. If v 2 i ( f�1 ; 1 gn ), set f o ( v ) = f ( i

�1
( v )).

Else, i

�1
( �v ) is de�ned and set f o ( v ) = �f ( i

�1
( �v )) : Then f o is o dd and its

restriction to f�1 ; 1 gn , compatible with the map i , agrees with f .

If n is o dd (and f is not an o dd function), w e can rep eat the ab o v e pro cedure

t wice to de�ne f o on f�1 ; 1 gn+2 . 2

Henceforth, w e will assume that w e are w orking with functions (extended if

necessary) that satisfy the h yp othesis of Prop. 1.1. Practically , this means w e

migh t ha v e to add dumm y inputs to the net w ork.
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De�nition 1.3 De�ne the variables Zlki ; 1 � l � L + 1 ; 1 � k � K ; 1 � i � m L

by the fol lowing r elations

Z1
ki = Y kiXk ; (1.1)

and for 2 � l � L + 1 ,

Zlki = ( sg n ( wl�1
1 � Zl�1ki ) : : : sg n ( wl�1

ml�1
� Zl�1ki )) : (1.2)

Proposition 1.4 F or a network with �xe d weights, the fol lowing ar e e quivalent:

(i). The network p erforms the mappings Xk 7! Yk ; 1 � k � K :

(ii). The network p erforms e ach of the mappings Z1
ki 7! ( � : : : 1 : : : �) ; 1 � k �

K ; 1 � i � m L ; wher e a \ � " denotes a `don 't c ar e' and the 1 is in the

i

th
p osition. By this we me an that if Z1

ki is supplie d as the input to the

network, the i

th
neur on of the L

th
layer wil l output a `1.'

(iii). ZL+1ki = ( � : : : 1 : : : �) ; 1 � k � K ; 1 � i � m L ; wher e again the 1 is in the

i

th
p osition.

Proof. ( i ) ) ( ii ) F or the �rst la y er neurons, w e ha v e

y

1
ki = sg n ( w1

i �Xk ) ; 1 � k � K ; 1 � i � m 1 : (1.3)

F or the second la y er on w ards,

y

l
ki = sg n ( wl

i � y
l�1
k ) ; 2 � l � L; 1 � k � K ; 1 � i � m l : (1.4)

In particular, for the L

th
la y er, w e ha v e

y

L
ki = sg n ( wL

i � y
L�1
k ) ; 1 � k � K ; 1 � i � m L : (1.5)

But since the function w e are mapping is Bo olean, y

L
ki = �1 : F urthermore, sg n

is an o dd function. Therefore, w e can m ultiply b oth sides of the ab o v e equation

b y y

L
ik to obtain

y

L
ki y

L
ki = y

L
ki sg n ( wL

i � y
L�1
k ) ; 1 � k � K ; 1 � i � m L ; (1.6)

or,

1 = sg n ( wL
i � ( y

L
kiy

L�1
k )) ; 1 � k � K ; 1 � i � m L : (1.7)

Since yL�1k is, in turn, an o dd function of yL�2k and so on, w e can use Equa-

tion 1.4 for L � 1 � l � 2 to obtain, for the indices L � 1 � l � 2 ; 1 � k �
K ; 1 � i � m L ; 1 � j � m l ;

y

L
ki y

l
kj = sg n ( wl

j � ( y

L
kiy

l�1
k )) ; (1.8)

and using Equation 1.3, w e obtain for the indices 1 � k � K ; 1 � i � m L ; 1 �
j � m 1 ;

y

L
ki y

1
kj = sg n ( w1

j � ( y

L
kiXk )) : (1.9)
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The desired result no w follo ws b y noting that ( y

L
kiXk ) = Z1

ki :

( ii ) ) ( iii ) This is immediate from the statemen t of ( ii ) and Equation 1.2.

( iii ) ) ( i ) W e ha v e ZL+1ki = ( � : : : 1 : : : �) ; 1 � k � K ; 1 � i � m L : But using

Equation 1.2, this implies that sg n ( wL
i �Z

L
ki ) = 1 : Multiplying b oth sides of the

ab o v e equation b y Y ki , w e get

sg n ( wL
i � Y kiZ

L
ki ) = Y ki ; 1 � k � K ; 1 � i � m L : (1.10)

No w using Equation 1.2 iterativ ely to go do wn L � 1 � l � 2, w e get, for the

indices L � 1 � l � 2 ; 1 � k � K ; 1 � i � m L ;

Y kiZ
l
ki = ( sg n ( wl�1

1 � Y kiZ
l�1
ki ) : : : sg n ( wl�1

ml
� Y kiZ

l�1
ki )) : (1.11)

In particular,

Y kiZ
2
ki = ( sg n ( w1

1 � Y kiZ
1
ki ) : : : sg n ( w1

ml
� Y kiZ

1
ki ))

= ( sg n ( w1
1 �Xk ) : : : sg n ( w1

ml
�Xk )) ;

since Y kiZ
1
ki = Y ki Y kiXk = Xk . But this means that that output of the �rst

la y er when the input is Xk is Y kiZ
2
ki . Plugging this in to Equation 1.2 and

iterating for 2 � l � L , w e see that the output of the ( L � 1)

st
la y er is Y kiZ

L
ki .

No w, using Equation 1.10, w e get the desired result. 2

Some explanation is in order here. Prop osition 1.4 basically sa ys that in a

binary net w ork with zero thresholds, w e can replace the t w o v ariables X and

Y , for the input and output resp ectiv ely , b y a single \normalized" v ariable Z.

The net w ork maps Xk to Yk i� it maps Z1
ki to ( � : : : 1 : : : �). In other w ords, if

w e pro vide the net w ork with an input Z1
ki , the i

th
neuron of the L

th
la y er will

output a `1,' and this statemen t holds true for 1 � k � K and 1 � i � m L :

Th us, w e can normalize the input-output samples suc h that the output is alw a ys

normalized to +1 and w e are left with only a normalized input Z. More is true:

Zlki ; 2 � l � L will form the output of the ( l � 1)

st
la y er when the input to the

�rst la y er is Z1
ki .

W e end this section with a prop osition, stated without pro of, that w e will

need later.

Proposition 1.5 F or n � 1 and v 2 f�1 ; 1 gn , de�ne S v = fx 2 f�1 ; 1 gn jx �
v > 0 g: L et v1 ; v2 2 f�1 ; 1 gn . Cle arly, if S v1

T
S v2 6= ;, v1 6= �v2 .

2 Mapping Criteria

In this section, w e state t w o theorems that pro vide necessary and, in the case

of a 1-la y er binary net w ork, su�cien t conditions for a set of samples to b e

mapp ed b y a binary net w ork. W e will fo cus on 1 and 2-la y er binary net w orks.

T o understand the di�erence in mapping capabilities of 1 and 2-la y er binary

net w orks, w e shall study their p erformance o v er the same set of samples.

The theorem that completely c haracterizes the Bo olean functions that can

b e mapp ed b y a 1-la y er binary net w ork is giv en b elo w.
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Theorem 2.1 A 1-layer binary network c an map K samples fXk ; Ykg1�k�K
of a Bo ole an function i� for every i; 1 � i � m 1 ; 9w1

i such that fZ1
kig1�k�K �

S w
1

i

.

Proof. F rom ( ii ), Prop osition 1.4, w e kno w that mapping the i

th
comp onen t of

the output for the k

th
sample correctly is equiv alen t to p erforming the mapping

Z1
ki 7! ( � : : : 1 : : : �). T o correctly map the i

th
comp onen ts of the outputs of

eac h of the K samples, w e w ould then need to �nd a binary w eigh t v ector w1
i

for the i

th
neuron that satis�es w1

i � Z
1
ki > 0 ; 1 � k � K . In other w ords,

fZ1
kig1�k�K � S w

1

i

. T o correctly map all the K samples, w e w ould need the

ab o v e to b e true for all the m 1 neurons. 2

Notice that Theorem 2.1 states the constrain t in terms of the single v ariable

Z, instead of t w o separate input and output v ariables. The same is true for the

theorem that states the constrain ts placed on a Bo olean function b y a 2-la y er

net w ork, whic h is stated b elo w.

Theorem 2.2 A 2 -layer binary network c an map K samples fXk ; Ykg1�k�K
of a Bo ole an function only if for al l i; 1 � i � m 2 and every p air k 1 ; k 2 wher e

1 � k 1 ; k 2 � K , the p oints Z1
k1i

; Z1
k2i

satisfy

Z1
k1i

6= �Z1
k2i

: (2.1)

Proof. F rom ( ii ), Prop osition 1.4, w e kno w that for the samples to b e mapp ed,

w e need

w2
i � Z

2
ki > 0 ; 1 � k � K ; 1 � i � m 2 : (2.2)

Since w2
i = ( w

2
i1 : : : w

2
im1

), and Z2
ki = ( sg n ( w1

1 �Z
1
ki ) : : : sg n ( w1

m1
�Z1

ki )), w e can

rewrite Equation 2.2 as

w

2
i1 sg n ( w1

1 � Z
1
ki ) + : : : + w

2
im1

sg n ( w1
m1

� Z1
ki ) > 0 ; (2.3)

for the indices 1 � k � K ; 1 � i � m 2 :

But since w2
i 2 f�1 ; 1 gm1

; and sg n is an o dd function, w e can rewrite the

inequalities for the same indices as b elo w

sg n ( w01

1 � Z
1
ki ) + : : : + sg n ( w01

m1
� Z1

ki ) > 0 : (2.4)

where w01
j = �w1

j if w

2
ij = �1 and w01

j = w1
j if w

2
ij = +1.

Since eac h term in the ab o v e inequalities is equal to �1, at least dm 1 = 2 e
terms m ust b e equal to +1 for the inequalities to hold. This forces at least

dm 1 = 2 e dot-pro ducts out of fw01
j �Z

1
kig1�j�m1

to b e p ositiv e for 1 � k � K ; 1 �

i � m 2 . Th us, at least dm 1 = 2 e out of fw01
jg1�j�m1

lie in S Z1
ki

for 1 � k �
K ; 1 � i � m 2 . In v oking the \pigeonhole principle" of com binatorics no w tells

us that an y t w o sets S Z1
k1i

; S Z1
k2i

; 1 � k 1 ; k 2 � K ; 1 � i � m 2 ha v e a non-empt y

in tersection. No w Prop osition 1.5 giv es us the result. 2

Proposition 2.3 L et ( Xk ; Yk ) 1�k�K b e samples of an o dd function f ( i.e. ,

f ( �X) = �f ( X) ). Then for every p air k 1 ; k 2 ; wher e 1 � k 1 ; k 2 � K , we have

that Z1
k1i

6= �Z1
k2i

:
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Proof. W e ha v e constructed the p oin ts Z1
ki b y the rule Z1

ki = Y ki�Xk ; where Y ki =

�1 : Th us for t w o distinct inputs Xk1 and Xk2 , Z1
ik1

= �Z1
ik2

if either Xk1 = Xk2

and Y ik1 = �Y ik2 or Xk1 = �Xk2 and Y ik1 = Y ik2 . Clearly the �rst case is a

degenerate one and the only p ossibilit y is the second. But that w ould con tradict

the h yp othesis that f is o dd. 2

Th us, Theorem 2.2 and Prop osition 2.3 indicate that the constrain ts placed

up on a sample set b y a 2-la y er binary net w ork and deducible using our mo del

are, in some sense, minimal. More precisely , the analysis that w e ha v e carried

out cannot p ossibly giv e us a w eak er constrain t for implemen tation b y a L -la y er

net w ork for L � 3 than it did for L = 2, since the latter is already the equiv alen t

of insisting that the function b e o dd. F urthermore, if n = 3, it can b e v eri�ed

that all o dd functions can b e mapp ed b y a 2-la y er binary net w ork, so that in

that case the constrain t of Theorem 2.2 is indeed the b est p ossible w e can arriv e

at b y an y means.

W e conclude this section with an example demonstrating the use of the

criteria dev elop ed in this pap er.

Example 2.4 Let n = 3 ; m = 1 and consider the follo wing function on f�1 ; 1 g3 :

X1 = ( �1 ; 1 ; 1) X2 = (1 ; �1 ; 1) X3 = (1 ; 1 ; �1) ;

X4 = ( �1 ; �1 ; �1) X5 = (1 ; �1 ; �1) X6 = ( �1 ; 1 ; �1)

X7 = ( �1 ; �1 ; 1) X8 = (1 ; 1 ; 1)

Y1 = Y2 = Y3 = Y4 = +1 ; Y5 = Y6 = Y7 = Y8 = �1 :

The v alues of the fZ1
k1g1�k�8 are

Z1
11 = Z1

51 = ( �1 ; 1 ; 1) ; Z1
21 = Z1

61 = (1 ; �1 ; 1) ;

Z1
31 = Z1

71 = (1 ; 1 ; �1) ; Z1
41 = Z1

81 = ( �1 ; �1 ; �1) :

The Z1
k1 do not satisfy the conditions of Theorem 2.1. T o see this, note that

the Z1
k1 's are not linearly separable from their complemen t in f�1 ; 1 g3 . This

rules out a 1-la y er implemen tation of the Bo olean function.

Ho w ev er, the Z1
k1 do satisfy the condition of Theorem 2.2, i.e. , they do

not con tain an y set of an tip o dal elemen ts. Th us, a 2-la y er implemen tation is

plausible. Using the symmetry of the Z1
k1 , w e determine that the mapping can

b e p erformed using a 2-la y er binary net w ork with three �rst la y er neurons and

a single second la y er neuron with the t w o follo wing p ossible sets of w eigh ts (and

appropriate reorderings thereof ) -

w1
1 = ( �1 ; �1 ; 1) w1

2 = (1 ; �1 ; �1) w1
3 = ( �1 ; 1 ; �1)

w2
1 = (1 ; 1 ; 1) w1

1 = (1 ; 1 ; �1) w1
2 = ( �1 ; 1 ; 1)

w1
3 = (1 ; �1 ; 1) w2

1 = ( �1 ; �1 ; �1)

There is a geometric in terpretation for the placemen t of the p oin ts Z1
ki for

�xed i . F or the samples to b e mapp ed b y a 1-la y er net w ork, the Z1
ki m ust b e

linearly separable from their complemen t on the n -cub e. F or the 2-la y er case,

the ab o v e is the constrain t on the Z2
ki , whic h when translated in to a constrain t
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on the Z1
ki sa ys it is enough that they not ha v e an y an tip o dal elemen ts (a m uc h

w eak er constrain t and one that is satis�ed automatically if they satisfy linear

separabilit y).

3 Conclusion

In this w ork, w e ha v e sho wn that net w orks with w eigh ts in f�1 ; 1 g and zero

thresholds pro vide the tangible adv an tage of enabling us to w ork with a single

v ariable replacing the t w o v ariables corresp onding to the sample inputs and

outputs. This single v ariable then pro vides a go o d comparison of the function

mapping capabilities of net w orks ha ving di�eren t n um b er of la y ers. Using the

constrain ts that a net w ork places up on this single v ariable, w e ha v e clearly

dilineated the adv an tage of adding a second la y er o v er the �rst. The constrain ts

placed on the v ariable ha v e a geometric in terpretation in terms of dic hotomies

of the h yp ercub e, whic h is noted. F urthermore, it is sho wn that within the

mo del dev elop ed, the e�ect of adding a third la y er could not p ossibly w eak en

the constrain ts that w ere placed b y the second la y er.
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