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Abstract

We consider the problem of optimally recovering a nite-alphabet discrete-time stochastic process fXtg from
its noise-corrupted observation process fZ.g. In general, the optimal estimate of X will depend on all the
components of fZtg on which it can be based. We characterize non-trivial situations (i.e., beyond the case where
(Xt; Z¢) are independent) for which optimum performance is attained using \symbol by symbol™ operations (a.k.a.
\singlet decoding'), meaning that the optimum estimate of X, depends solely on Z;. For the case where fX.g is a
stationary binary Markov process corrupted by a memoryless channel, we characterize the necessary and su cient
condition for optimality of symbol by symbol operations, both for the Itering problem (where the estimate of X
is allowed to depend only on TZwge ) and the denoising problem (where the estimate of X is allowed dependence
on the entire noisy process). It is then illustrated how our approach, which consists of characterizing the support
of the conditional distribution of the noise-free symbol given the observations, can be used for characterizing the
entropy rate of the binary Markov process corrupted by the BSC in various asymptotic regimes. For general
noise-free processes (not necessarily Markov), general noise processes (not necessarily memoryless) and general
index sets (random elds) we obtain an easily veri able su cient condition for the optimality of symbol by symbol
operations and illustrate its use in a few special cases. For example, for binary processes corrupted by a BSC, we
establish, under mild conditions, the existence of a > 0 such that the \say-what-you-see'" scheme is optimal
provided the channel crossover probability is less than . Finally, we show how for the case of a memoryless
channel the large deviations (LD) performance of a symbol by symbol Iter is easy to obtain, thus characterizing
the LD behavior of the optimal schemes when these are singlet decoders (and constituting the only known cases
where such explicit characterization is available).
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1 Introduction

Let FX(gt2z be a discrete-time stochastic process and fZg¢>z be its noisy observation signal. The denoising problem
is that of estimating Xg from its noisy observations fZ.g. Since perfect recovery is seldom possible, there is a given
loss function measuring the goodness of the reconstruction and the goal is to estimate each X; so as to minimize the
expected loss. The Itering problem is the denoising problem restricted to causality, namely, when the estimate of
Xy is allowed to depend on the noisy observation signal only through fZwge .

When fX.g is a memoryless signal corrupted by a memoryless channel the optimal denoiser (and, a fortiori,
the optimal Iter) has the property that, for each t, the estimate of X; depends on the noisy observation signal
only through Z;. A scheme with this property will be referred to as a symbol by symbol scheme or as a singlet
decoder [Dev74]. When fX(g is not memoryless, on the other hand, the optimal estimate of each X; will, in
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general, depend on all the observations available to it in a non-trivial way. This is the case even when the noise-free
signal is of limited memory (e.g., a rst-order Markov process) and the noise is memoryless. Accordingly, much
of non-linear Itering theory is devoted to the study of optimal estimation schemes for these problems (cf., e.g.,
[AZ97, ABKOO, Kal80, Kun71, EM02] and the many references therein), and basic questions such as the closed-form
characterization of optimum performance (beyond the cases we characterize in this work where singlet decoding is
optimum) remain open.

One pleasing feature of a singlet decoder is that its performance is amenable to analysis since its expected loss in
estimating X depends only on the joint distribution of the pair (X¢;Z¢) (rather than in a complicated way on the
distribution of the process pair (fX.g; fZ¢g)). Another of the obvious merits of a singlet decoder is the simplicity
with which it can be implemented, which requires no memory and no delay. It is thus of practical value to be
able to identify situations where no such memory and delay are required to perform optimally. Furthermore, it will
be seen that in many cases of interest where singlet decoding is optimal, it is the same scheme which is optimal
across a wide range of sources and noise distributions. For example, for a binary source corrupted by a BSC we
shall establish under mild conditions the existence of a > 0 such that the \say-what-you-see" scheme is optimal
provided the channel crossover probability is less than . This implies, in particular, the universality of this simple
scheme with respect to the family of sources sharing this property, as well as with respect to all noise levels
Thus, the identi cation of situations where singlet decoding attains optimum performance is of interest from both
the theoretical and the practical viewpoints, and is the motivation for our work.

Qualitatively speaking, a singlet decoder will be optimal if the value of the optimal estimate conditioned on all
available observations coincides with the value of the optimal estimate conditioned on the present noisy observation®,
for all possible realizations of the noisy observations?. This translates into a condition on the support of the distri-
bution of the unobserved clean symbol given the observations (a measure-valued random variable measurable with
respect to the observations). Indeed, for the Markov process corrupted by a memoryless channel this will lead to a
necessary and su cient condition for the optimality of singlet decoding in terms of the support of the said distri-
bution. In general, however, the support of this distribution (and, a fortiori, the distribution itself) is not explicitly
characterizable, and, in turn, neither is the condition for optimality of singlet decoding. The support, however,
can be bounded, leading to explicit su cient conditions for this optimality. This will be our approach to obtaining
su cient conditions for the optimality of singlet decoding, which will be seen to lead to a complete characterization
for the case of the corrupted binary Markov chain (where the upper and lower endpoints of the said distribution can
be obtained in closed form).

Characterization of cases where singlet decoding is optimal both for the Itering and the denoising problems
was considered in [Dev74] (cf. also [Dra65, Sag70]) for the binary Markov source corrupted by a BSC. Though the
characterization of situations where optimum performance is attained using symbol-by-symbol schemes has since
been studied for other problems in information theory (e.g. [GRV03, NG82]), the optimality of singlet schemes for

Itering and denoising has, to our knowledge, not been considered beyond the setting of [Dev74]. Our interest in
the problem was triggered by the recently discovered Discrete Universal Denoiser (DUDE) [WOS*03a, WOS*03b].
Experimentation has shown cases where the scheme applied to binary sources corrupted by a BSC of su ciently
small crossover probability remained idle (i.e., gave the noisy observation signal as its reconstruction). A similar
phenomenon was observed with the extension of this denoiser to the nite-input-continuous-output channel [DW03]

INote that this does not mean that the distribution of the clean symbol conditioned on all available observations coincides with its
distribution conditioned on the present noisy observation (that would only be the case if the underlying source was memoryless), but
only that the corresponding optimal estimates do.

2More precisely, for source realizations in a set of probability one.



where, for example, in denoising a binary Markov chain with a strong enough bias towards the 0 state, corrupted by
additive white Laplacian noise, the reconstruction was the \all zeros™ sequence. As we shall see in this work, these
phenomena are accounted for by the fact that the optimum distribution-dependent scheme in these cases is a singlet
decoder (which the universal schemes identify and imitate).

An outline of the remainder of this work is as follows. In Section 2 we introduce some notation and conventions
that will be assumed throughout. Section 3 is dedicated to the case of a Markov chain corrupted by a memoryless
channel. To x notation and for completeness we start in subsection A by deriving classical results concerning the
evolution of conditional distributions of the clean symbol given past andnor future observations. We then apply these
results in subsection B to obtain necessary and su cient conditions for the optimality of singlet decoding in both the

Itering and the denoising problems. These conditions are not completely explicit in that they involve the support
of a measure satisfying an integral equation whose closed-form solution is unknown.

In Section 4 (subsections A and B) we show that when the noise-free process is binary enough information about
the support of the said measure can be extracted for characterizing the optimality conditions for singlet decoding in
closed form. Furthermore, the conditions both for the Itering and for the denoising problem are seen to depend on
the statistics of the noise only through the support of the likelihood ratio between the channel output distributions
associated with the two possible inputs. In subsection C we further specialize the results to the BSC, characterizing
all situations where singlet decoding is optimal (and thereby re-deriving the results of [Dev74] in a more explicit
form). In subsection D we point out a few immediate consequences of our analysis such as the fact that singlet
decoding for the binary-input-Laplace-output channel can only be optimal when the observations are useless and
that singlet decoding is never optimal for the binary-input-Gaussian-output channel.

In Section 5 we digress from the denoising problem and illustrate how the results of Section 4 can be used for
obtaining bounds that appear to be new® on the entropy rate of a hidden Markov process. In particular, these
bounds lead to a characterization of the behavior of the entropy rate of the BSC-corrupted binary Markov process
in various asymptotic regimes (e.g. \rare-spikes", \rare-bursts", high \SNR", low \SNR", \almost memoryless").
The bounds also establish \graceful" dependence of the entropy rate on the parameters of the problem. Our results
will imply continuity, di erentiability, and in certain cases higher-level smoothness of the entropy rate in the process
parameters. These results are new, even in view of existent results on analyticity of Lyapunov exponents in the
entries of the random matrices [ADG94, Per] and the connection between Lyapunov exponents and entropy rate
[HGGO03, JSS03]. The reason is that in the entropy rate perturbations of the parameters a ect both the matrices
(corresponding to the associated Lyapunov exponent problem) and the distribution of the source generating them.

Section 6 is dedicated to the derivation of a general and easily veri able su cient condition for the optimality of
symbol by symbol schemes in both the Itering and the denoising problems. The condition is derived in a general
setting encompassing arbitrarily distributed processes (or elds) corrupted by arbitrarily distributed noise. The
remainder of that section details the application of the general condition to a few concrete scenarios. In subsection
A we look at the memoryless symmetric channel (with the same input and output alphabet) under Hamming loss.
Our nding is that under mild conditions on the noise-free source there exists a positive threshold such that the
\say-what-you-see" scheme is optimal whenever the level of the noise is below the threshold. Subsection B shows
that this continues to be the case for channels with memory such as the Gilbert-Elliot channel (where this time it is
the noise level associated with the \bad" state that need be below the said threshold).

In Section 7 we obtain the exponent associated with the large deviations performance of a singlet decoder, thus

3The closed form for the entropy rate of a hidden Markov process is still an open problem (cf. [EM02, HGGO03] and references therein).



characterizing the LD behavior of the optimal schemes when these are singlet decoders (and constituting the only
cases where the LD performance of the optimal Iter is known). Finally, in Section 8 we summarize the paper and
discuss a few directions for future research.

2 Notation, Conventions, and Preliminaries

In general we will assume a source X(T) = fX¢gt=1, Where T is a countable index set. The components X will be
assumed to take values in the nite alphabet A. Z(T) will denote the noisy observation process, jointly distributed
with X (T) and having components taking values in B. Formally, we de ne a denoiser to be a collection of measurable
functions R g, where X¢ : BT ¥ A and X; = X¢(Z(T)) is the denoiser’s estimate of X;.

We assume a given loss function ( delity criterion) : A% ¥ [0; 1), represented by the matrix = F (1;1)9i:j2A,
where (i;j) denotes the loss incurred by estimating the symbol i with the symbol j. Thus, the expected loss of a
denoiser in estimating X; is E  (X¢; Xe(Z(T))). A denoiser will be said to be optimal if, for each t, it attains the
minimum of E  (X¢; X¢(Z(T))) among all denoisers.

In the case where T = Z we shall use the notation X, fXigioz or X1, interchangeably with X(T). We shall
also let Xt = fXugw ¢. In this setting we de ne a Iter analogously as a denoiser only now X, is a function only
of Zt ; rather than of the whole noisy signal Z. The notion of an optimal Iter is also extended from that of an
optimal denoiser in an obvious way.

If fR;gi2) is any collection of random variables we let F (fR;gi2) denote the associated sigma algebra. For any

nite set S, M(S) will denote the simplex of all jSj-dimensional probability column vectors. For v 2 M(S) v(s) will
denote the component of v corresponding to the symbol s according to some ordering of the elements of S.

For P 2 M(A), let U(P) denote the Bayes envelope (cf., e.g., [Han57, Sam63, MF98]) associated with the loss

e e reawy U(P) = min > (a;®)P(@) = min 1P; 1)
R2A 22A X
where ¢ denotes the column of the loss matrix associated with the reconstruction %.

We will generically use P to denote probability. P will also be used for conditional probability with (when
involving continuous alphabets or in nite index sets) the standard slight abuse of notation that goes with it: P (X; =
ajZ' 1), for example, should be understood as the (random) probability of X; = a under a version of the conditional
distribution of X; given F(Z' ;). For a xed individual z' 5, P(X; = ajz' ;) will denote that version of the
conditional distribution evaluated for Z' ; = z' ;. Throughout the paper, statements involving random variables
should be understood, when not explicitly indicated, in the almost sure sense.

Since the optimal estimate of Xy is the reconstruction symbol minimizing the expected loss given the observations,
it follows that for an optimal denoiser

E (X Re(Z(T)) = EUP (Xt = jZ(T))); @)

with P (X = jZ(T)) denoting the M(A)-valued random variable whose a-th component is P (X = ajZ(T)). Simi-
larly, an optimal Iter satis es
E (XeRe(Z' 1)) =EUP (X = jZ°'4)): ©)

To unify and simplify statements of results, the following conventions will also be assumed: 0=0 1, 1=0 1,
=1 0,logd 1,log0 1,et 1,e 1 0, 1+c 1. Moregenerally, for a function f :R ¥ R, f(1)



will stand for limy s 7 F(X) where the limit is assumed to exist (in the extended real line) and f( 1) is de ned
similarly. For concreteness, logarithms are assumed throughout to be taken in the natural base.
For positive valued functions f and g, f("")  g(*) will stand for lim-xg % = 1and f(") < g(*") will stand

for limsup.yo £ 1. F(*) = O(g(")) will stand for limsup., g < A and F(*) = (g(*)) will stand for

lim inf.uq % > 0. £('") g("") will stand for the statement that both (") = O(g(")) and (") = (g(*")) hold.
Finally, when dealing with the M-ary alphabet f0;1;:::;M 1g, will denote modulo M addition.

3 Finite-Alphabet Markov Chain Corrupted by a Memoryless Channel

In this section we assume fXgi2z to be a stationary ergodic rst-order Markov process with the nite alphabet A.
Let K : A2 ¥ [0;1] be its transition kernel

K(a;b) = P (Xj+1 = bjX; = a); 4)
K, be the transition kernel of the time reversed process
Kr(a;b) = P (Xi = bjXi+1 = a); ()

and let denote its marginal distribution

(a) =P (Xi = a); (6)
which is the unique probability measure satisfying
>
(b) = (@K(a;b) 82 A: @)
az2A
We assume, without loss of generality, that
(@ =Pr(Xg=a)=>0 8aZ2A: 8)

Throughout this section we assume that fZ.g is the noisy observation process of ¥X¢g when corrupted by the
memoryless channel C. For simplicity, we shall con ne attention to one of two cases?:

1. Discrete channel output alphabet, in which case C(a;b) denotes the probability of a channel output symbol b
when the channel input is a.

2. Continuous real-valued channel output alphabet, in which case C(a; ) will denote the density with respect to
Lebesgue measure (assumed to exist) of the channel output distribution when the input is a.

For concreteness in the derivations below, the notation should be understood in the sense of the rst case whenever
there is ambiguity. All the derivations, however, are readily veri ed to remain valid for the continuous-output channel
with the obvious interpretations (e.g. of C(a; ) as a density rather than a PMF and P (Z; = zjZ' ;) as a conditional
density rather than a conditional probability).

4The more general case of arbitrary channel output distributions can be handled by considering densities with respect to other
dominating measures and the subsequent derivations remain valid up to obvious modi cations.



A Evolution of the Conditional Distributions

Let T jg, T ig, denote the processes with M(A)-valued components de ned, respectively, by

i@ =PXi=ajz",) (9)
and
i@ =P (Xi =ajz): (10)
Fora2 A,
i@ = PXi=az',)
_ PXi=azZijz' )
B P(Zijz' 1)
_ PXi=aZ' )P (ZijXi=a)
B P(Zijz' 1)
_ C@&Z) ppaPXi=ajXi 1 =D)P(Xi 1 =bZ' 1)
. P(Zijz' 1)
_ C@Zi) poaKb®;a) i wb)
P(zZijz' 1)

_ C(Z)IKT i 1@ |
- PaOZAC(aO;Zi)[KT i 1]@)’ (11)

where in the last line KT denotes the transposed matrix representing the Markov kernel of (4). In vector form (11)

becomes
1

. = C .

1T [ez, KTl “
where, for b 2 B, ¢, denotes the column vector whose a-th component is C(a;b) and  denotes componentwise
multiplication. Thus, de ning the mapping T : B M(A) ¥ M(A) by

KT i 11=T@i; i (12)

1

0= ®™

KT I; (13)
(12) assumes the form
i =T(Zi; i 1) (14)

An equivalent way of expressing (14) (which will be of convenience in the sequel) is in terms of the log-likelihoods:
fora;b 2 A,

i@ _ IgC(a;Zi)+Iog KT i 1](a)

RO B (T B CARFN ()

C(a; Zi) c2a K(Ca) i 1(c)
lo +log P : 15
Icwzn 0T AKED) 1 10 (15)
By an analogous computation, we get

i 1=Te(Zis i) (16)

with the mapping T, : B M(A) ¥ M(A) de ned by

1

Te(h; ) = KT an

1T[c [KF 1

6



By the de nition of ; clearly ; 2 F(Z',) and similarly ; 2 F(Z1). Somewhat surprisingly, however, both
f ig and f ;g turn out to be rst-order Markov processes. Indeed, de ning forE  M(A) and ; 2 M(A),
" # " #
X X . X > :
F(E; )= o [K' 1 Fe(E; )= o [Ke 1 (18)
b:T(b; )2E a2A b:Tr(b; )2E a2A

the following result is implicit in [Bla57].

Claim 1 (Blackwell [Bla57]) T g, T jg are both stationary rst-order Markov processes. Furthermore, the dis-
tribution of o, Q, satis es, for each Borel set E  M(A), the integral equation

z
Q(E) = F(E; )dQ( ) (19)
2M(A)
and the distribution of o, Qy, satis es the integral equation
z
Qr(E) = Fr(E; )dQr( ): (20)
2M(A)

We reproduce a proof in the spirit of [Bla57] for completeness.
Proof of Claim 1: We prove the claim for T ;g, the proof for f ;g being analogous. Stationarity is clear. To prove
the Markov property, note that

P(i2Ejz'})

P(ngé; i 1) 2Ejz' {)
= P(Zi=bz' 1)
b:T(b; i 1)2E,, #
<X X .
= P(Zi=bX;=ajZz'{)
b:T(b; i 1)2E ,,a2A

< X .

= c [K' i 4]
b:T(b; i 1)2E a2A

= F(E; i 1)

#

where the last equality follows similarly as in the derivation of (14). Thus we see that P( ; 2 EjZ! 11) depends on
Z' ! only through ; 1 which, since F( ') F(Z'1), implies that

P(i2Ej '{)=F(E; i 1) (21)

thus establishing the Markov property. Taking expectations in both sides of (21) gives (19). 2
Note that the optimal Itering performance, EU( ;) (recall (3)), has a \closed form™ expression in terms of the
distribution Q: Z
EU( )= U( )dQ( ): (22)
2M(A)

Similarly, as was noted in [Bla57], the entropy rate (assuming a discrete channel output®) of Z can also be given a
\closed form' expression in terms of the distribution Q. To see this note that

P(Zis1=12jZ2'1)= | K C (2); (23)

5The case of a continuous-valued output (and di erential entropy rate) would be handled analogously.



with K denoting the Markov transition matrix (with (a;b)-th entry given by (4)) and C denoting the channel
transition matrix (with (a;z)-th entry given by C(a;z)). Thus, letting H denote the entropy functional H(P) =

, P(z) log P(z) and H(Z) denote the entropy rate of Z, .

H@Z)=EH(P@Zim=jZ'1)=EH [ K C = H T K C dQ(): (24)
2M(A)

Optimum denoising performance can also be characterized in terms of the measures Q and Q, of Claim 1. For
this we de ne the M(A)-valued process T jg via

i(@=PXi=az™h) (25)
and note that

i@ = PXi=azh)
— iim PXi=a2",)
nt1  P(Z")
PZ".jXi=a) (@

= |lim

nY¥ 1 P(Znn)
= lim P(Z' jXi = a)P (Z},1jXi = a)P (ZijX; = ) (a)
nt 1 p(znn)
P(Xi=ajz' n1)P(Zi n1) P(Xi=ajzl )P (Z1, . _
i aj - (Xi=aj (a;) ( 1)P(ZiJXi = a) (a)
nt 1 P(Znn)
— lim P(Xi = ajZi nl)P(Zi nl)P(Xi = ajzin+1)P(Zin+1)P(Zini — a)
n® 1 (a)P(Znn)
= lim P %P(Xi = ajZi nl)P(Xi = ajZ{% )P (ZijXi = )

n

17 2a P OG = izt DP (X = aliZf) )P (ZijXi = a)
—@P i = ajz' )P (X; = ajz%,)P (ZijXi = a)

w2a @b (i = QjZ' )P (Xi = iz, )P (ZijXi = &)

= eKT i @IKT i]@C(@; Z:)

" woa KT i @)K irl@)C(@% Zi)

or, in vector notation,

[KT i ] [K{ iwa] ¢z
i= ' =Gz (i 17 i+1)s 2
L TSI B (oot I R 0
where here  denotes componentwise division and, for b 2 B, we de ne the mapping G, : M(A) M(A) T M(A)

by

KT 1 K' T ¢

SCDZ TR T KT e T @0
Analogously to (15) we can write
i@ _,  C®Z) [KT i 1](@) [K{ iv1](@) @,
96 T 9wz T KT ) KT el ) @9

Note that, by (26), optimum denoising performance is given by EU( i) = EU (Gz( i 1; i+1)) (which can be
expressed in terms of the measures Q and Q, of Claim 1 analogously as in (22)°).

6Conditioned on Xj, Zj, i 1 and j+1 are independent. Thus EU Gz;( i 1; i+1) is obtained by rst conditioning on X;j. Then
one needs to obtain the distribution of ; 1 and of 41 conditioned on Xj, which can be done using calculations similar to those detailed.



The measure Q is hard to extract from the integral equation (19) and, unfortunately, is not explicitly known
to date (cf. [Bla57] for a discussion of some of its peculiar properties). Correspondingly, explicit expressions for
optimum Itering performance (cf. [KZ96]), denoising performance (cf. [SDABO01]), and for the entropy rate of the
noisy process (cf. [Bla57, HGGO03, EM02]) are unknown.

B A Generic Condition for the Optimality of Symbol-by-Symbol Operations

We shall now see that the optimality of symbol-by-symbol operations for Itering and for denosing depends on the
measures Q and Q, (detailed in Claim 1) only through their supports. In what follows we let Cq and Cq, denote,
respectively, the support of Q and of Q,.

For P 2 M(A) de ne the Bayes response to P, X(P), by

— . T — H T .
X(P)=fa2A: aP=min ;Pg: (29)

Note that we have slightly deviated from common practice, letting X (P) be set-valued so that jX(P)j 1 with
equality if and only if the minimizer of JP is unique. With this notation, the following is a direct consequence of
the de nition of ; and of the fact that an optimal scheme satis es (respectively) (2) or (3):

Fact 1 A ltering scheme £X;()g is optimal if and only if for each i
PRRi(Z' 1) 2R( ) =L (30)
A denoising scheme f)’(i( )g is optimal if and only if for each i
PQRRi(Z1) 2R( ) =1 €y
Forf:B ¥ Ade neS¢g M(A) by
S¢ =fs 2 M(A) : f(b) 2 X(T(b;s)) 8b 2 Bg: (32)

In words, S¢ is the set of distributions on the clean source alphabet sharing the property that f(b) is the Bayes
response to T (b;s) for all b 2 B. Somewhat less formally’, S¢ is the largest set with the property that the Bayes
response to T( ;s) is () regardless of the value of s 2 S¢. It is thus clear, by (30) and (12), that singlet decoding
with () will result in optimal Itering for X; if ; 1 is guaranteed to land in S¢. Conversely, if ; 1 can fall outside
of S¢ then, on that event, the Bayes response to T(; ;i 1) will not be f() so singlet decoding with f cannot be
optimal. More formally:

Theorem 1 Assume C(a;b) > 0 for all a 2 A;b 2 B. The singlet decoding scheme X; = f(Z;) is an optimal Iter
if and only if Cq  Sg.

Proof of Theorem 1: Suppose that Co  S¢. Then P( i 1 2 S¢) =1 and, by the de nition of Sg¢,

P f())2X(T(; i 1)) 82B =1

Consequently P £(Zi) 2 X(T(Zi; i 1)) =P f(Zi) 2 X( i) =1, establishing optimality by (30).

7Neglecting the possibility that jX (T (b; s))j > 1.



For the other direction, suppose that Cq 6 Sg. Then there exists a J M(A) with 3 \ S¢ = ; such that
P(i 12J)>0. Since J \ S¢ = ; this implies that

P f(b)2X(T(; i 1))82B <1;

implying the existence of b 2 B with
P fO)2RTO; i 1) <L

implying, in turn, when combined with (8) the existence of a 2 A such that
P f(b)2X(T(; i 1))iXi=a <1 (33)
Now, Zj and ; ; are conditionally independent given X; and therefore

X

P f(Z)2XR(DiXi=a =P FZ)2XR((T(Zi; i )iXi=a = P FO)2XTO; i 1))jXi=a C(ab’):
2B

(34)

Inequality (33), combined with (34) and the fact that C(a;b) > 0, implies P £(Z;i) 2 X( i)jXi =a < 1, which, in
turn, leads to P £(Z;) 2 X( i) < 1. Thus, Xi(Z' 1) = T(Z;) does not satisfy (30) and, consequently, is not an
optimal Itering scheme. 2

Remark: The assumption that all channel transitions have positive probabilities was made to avoid some technical
nuisances in the proof. For the general case the above proof can be slightly elaborated to show that Theorem 1
continues to hold upon slight modi cation of the de nition of S¢ in (32) to

fs 2 M(A) : f(b) 2 X(T(b;s)) 8b 2 S(s)g; (35)

where S(s) = fbh 2 B : C(a;b) > 0 for some a 2 A with [s" K](a) > 0g.
A similar line of argumentation leads to the denoising analogue of Theorem 1. For f : B ¥ A de ne R¢
M(A)  M(A) by
Rf = f(s1;52) 2 M(A) M(A) : f(b) 2 X(Gp(s1;52)) 8b 2 Bag: (36)

Theorem 2 Assume C(a;b) > 0 for all a 2 A;b 2 B. The scalar scheme X; = f(Z;) is an optimal denoiser if and
only if CQ CQr Rf.

The proof, deferred to the Appendix, is similar to that of Theorem 1.

In general, even the supports Co and Cq, may be di cult to obtain explicitly. In such cases, however, outer
and inner bounds on the supports may be manageable to obtain®. Then, the theorems above can be used to obtain,
respectively, su cient and necessary conditions for the optimality of symbol-by-symbol schemes. As we shall see in
the next section, when the source alphabet is binary, Q and Q, are e ectively distributions over the unit interval,
and enough information about their supports can be extracted to characterize the necessary and su cient conditions
for the optimality of symbol-by-symbol schemes. For this case the conditions in Theorem 1 and Theorem 2 can be
recast in terms of intersections of intervals with explicitly characterized endpoints.

8To get outer bounds, for example, it is enough to bound the supports of the distributions of ;(a) for each a, which is a much simpler
problem that can be handled using an approach similar to that underlying the results of Section 4.
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4 The Binary Markov Source

Assume now A = f0; 1g and that X;g is a stationary binary Markov source. Let o; = K(0;1) denote the probability
of transition from0to1and 19 = K(1;0). We assume, without loss of generality®, that0 < o; land0< 9 1.
For concreteness we shall assume Hamming loss, though it will be clear that the derivation (and analogous results)
carry over to the general case.

For this case (15) becomes

P
oe2a K€1) i 1(c)

o = 99 G gy 10! 2AK©0) | 1)
09 iz I T e @ &
Equivalently, letting® I; = log (5, we obtain
l; = log gg;:; +h(li 1); (38)
e hx) = log .22 &4 10, (39)

1 o)+eX 1o

Denoting further k;j = log 1—(1()1) m; = log 1 ‘(il()l), and since the time-reversibility of the binary Markov process

implies that K, = K, equation (28) becomes

C(1;Z)
C(0;Z;)

m; = log +h(li 1)+ h(kiz1) log %: (40)

A The Support of the Log-Likelihoods

By di erentiating it is easily veri ed that

Fact 2 The function h is non-decreasing whenever 19+ o1 1, otherwise it is non-increasing.

De ne now!! (L Zo)
1 £0
= S 4 41
Ups = esssup CO0:Zo) (41)
and C(L:Z0)
Lps = essinf =5 =0 42
bs = €sSin 0 20) (42)
Examples:
BSC with  1=2. Ups =1 —, Lps = .
Binary Input Additive White Gaussian Noise (BIAWGN) channel where
ZijXi=0 N( 1;1); zZjXi=1 N(@;1): (43)

Ups = A, Lys = 0.

9The remaining cases imply zero probability to one of the symbols and so are trivial.

10;, as well as kj and m; de ned below, are R [ f1; J.g-valued random variables.

11For a general binary input channel the ratios in equations (41) and (42) would be replaced by the Radon-Nykodim derivative of the
output distribution given input symbol 1 w.r.t. the output distribution given input symbol 0.
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Binary input additive Laplacian noise (BIALN) channel where
C(0;z)=c( )e ", C(Liz)=c()e * J; >0, z22R; (44)
¢( ) being the normalization factor. Uy,s = €% , Lys =e ?

De ne further
I, = essinfl; (45)

and
I, = esssuplj: (46)

The reason for our interest in 1; and 1, is that [I; 1] is the smallest interval containing the support of I;. The
su ciency of symbol-by-symbol operations for the Itering problem, as will be seen below, depends on the support
of I; solely through this interval.

Theorem 3 The pair (I1;12) (de ned in (45) and (46)) is given by the unique solution (in the extended real line) to
1. When 1.0t o1 1. 1, = |Og Lys + h(ll) and I, = |Og Ups + h(lz)
2. When 1.0% 01> 1. 1, = |Og Lys + h(lz) and I, = |Og Ups + h(ll)

Note, in particular, the dependence of (I1;12) on the channel only through Lys and Ups.
Proof of Theorem 3: We assume 1.0+ o1 1 (the proof for the case 1.0+ 0.1 > 1 is analogous). Monotonicity
and continuity of h imply

essinfh(li 1) = h(essinfl; 1) = h(essinfl;) = h(l,): (Y]
Thus
I, = essinfl; (48)
_ . C(1;zy) )
= essinf log cO:Z) +h(li 1) (49)
= essinf log ggi:; +essinfh(l; 1) (50)
_ - C(1;,Zy)
= log essinf cOZ + h(l1) (51)
= log Lps + h(11); (52)

where (49) follows from (38), (50) follows since all transitions of the Markov chain have positive probability, and (51)
is due to (47). The relationship 1, = log Ups + h(l,) is established similarly. 2
Elementary algebra shows that for 1.0+ o1 1and any > 0 the unique real solution (for x) of the equation
X =log +h(x) isgiven by x = f( 01; 10; ) Where
" P #
1+ + o 0+ 4 o110+ o1+  10)?

2 190

f( o1, 10, )=log (53)
Thus, from Theorem 3 we get I3 = F( o01; 10;Los) and I = F( o01; 10;Ups) When 1.0+ o1 1. An explicit form
of the unique solution for the pair (11; 1) when 1.0+ .1 > 1 can also be obtained!? by solving the pair of equations
in the second item of Theorem 3.

12\\/e omit the expressions which are somewhat more involved than that in (53).
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For the analogous quantities in the denosing problem
J1 = essinfm; (54)

and
Jo = esssup m;; (55)

we have the following:
Theorem 4 1. When 10+ o1 1: J3 =logLps +2h(l1) log % and J, = logUps + 2h(l,) log %.
2. When 10+ o1 >1: J1 =logLps +2h(l2) log % and J, = log Ups + 2h(l;) log %.

Proof: The proof is similar to that of Theorem 3, using (40) (instead of (38)) and the fact (by time reversibility)
that I; ; and kj+; are equal in distribution and, in particular, have equal supports. 2

Thus, when 1.0 + o1 1, we get the explicit forms J; = logLys + 2h(F( 01; 10; Lbs)) Iog% and J, =
log Ups + 2h(F( 01; 10;Ups)) log - where T was de ned in (53). Explicit (though more cumbersome) expressions
can also be obtained for the case 1.0+ o1 > 1.

B Conditions for Optimality of Singlet Decoding

When specialized to the present setting, Fact 1 asserts that in terms of the log-likelihood processes flig and fmjg,
X; is an optimal Iter if and only if it is of the form
8
_ _ < 1 a.s. on fl; > 0g
Ri@Z' 1) =Fopt(Z' 1) = _ 0 a.s. on fl; < 0g (56)
- arbitrary on fl; = 0g:

Similarly, a denoiser is optimal if and only if it is of the form

8
< 1 a.s. on fm; > Og

Ri(Z1) = gopt(Z1) = 0 a.s. on fm; < 0g (57)
- arbitrary on fm; = 0g:
The following is a direct consequence of equations (56) and (57) and the de nitions of 1;15;J1; J5.

Claim 2 The Iter ignoring its observations and saying

\all ones" is optimal if and only if I; 0.

\all zeros" is optimal if and only if I, 0.
The denoiser ignoring its observations and saying

\all ones" is optimal if and only if J; 0.

\all zeros" is optimal if and only if J, 0.

Proof: To prove the rst item note that if I; 0 then I; 0 a.s. thus, by (56), Xi(Z' 1) 1lis an optimal Iter.
Conversely, if Xi(Z! 1) lisan optimal Iter then, by (56), Ii 0 a.s. which implies that 1, 0. The remaining
items are proven similarly. 2

Note that theorems 3 and 4, together with Claim 2, provide complete and explicit characterization of the cases
where the observations are \useless" for the Itering and denoising problems. For example, for the Itering problem,
by recalling that 1, = f( o1; 10;Lss) and I = F( o1; 10;Ups) (with f given in (53)) we obtain:
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Corollary 1 Assume 1.0+ o1 1. The Iter ignoring its observations and saying

\all-zeros" is optimal if and only if

4Ups 01 10+ (@ Ups  o01+Ups 10> 1 Ups 01+ Ups 10+2 10

\all-ones™ is optimal if and only if

Alps 01 10+ (@1 Lbs o01+Llbs 100> 1 Lps o01+Los 10+2 10

Explicit characterizations for the case 1.0+ .1 > 1 as well as for the denoising problem can be obtained similarly.
We now turn to a general characterization of the conditions under which the optimum scheme needs to base its
estimate only on the present symbol.

Claim 3 Singlet decoding is optimal for the Itering problem if and only if

C1,2Zy)

C(0:Z1) & (logUps I2;logLps 11) as: (58)

log

or, in other words, the support of log ggéi; does not intersect the (logUps  12;l0gLys 1) interval.

Remark: Elementary algebra shows that, for 1.0+ o1 1,

P
Los(T 102 o011+ 10)+( 1+ 10) 1+ 4dlps o1 10+ ( 1+ o1 +Lps(l  10))?

h(l1) = log P :(59)
10 1+ o1 Lps(  10) 4lps 01 10+ ( 1+ o1+ Les(l  10))?
Thus the condition in this case is that 2853 lie outside the interval whose left endpoint is
P 2
10 1+ o1 Us(l  10) 4Ups 01 10+ ( 1+ o1 +Ups(l  10)) (60)
P
Us(1 10> o011+ 10)+( 1+ 10) 1+ 4Ups o1 10+ ( 1+ o1+ Ups(l  10))?
and right endpoint is
P
10 1+ o1 Les(T  10) 4Lps 01 10+ ( 1+ o1+ Les(l  10))? (61)

p :
Les( 102 o1(l+ 10)+( 1+ 10) 1+ 4lps o1 10+ ( 1+ oa+Lps(l  10))?

Proof of Claim 3: From (56) it follows that the optimal Iter is a singlet decoder if and only if the sign of I; is, with
probability one, determined solely by Z;. From (38) (and the fact that all transitions of the underlying Markov chain
have positive probability) it follows that this can be the case if and only if, with probability one,
C(1;Zi) . C(1,Zy)
fh(l; |
cO:2) essinfh(l; 1) or log cOZ)
But, by Theorem 3, ( esssuph(l; 1); essinfh(l; 1)) = (logUps I5;logLys 11) so (62) is equivalent to (58). 2
The analogous result for the denoising problem is the following:

log esssuph(li 1): (62)

Claim 4 Singlet decoding is optimal for the denoising problem if and only if

1 C(1;2Z1) o1 .
> log CO:Z) log " a(-logUbs I);logLlps 1) a.s. (63)

h i
or, in other words, the support of % log ggi; log o does not intersect the (logUys I2;logLys 11) interval.
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