Maximizing the entanglement of two mixed qubits
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Two-qubit states occupy a large and relatively unexplored Hilbert space. Such states can be
succinctly characterized by their degree of entanglement and purity. In this letter we investi-
gate entangled mixed states and present a class of states that have the maximum amount of

entanglement for a given linear entropy.
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With the recent rapid developments in quantum infor-
mation there has been a renewed interest in multipar-
ticle quantum mechanics and entanglement. The prop-
erties of states between the pure, maximally-entangled,
and completely mixed (separable) limits are not com-
pletely known and have not been fully characterized.
The physically allowed degree of entanglement and mix-
ture is a timely issue, given that entangled qubits are
a critical resource in many quantum information ap-
plications (such as quantum computation[l, 2], quan-
tum communication[3], quantum cryptography[4, 5] and
teleportation[6, 7]), and that entangled mixed states
could be advantageous for certain quantum information
situations|8].

The simplest non-trivial multiparticle system that can
be investigated both theoretically and experimentally
consists of two-qubits. A two-qubit system displays many
of the paradoxical features of quantum mechanics such
as superposition and entanglement. Extreme cases are
well known and clear enough: maximally-entangled two
particle states have been produced in a range of physi-
cal systems [9-12], while two-qubits have been encoded
in product (non-entangled) states [13] via liquid NMR
[14]. Recently, however White et al. have experimentally
generated polarization-entangled photons in both non-
maximally entangled states[15], and general states with
variable degree of mixture and entanglement [16].

In this letter we explore theoretically the domain
between pure, highly entangled states, and highly
mixed, weakly entangled states. We will partially
characterise[17] such two-qubit states by their purity and
degree of entanglement [18]. Specifically, we address
the question: What is the form of maximally-entangled
mixed states, that is, states with the maximum amount
of entanglement for a given degree of purity? Ishizaka et
al. [19] have proposed two-qubit mixed states in which
the degree of entanglement cannot be increased further

by any unitary operations (the Werner state[20] is one
such example). A numerical exploration of the entangle-
ment - purity plane is used to establish an upper bound
for the maximum amount of entanglement possible for
a given purity, and vice versa. We derive an analytical
form for this class of mazimally-entangled mized states
(MEMS) and show it to be optimal for the entanglement
and purity measures considered.

Currently a variety of measures are known for quanti-
fying the degree of entanglement in a bipartite system.
These include the entanglement of distillation[18], the
relative entropy of entanglement[2], but the canonical
measure of entanglement is called the entanglement of
formation (EOF) [18] and for an arbitrary two-qubit sys-
tem is given by[21]
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where h(z) = —zlog,(z) —(1—1z) log,(1—=z) is Shannon’s
entropy function and 7, the “tangle” [21] (“concurrence”
squared) is given by
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Here the A\’s are the square roots of the eigenvalues, in de-
creasing order, of the matrix, pp = p o' ® o P p*o @ 0P,
where p* denotes the complex conjugation of p in the
computational basis {|00), |01), |10), |11)}, and is an anti-
unitary operation. Since the entanglement of formation
Er is a strictly monotonic function of 7, the maximum
of 7 corresponds to the maximum of Er. Thus in this
letter we use the tangle directly as our measure of entan-
glement. For a maximally-entangled pure state 7 = 1,
while for a unentangled state 7 = 0.

There exist for the degree of mixture of a state a num-
ber of measures. These include the von Neumann en-
tropy of a state, given by S = —Tr[plnp] [22], and the



